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ABSTRACT

A simple four-noded rectangular element with seven
degrees of freedom at each node is developed for the analysis
of flexible laminated and sandwich plate structures having a

A constant thickness of any individual layer. Theoretical

formulation 1is based on simplified higher order shear - 3,

deformation theory with nen-linear displacement distribution

through the'thickness. The conditions of =zero transverse

shear stresses are imposed at the outer surfaces of the plate.

to rédube'the number of generalised displacement parameters.

The displacement madel .is.so.chosen that it can explain ...

adequately the parabolic- distribution of transverse shear
stresses and the non-linearity of in-blane displacements

across the thickness.

In the finite element modelling, the in-plane
displacgments and two shear rotations are interpolated over
an element by bilinear shape functions. A set of
non-comforming shape function 1is wused for the transverse

deflection.




'}reétanguiab ﬁlates with following aspects:

(i3 static analysis_of laminated and sandwich plates;
(ii) free vibration analysis of laminated plates;

(iii) static stability analysis of laminated plates.

A wide range of plates, thick to thin are examined for
different loadings and boundary conditions. The results are
compared with the existing analytical" and numerical

solutions.

To further establish the wide range applicability of
the element developed, experimental verification of static
deflection and free vibration frequencies of laminated plates

are conducﬁed in the laboratory.

Az’ a part of the research program, development of a new
compogite was conceived with a view to fabricate a low cost
composite material from locally available materials.

Preliminary analysis demonstrates encouraging results.

. Keywords:

free vibrétion frequency; fiber; finite element method;
laminates; low-cost and local material; matrix; mode shapes;
non-conforming shape function; ﬁodes;- shear deformation

theory; stability.

X1

'The element developed, has been applied to study

Bilinear shape function; composite; eigenvalue; eigenvector;
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CHAPTER 1

INTRODUCTILION

1.1 General

Many 'advanced technology systems demand materials with
unusual combination of properties that cannot be ‘achieved

with thé conventional metal alloys, «ceramics and polymeric

mater'ials., especially the materials that are needed for.

aer'ospace,‘under‘water and transportation appllcatlons For
example, Aerospace engineers are increasingly searching for
structural members that are : strqng, stiff, abrasion and
impact .Pesista.nt, not easily corroded but at the  same time
bossess low densities. This is a rather formidable
comblnation of characteristics. Frequently' strong materials
are relatively dense; also, increasing the strength or

stiffness generally results in a decrease in impact strength.

The concept of using two or more elemental materials
combined to form the constituent phases of a composite sél‘ld
has been employed ever since materials were first .used.- The
earlies't use of mud and clay mixed up with hair, straw and
. chopped vegetable fibers as reinforcement materials is an
ldeal example of man’s endeavodr‘ to  improve building
é.terials The goals for comp051te development have been to

!ach1eve a comblnatlon ol propertles not achievable by any of



the elemental materials acting alone; thus a solid could be
_prapared from constituents so that they.can be tailor made to
‘meet specific design requirement.

In .fibef reinforced composites, fibers are the
principal load carrying elements, while the surrounding
ﬁatrix keeps them in the desired location and orientation,
acts as a 'load transfer medium between them, and proteéts
them from.harsh environment involving elevated temperature

and aggressive conditions.

Recognizing the immense potential of composite
?haterials, the last few decades have seen phenomenal advances
in research and development of composite materials with new
 and exéiting structural possibilities. Cbmposites have gone
far beyond being simply lighter than conventional materials.
A weight saving of upto 40 to 50 % over conventional
materials can be achieved in some structural components énd
‘they can withstand a very high temperature. Composités can no
longer be considered as specialised, esoteric materials, only
" of intérgst to researchers in material'science. Rather " they

:3have firmly established themselves as. real apd: viable

materials of construction with wide‘Panging applications.

'Compdsites can occur in nature, and they can also be
made artificially. An example of the natural oécurance of
-cbmposites is wood which consists of strong and flexible
cellulose fibers surrounded and held together by a stiffer
material called lﬁgnin. Also, bone is a composite of the
strong yet soft protein collagen and the hard, brittle

mineral apatite.

In the present context, a composite is a multi-phase
material that is artificially made, as opposed to one that

ccurs or forms naturally.



"In designing composite materials,. scientists and
'engiﬁéérs'have'ingeniously combined various metals, ceramics
and polymers to produce a new generation of extraordinary
Mdterials; For example, fiber-reinforced metals may be
utilized ét higher temperatures than the polymer composites.
High specific strengths as well as high specific moduli are
poséible because the densities of tﬁese' base metals are
relatively low. This combination of properties makes these
:materials especially attractive for use in some aerospace

‘applications.

The high temperature creep and rupture properties of
-some of the super alloys (Ni-and Co-based alloys) may be
enhanced by fiber reinforcement using refractory metal such
" as tungsten. Excellent high temperature oxidation resistance
and - impact strength are also maintained. ' Designs
incorporating these compbsites pernmit higher operating
temperatures and better efficiencies for turbipe engines.
fhe extensive use of fiber Peinforcéd composite (FRC)
materials stimulated interest in predicting accurate response
characteristics of the FRCs. With the advent of modern
synthetic polymers and high-strength fibers. and the
continuous depletion of natural resources, composites will
certainly get established as real and viable materials of
-constructiénfi

Commoniy; fiber reinforced composites are used in
structures in the form of 1aminafed plates and
shells:Laminates are characterised by their very high E/G
ratio i.e. shear stiffness is very small as compéred to their
membrane and ﬁending stiffnesses. TPanSQerse shears and the
-degree of orthotropy can significantly affect the gross plate
behaviour for highly anisotropic. . laminates. . To demonstrate. .
the effect of E/G ratio on transverse deflection a *simple

one-dimensional structure is consideredj]



1.1.1

Influence of ratio on transverse deflection

E
G

A single span beam simply supported at both ends is

subjected to uniformly distributed load of intensity, b,

FiGaata)

{Fig. 1.1.a). Fig. 1.1(b) shows the free body diagram of “a
portion of the beam at a distance x from the reference axls
¥,
Y] _ PERPENDICULAR
L . SHEAR O FACE
, , P ' ANGLE -
I a b ' TANGENT TO
T CENTRE LINE
g \ OF THE BEAM
¥ \} Ad T“HORIZONTAL
: ,F::x___‘ I’ My dy -
L a b L .y , \_ dx :
~ . ol VX in’de
_ .
"X
SIMPLY- SUPPORTED BEA FIG.:.;1{b} FREE BODY DIAGRAM OF THE BLOCK
UNDER U.D.L. ' BETWEEN .SECTION a'd -b'F

Fig. 1.2(a) shows an unloaded rectangular beam along

with a grid pattern on the side of the beam. Fig. 1.2(b)

shows

the distorted pattern of the grid. Distortion is

maximum at the neutral axis and zere at free surfaces.

Transverse shears are responsible for the distortion of the

grid.

!

|
|

FIGA.2{a} BEAM WITH A GRID PATTERN F1G.1.2[b) DISTORTED GRID PATTERN

BEFORE LOADING AFTER LOADING




Wheh traﬁsverse shear effects are neglected, shear
deformatioﬁ or distoftion is nil and the centre liné of' the
beam element will coincide with the perpendicular to the face
of the cross section. Due to shear, the rectangular elements
tend to distort to diamond shaped ones without rotation of
‘the face and the slope of the centre line will increase by a
shear éngle {y - g% ) where y 1is the deflection of the
centrel;ne'of the beam and g% _is .the slope of the
centreline of the beam; ¢ is the slope of the perpendicular

to the face.

Case 1 : With flexure only (i.e. Influence of .shear is

ignored)

Equation’'of equilibrium is given as
(1.1)

where MX is the moment at the section considered; E 1is the
Young's modulus and I 1is the moment of 1inertia of the .

section. Substituting

_ -1 _ .2 )
M = 5 ( pLx - px~ ) (1.2)
in Eq.;(l.l), after ‘simplification and applying boundary
conditions, ohe obtains deflection at the middle point of the

beam as

_ 5. —— PL. b e—sde v e e n - - . . . . - .-
f 384 EI (1.3)



Case 2 : When only shear is accounted
‘Equation of equilibrium can be given as

dy Vx ) ‘ ‘
ﬂl‘&: TAC ’ (14)

. where Vx is the shear at aﬁy section at a distance x

from the left hand support of the beam; K i& the shape factor

and is equal to g for rectangular section and T% for =a

circular section; G is the shear modulus and A is the

cross—sectional area.

Substituting

Vo= { H-px )| . (1.8)

PL
X 2

in Eq. 1.4 and after simplification, mid-point deflection can

2
s = Bb

S SKAC (1.6)

Case 3 : When both flexure and shear are present

-Combining Eqs.(1.3) and (1.8), total deflection at middle

point of the beam assuming a conservative system is

. .4 2 B -
A=A+ A= BL hzg-

p pL” T A h ;
¢t 8" 3sz BT tEkac C Np LLO 088 (P 2

(1.7}

The .term in the bracket is the magnification of

flexural deflection due to the effect of transverse shear.

For isotropic material the magnification factor can have a
maximum value of [1+0.98 (%)2 3] = 1.18 {for % = 4 and g
=3) i.e. inclusion of 7 shear will increase flexural

be obtained as e T . S e e



deflection by 18% in the case of an isotropic material. For
. o 1,2 o5
laminates, this factor can be as high as (1.0°+.86 (E) ‘599 ="

E 50

4.0 1.e. increase is by 3004 (for © = 4 and

h

Thus it is clear that in the case of a laminated beam,
effect of % ratio is much more pronounced than that in the
case of an isotropic beam. The effect of shear deflection on

gross behaviour of plate is given in Figs. 1.3{(a-d).

Two other factors that influence plate behaviour are

given in the next section.
1.1.2 "'Effect of degree of orthotropy and coupling

Effect of degree of orthotropy on transverse. deflection

is given in Figs., 1.3.a-b. The figures reveal that with the

increase of degree of orthotropy from 3 .to 40, normalized

deflection Iincreases by 5 times for % = 4., Coupling of
bending and extension induced by the lamination asymmetry
substantially decreases buckling load and vibration
frequencies for common composite materials. It has been
reported that for anti-symmetric ‘laminates the effect of
éoupling dies out rapiﬂly as the number of layers Iis

increased.

Prediction of laminate properties 1is an essential
adjunct to the design process. There are several levels of
analysis. . Most of .these methods are based on simplified
asspmptioné to three-dimensional theories. Simplest of all
these methods is the one where a laminate is idealized as an
isotropic material. In other theories, directional

characteristics of layers are accounted for,
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1.2 Existing approaches

Several approaches have been proposed to account for
the transverse- shear effects. Classical laminated plate
theory (CLT), which is based on Kirchoff’s assumptions, is
adequate for predicting thin plate behaviour. With the
increaéé of plate thickness, CLT failé to give acceptable
results since it ignores the transverse deflection due to
shear. Three-dimensional elasticity models can be applied to
predict responses of plates with simple geometry only. Eut
analysis of anisotropic plates with complicated geometry is
computatiohally expensive and therefore is not feasible for
practical purposes. . Two-dimensional theories are -‘based on .
introducing. a priori probable assumptions regarding the
variationA of displacements, stréin/or stressgs in the .
thickness direction. The simplest of theée h&pgﬁhesis is thé
linear variation of the displacement components as used in
the first order shéar deformation theories. An excellent
" account of the previous'resgarch in this area is given by

Noor and Burton [2].

Two-dimensional. theories are found to be adequate for
predicting the gross response of medium thick laminated
platesf General approaches for constructing two-dimensional
shear deformatiop theories for multilayered plates can be

classified as:

(i)method of hypotheges—[3-677 T ‘ LT e

(ii)method of expansion [7,8];
{iii)asymptotic integration technique [9-11}and
(iv)iterative methods and methods of successive

corrections [12].

The first method is an extension of the Kirchoff

approach.



The second approach was initiated by Cauchy and Poisson
around 1828, and was based on a series expansion, in terms of
the thickness coordinate for displacements and/or stresses.
For isotropic plates, power szeries, Legendre polynomials and

trigonometric functions have been employed.

In the phird approach, appropriate length scales are-
introduced in ihe three~dimensional elasticity equations for
the different response quantities, followed by parametric
(asymptotic) | expansions of these quantities. Three
dimensional equations are thereby reduced to recursive sets
of two=dimensional'equations, governing the interior and edge

zone responses of the plate.

The fourth appreach includes various - iterative
approximations of the three-dimensional elasticity equations

and successive corrections of the two-dimensional equations,

:The aforementioned appﬁoaches- are not mutually
exclusive. Some of the theories developed tan be classified
in more than one catagory. Hybrid methods,” combining more
than one approach have also been proposed. Examples of these
are the global-local laminate model and the two-step approach
bésed. on using a two-dimensional theory to evaluate the
in-plane stresses and then applying the three-dimensional
equilibrium equations to evaluaté the "transverse shear dand
normal stresses,

Thepry adopted in the present study comes under the
method of hypotheses. In this method a suitable displacement

model is assumed in the thickness direction.

10




Finite element analysis of layered composite plates
began with Pryor and Barker [13]. Reddy [14] has developed a
simpie-and‘efficient finite element formulation based on tﬁe.
Youné—Norris-SiaVSky theory. Di Sciuva [15] presented a
finite element formulation based on assumed displacement

fleld usiné recﬁangulé; ;iemegiJ;ith 32 déérees of freedoﬁ;
Most of the conventional variational formulation of the
classical lamination theory as well as the higher order
theory are based on conforming ﬁlate elements, which are not
only difficult to achieve but with the exception of the

higher order elements, they were found to be too stiff.
1.3 Scdpe of present investigation

Curtent research efforts include theoretical work using
both analytical and high-speed digital computer approaches in
additioﬁ' to experimental investigation wusing advanced
materials fabrication, characterization, testing  and

deVelbpment of-composite out of locally available materials.

Theoretical formulation is based on simplified higher
order shear déformation theory with non-lfneaf displacement
distribution through the thickness with the con&itioné of
zero transverse shear stresses imposed at the outer surfaces

to reduce the number of generalised displacement parameters.

A cubic displacement field (Fig. 1.4.a) is found to be
adequate' to explain the warping of the cross-section, and
accoun? for the parabolic variation of transverse shear along

the thickness.

11
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Applying the condition that the top and bottom surfaces

are free from transverse shear stresses, the governing

displacement model can be expressed in terms of seven

quantities, These are:

(i)two in-plane displacements;

(ii)two shear rotations;

(i1i)one transverse displacement and 1its twe first =

derivatives.

A simple four noded rectangular finite element Is
developed wusing strain energy approach. The in-plane
displacements and two shear rotations are interpolated over
an element By billnear ™ Shape functions. A  ‘set “of
non-conforming shape function as proposed by Zienkiewicz and

Cheung [18) is used for the transverse deflection.

A fortran IV program was developed to perform the
computations involved in the method.
The element developed, has been applied to study the
following aspects of laminated plate:
(i)Static analysis of laminated and sandwich plates.
(ii1)}Free vibration analysis of laminated plates.
(i11)Experimental investigation of laminated plates,

(iv)Static stability analysis of laminated plates.

12



An effort has been made  for the development of . a
compqsité material out of local, low-cost materials and to
study a few of its physical and mechanical characteristics

and cost effectiveness.

1.3.1 Static analysis of laminated and sandwich plates

In order to test and evaluate the present numerical
procedure and the related computer prograﬁ, static analysis
(transveyse deflection and stresses} of plates have been
carried 6ut. Sﬁresées are obtained at Gauss points. Using the
technique of local stress smoothening, these stresses are
transfered to the corner nodes. The smoothed stress values
are then modified by finding the average of the nodal

stresses for all elements meeting at a common node.

Before tackling any plate problems, the accuracy of
element.stiffness malrix .is.checked for the presence of rigid
body modes. Following plate problems are examined under
static loading with different boundary conditions.

(1)A three-layer simply supported square plate under

sinusoidal loading (Fig. 1.5.a).

(11)Plates made up of a number of layers viz. 5,7 and 2
(Fig. 1.5.b).

{iii)A three—layer simply supported rectangular plate
(Fig.1.5.c).

(iy)Cylindricél bending of a three-layer symmetric,

angle~ply plate under sinuscidal loading.

{v}A three-layer square plate with layers of equal -

ﬁhickneséés. l '

{vi)A three-ply plate with identical top and bottom

plies under uniformly distributed load ( u.d.l.).
Effect of modular ratio between plies is aiso

considered, -

13




(vil)A three-ply clamped square plate under u.d.l.

(viii)A three-ply sandwich plate under u.d.l. with three

cases (Fig. 1.5.d).

(ix)Finally, accuracy and convergence study was carried
out of the proposed finite element model based on

the numerical evaluation of some- pr‘bblems and

comparision with available analytical solutions.

‘Results on static analysis are compiled in chapter 3.
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1.3.2 Free vibration analysis

Determination of deflections and stresses are the
commonest of all parameters to be studied while analysing a
structure. But to analyse a structure for its integrity, the
natural frequencies should be determined in order to compare
them with any time dependent loadings to which the structure
_will be subjected, to ensure that the frequencies lmposed and
natural frequencies differ considerably. Equations of motion
for freelvibration are obtained using Hamilton’s principle. A
consistent mﬁss matrix of the element compatible with the
stiffness matrix is developed. Vibration characteristics of

the following plates have been examined in chapter 4.

(ifFundamental frequency for a simply supported
bi~directional, multi-layer square .plate
consisting of a large numbei of symmetric and
.anti-symmetric layers and for different degrees of
orthotropy (Fig. 1.6.a). V

(ii)Effect of in-plane displacements, lamination angle

“ of a four-layer square plate fFig. 1.6.b).

(111)Simply supported angle-ply rectangular plates with
two different material properties and two
lamination apgles-'(Fig. 1.6, c¢). . '
(iv)Natural frequency of a square sandwich pléte (Fig.
~1.8.d).

{v)Convergence of finite elément solution for a

two-layer square platé with ﬁumbeP-Aof Gauss

sampling points.
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1.3.3 Experimental investigation
To further establish the wide ranging applicability of
the element developed, experimental verification of static
characteristics of plates with two fiber-matrix volume ratios
is taken up in chapter 5. Static analysis involves fdllowing
exper iments: '
(i)Coupen tests to determine material propertles.
(ii)Clamped square plate under 16-point loading with
fiber volume ratios 5674, 58%

(iii)Clamped square plate under a point load at the centre.

Plates for which natural frequencies and mode shapes
have been obtained experimentally and the same are verified
against computed values are: '

ki)Rectangular plates, clamped on all ‘sides, with

various aspect ratios (Figs. 1.7.a-b),.

(ii)SquaPe plate with central cut—out with all edges

clamped (Fig. 1.7.c}.
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7 4
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Y T b
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(¢) SQUARE PLATE WITH CENTRAL SQUARE CUT-OUT
WITH ALL EDGED CLAMPED |
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VERIFICATION S
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Jute is a lignocellulose fibef obtained from the stem
of the Jjute plant (Corochorus Oliltorious). The fiber Is
obtained -after a retting process, whére'in bﬁndles of the
stems are soaked in water for several days to soften the
individual filaments and dissolve out water soluble gums and
other non-fibrous impurities. Strands of fibers  are fhen
separated by a beating and pecting process. .After the
ektragtidn it is thoroughly dried in the sun.

Phenol formaldehyde is a Widely used resin in the
manufacture of plastics .lamiﬁatés because of ité inherent
charactefistics as a phenolic resin, Pheholicé,rﬁhen combiﬂed
with suitable fillers, acquire good chemical-and thermal
resistance, and have good di-electric strength and
dimensional stabilityj Products made with these resins are
inherently low inflamability, and creeﬁ resisténce, and have

low moisture absorption capacity.

The composite plate was fabricated using six_layers of
Jute mat in Phenol formaldehyde( 60% solid content) using the
conventlonal approach of Hot pressing at 150°C and 1.5 t/1n2

pressure.

Preliminary analysis-proves-that this laminate has some -

properties which can be compared with that of
glass-reinforced plastics. Following tests were carried out

on this new composite

(1)Preliminary cost analysis.
{ii)Ultimate strength and modulus of elasticity.

(iii)Mass density.

Before actually recommending the composite for use as

structural member, many more tests are necessary for complete

characterization.




Finally in chapter 8, a summary and conclusions based
on this study are presented. Recommendations for future works
are indicated in this chapter. '
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CHAPTER 2

TWO DIMENSIONAL THEORIES
BASED ON METHOD OF HYPOTHESIS

2.1 Survey of literature in the field

The need for more accurate. computatibnal models for
multilayered laminated plates has led to the development of a
variety of two-dimensional shear deformation theories. These

‘theories can be classified into two general catagories:

{a)Theories based on'replacing the laminated plates by‘
an equivalent single-layer aniscotrepic plate and
introducing global displacement, strain and/or stress
approximations in the thickness direction and

(b)discrete iayer theories | based on  plecewise

approximations in the thickness direction.

The'fifst catagory includes Classical laminated plate
theory (CLT), as discussed by Lekhnitskii [22], using

Kirchoff's hypothesis for the analysis of symmetrical

laminates.

Following are the assumptions associated with this

Classical lamination theory:
{1)Individual layers are assumed to be homogenous,
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orthotropic and elastic. o _
(2)Individual layers are asgumed to be in'a state of
plane stress. _ ‘ A
"(3)Displacements follow a restrictive class acéording to
Kirchoff’'s hypothesis and )
(4)Individual layers are perfectly bonded to adjacent

’
layers.

The bond layer between any two consecutive laminae
is presumed to be infinitesimally ENin  as well as
non—shear—deformablel That is, displacements are continuous
across the laminate thickness so that no laminae can slip
relative to another.. Thus the whole laminate acts as a single
layer:with-Very special properties. If a laminate is thin, a
line ofiginally straight and normal to the middle surface of
the'laminate.is gssumed to remain straight and nqrma} to the
middlie surface, after b;HA{ﬁéfwfﬂié is eqﬁi;alent to ignof{ﬁé.m”

the shearing strains (i.e. 7__= = 0). In additon, the

Xz B’yz
normals to mid-plane are presumed to have constant length so
that strain perpendicular to the middle surface 1is ignored
{i.e. €= 0). Thus CLT approximates three-dimensional problem
to a plane stress case. Classical Laminated FPlate theory
ignores the effect of transverse shear deformations. As a
result natural frequencies and buckling load calculated using
CLT are ﬁighef than those obtained from exact theories (Figs.
1.3.¢c-d). Reissner and Stavsky [23] and Stavsky [24] improved
the theory proposed by Lekhnitskii [22] by including the
influence of bending-extensional c¢oupling in unsymmetrical -
laminates; The introduction of shear deflection into
laminated plate theory was first accomplished by Stavsky [25]
for iéotrépic layers having identical Poisson’s ratios.
Ambartsumyan [26] developed a rather cumbersome approach to
>define transverse shear stresses that satisfy the required

continuity conditions at the layer interfaces. Whitney {11

had extended Ambartsumyan's approach to solve certain
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specific‘boundary.value problems of more general material and
geometric properties than considefed_ in [28]. The. most
geiieral linear laminate theory, however, is due to.Yang et al
(6]. '

The first stress-based shear deformable plate theory
was introduced by Reissner [27-29]. The theory is based on
the following stress field

M z
- = X
X (h2/8) (h/2)
My z '
o= . (2.1)
y (hz/e) (h/2)
. M z
T = ad
Y nPey (VY
where o ,0 and T are in-plane normal and shear
XY Xy

stresses;'Mx,Hy\and Mxy are the associated moments, z is the
thickness coordinate and h is the total thickness of the
plate. The distribution of the transverse normal and shear
stresses vz,rxzand Tyz are determined from the equilibrium

equat@ops of the three-dimentional elasticity theory.

The origin of displacement based theories 1is due to

Basset [30] who dssumed-thatthe displacement components i a "

shell can be expanded in a series of powers of the thickness
coordinate ¢ . For example, the displacement component u, can

.bke written in the form

W (E,6,0) = (6,6 v 2 uiViE g (@2
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'whereLEI and 52 are the curvilinear coordinates in the
e (n)

1 has the meaning

middle surface of the shell; u

(nY) ; .

. n=0,1,2 ... (2.3)

Initially Basset's work did not receive much attention.
Hildebrand et al [31] and Hencky [32] presented a
»displaceemnt based shear deformation theory for shells that
can be used for flat piates. The following truncated

displacement field was assumed

U (€,€.,8). = v(E,E) + ¢ o (£,8) .
275152 12 T Yy Rt (2.4)

U_S(gllgzlq) = w(gllgz) +

For plate equivalent of Eq. (2.4) in Cartesian,
coordinate system is referred to as the Mindlin's plate

theory which has the form of Eg. (2.5).

"
<
+
N
h=]

{2.5)

Mindlin [33] employed kinematic assumptions to obtain
the governing differential equatiqﬁs. In thié derivation, it
was necesgsary to introduce a correction factor which was-
introduced in order to adjust the transverse shear stresses
and match the response predicted by using Eq. (2.5) with that
of the three-dimensional elasticify theory. '
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Shear deformation theory based on the displacement
fleld given by Eq. (2.5) is referred to as first order shear

-deformation theory (FSDT). This .theory assumes constant shear

rotation through out the plate thickness. It may be pointedf

out that Classical Plate Theoryfis merely a special case of
the First Order Shear Deformation Theory. The range of
validity of FSDT is strongly dependent on the factors used in

adjusting the transverse shear stiffnesses of the plate.

Several . approaches have been proposed by various
investigators for calculating the shear correction factors
for diffefent laminates. Most of these approaches were based
on matching certain gross response characteristics as
predicted by the First Order Theory, with the corresponding
characteristics of the three-dimensional.elesticity theory.
Gross response characteristics include transverse shear
strain energy, natural frequency‘ associated with the
thickness shear vibration mode, and veiocity of pfopagatioﬁ

of a flexural wave. Chow [34]. used energy approach to

evaluate -this correction factor for symmetpic~1aminatesrand

Whitney [35], that for general laminates. Bert [361]
obtained this factor by equating the shear strain energy for
the actual non-homeogenocus beam to that in én equivalent
member having anuniform shear strain as assumed in Timoshenko

Beam Theory. All the shear correction factors in use to date

are calculated a priori and are, therefore, functions of the -

lamination parameters only. They do not account for the
differences in the distribution of the transverse shear
strains in the thickness direction resulting from different

loading conditions.

First Order Shear Deformation Theories do not consider

the warping of the cross-section which is quite important in
composite construction. As an improvement over this, the

effect of warping of cross—secﬁion was accounted by assuming

26




-a plece-wise linear distribution of in-plane displacements

across the thickness of each layer separately. This approach'

can be classified under discrete layer theory. The continuity
of the transverse stresses at layer interfaces can be

satisfied by either:

(a) imposing the continuity conditions as constrain

conditions or by;

(bJusing explicit approximations for the -transverse

" stresses within each layer(semi-inverse approach).

But even this improvement did not eliminate the use of
shear correction co-efficients which for composite. structures
depended upon laminate construction detalls. In order to
avoid- the use of shear correction co-efficients, theorles
have been developed based on qomblefe three-—dimensional
approach [20,37-39] or Vbased on, higher order displacement
models Ieading to realistic parabolic variation of transverse
shear stressés through the plate thickness.

First Order Shear Deformation Theory has ﬁhe deficiency
that it falls to predict warping of cross-section and does

not predict parabolic shear stress distribution across the

thickness. Three-dimensional theory on the other hand treats -

each layer as an elastic continuum with possibly distinct
material properties from-adjacent layers, which give rise to
a large number of differential equations. In order to obviate
the déficieﬁcies of both First Order Shear Deformation Theory
and £hree—dimensional elasticity theory ', more refined
theories that account more realistic variation of transverse

shear stresses across the plate thickness as well as warping

of the cross-section were developed.

Higher order refined theories, based on non-linear

distribution of displacements and/or strains in the thickness
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direction can predict plate behaviour more accurately. In
order to reduce the number of displacement parameters‘used fn
some of these theories, followihg simplifications-have been
proposed.” The first simplification is referred to as the
semi—inyerse method. It is based on assuming the distribution

of the transverse shear stresses and either (a) or (b):

(a)ﬁéing the constitutive Peiatioﬁé‘ to dérive
expressions for the in-plane displacements which are
non-linear in the thickness coordinate. This approa@h
was used by Ambartsumyan, Beissner and many othérs;

{bJusing the mixed variational principle in terms of
displaéements and transverse stresses, which is a
modification of the mixed principle to derive the

governing equation of the plate [40].

'The second type of simplification is based on imposing.
the transverse shear sitress (and strain) conditions at top

and bottom surfaces of the plate. This approach was

introduced for -isotrop&e~~ﬁl&tes-~by‘ Pane- [41) -and- later .-

applied by a number of researchers to laminated plates.
Theory presented in this thesis is based on this type of
simplification.

There have been several theories proposed by various
researchers which involve terms higher than those .for the

First Order Shear Deformation Theory.

Next to the theory given in Eq. (2.5) 1s a higher order
theory that involves displacement field of the type

o .
u=uoFoze

v =v"+ zwy {2.8)
woEWotoze, + 22 gz
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This theory includes the effect of transvérse normal
strain., Displacement field as given in Eq. (2.6), along with
correéppnding stress distribution assumpfions have.-been used
by Naghdi [42] to derive a general theory of shells and by
Essenburg [{43] to derive the correspondlng one - d1men31ona1
plate tﬁeory. .In case of contact problems Essenburg
demonstrated that the utility and advantages of the theory
based on Eq. {2.6) over other lower order theories. .whitnéy
and Sun [44] had developed a theory on laminated cylindrical
shells based on displacement field of the same level as that
of Eq. (2.8). They wrongly used a shear correction factor of
the same type as that employed by Mindlin in deriving the
stress resultants.

.Next higher level is based on the displacement field of

the fbrm
. .0 2
u=u o+ oze +z.€X
Y g e .o C e
v=v +zZp +z {(2.7)
by &y
W= W o+ zp, + ézgz

A theory derived from Egq. (2.7) has been given by
Nelson and Lorch {45] for laminates. They had incorporated a
‘shear correction factor which is inconsistent with the level
of approximation in Eq. (2.7). Hildebrand, et al {31] briefly
examined a theéory given by Eq. (2.7) and concluded that the
inclusion of ther quadratic terms in the in-plane
displacements do not provide a significant improvement over
the lower order theoriés, for certain problems. Reissner [46] .
had develéped a theory on a displacement model where in-plane
diéplacements varying cubically and transverse displacements

parabolically as
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u= zg +'23C

v = zp + 23C ) ' . (2.8)

This moael .~ does not have in-plane '"displacémeﬁt
components at the mid surface. Reiésner showed that this
theory predicts results accurately when compared with the
elasticity soldtion for pure bending of an isotropic plate
with a circular hole. Lo et al [47]7presented a theory for’
homogenoﬁs isotropic plates which is of the same order of
approximation as that of Reissner’s Eq. (2.8) ,but included
the fgrms‘cqntributing to the in-plane mode of defermations.

e} 2 .3
+
u o+ z¢x Z gx + z £

=
f

X

lo h 2' 3 SN
v o+ zZp + zZ + z {(2.9)
by &y Sy

<
1l

W= o+ zp + zzgz

Thus, the theory accounts for the parabolic variation
of transverse shear strésses, linear variation of transverse
.normal strains and a cubic variation of the in-plane
displacements across the plate thickness. The principle of
stationary potential energy has been used to derive the
governing differential equations. Further, Lo et al [48] have
extended their works for the analysis of laminated composite
plates. Lo et al [48] have also demonstrated that the best .
method for evaluating the stresses is by determining the
in-plane stresses directly from the displacement solution and
then determining the transverse stresses through integration
of equilibrium equations wutilizing the Iin-plane stress
" solutions therein. Levinson [80] and Murthy [51] have

presented  higher order theories in which in-plane
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displacements are expanded as cubic functions of the
thickness coordinate with the transverse displacbment kept
constant across the thickness. Nine independent vériables
were reduced to five by conditioning that the transverse
_shear stresses vanish on the top and bottom surfaces, The
theory given by Levinson is-applicable for static and dynamic
raqalysis of homogenous isotropic plates where:as that given
by Murthy is‘applicable for flexural analysis of laminated
plates, They both used the equilibrium equations of the

First Order Shear Deformation Theary which are variationally

inconsistent for the higher order displacement fields. 'Reddy"

[14] preéented a consistent derivation of the associated
equilibrium equations. The displacement field used by Reddy
and Levinson are identical and they contain the same number

of dependent wvariables,

In a recent paper, Reissner [52] presented a state of
art of various plate theories and showed how they can be

derived from three-dimensional elasticity theory.

The displacement model adbpted in the present thesis.is
based on simplified higher order shear deformatidn theory
with non-linear distribution of displacements  through out
the -fhickness. To reduce the number of generalised

displacement parameters, the conditions of zero transverse

shear stresses were imposed at the outer surfaces. The.

displacemént model can be given as

o 2 3,
+
u 29, +z Ex + z Cx

u =
o 2 3 .
v =v + z + z + z 2.10
ey Ey cy { )
' O
W= W

In-plane displacements are expanded as cublc functions

of the thickness coordinate and transverse displacements are
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constant through out the plate thickness.

For most practical problems, the effect of transverse
shear deformation is more pronounced on thé response of
multi-layered composite plates than that of transverse normnal
strain and stress. That 1is why, in the present model

" transverse displacement is taken constant. across - the

thickness.

This model .satisfies conditions of =zero  transverse

shear stresses at top and bottom surfaces of the plate and be
non-zero elsewhere, The accuracy of the response predicted.by
different shear deformation theories is strongly dependent on
the significance of the transverse shear deformation, . which
in turn, depends on a number of plate parameters. Due to
1arge number of these parameters closed form.solutions are
only obtainable for plates with simple geometries; loading
and bqundary conditions. Symmetric laminate has no coupling
between bending and stretching and may be treated on the
basis of orthotropic or anisotropic plate theory,_involﬁing
only a fourth order differential equation of equilibriun.
Unsymmetric laminates yield bending-stretching coupling and
are gbvgrned by higher order equations.. In a relatively few

cases, this can be solved analytically. For mostesof the

problems, approximate techniques ‘such as the Ritz,'GalerkinL

Series solution, Finite Difference or Finite Element methods

may be used. .

The finite element method has the versatility of
. dealing with complex geometrics, arbitrary loadings and
general materiai properties. A great deal of work involves
the development and applicatioﬁ of finite element method to
plates and shells. Present study is based on the application
of this method to predict the behaviour of lamlanted plate
structures. A brief review of finite element on.plate bending

is présehted in the next section.
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2.2 Finite element in plate bending

Finite element method has undergone an extremely active
development stage since its beginning in the léte 19505.
During' the first 10-15 years of this activity, research
efforts centred on element development, More recently theré
has been =a shift of interest towards work focusing on
applications of the method. Arbrlef review of literaturé on
plate bending using finite elements which have direct
relevancé. with the present' work is presented here. An
exténsive review of existing literatures on plate bending

elements is glven in tabular form in {53},

Interest in plate bending elements came very early in

the history of the finite element method. AL the beginningA

of 1960s, a number of elements were proposed by researchers
such as Clough [54], Adini {55], Melosh {858], and Tocher
[57]. By. the middle of 1960°'s, variational basis for the
finite element. method had become better understood and
coupled with this came the realization that interelement
compatibility or conformity was an important property,without

which; element convergence might not always be obtained.

Most of the early plate bending elements were of the

non-conforming type. Success in achieving full conformity

came easiest’ in the caseof rectangular elements., Derivation-

of suitable triangular elements proved to be considerably
more difficult than rectangular elements. Conforming plate
elements were not only difficult to obtain, but with the
exception of the higher order elements, they were found to be
too stiff. There was considerable scepticism about the need

to meet the C1 continuity requirement.

Many researchers sought elements based on alternative

variational principles. One logical choice is the principle
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of minimum complementary potential energy resulting in an
equliibrlum formulation. The cﬁosen_ functions would be
required to satisfy equilibrium at every point in the
structure and the stress conditidns on the boundaries. Stress
based theories are in.general, very complex. Considerable
clarification and simplification in thé use . of 'the
eqﬁilibrium (stress based) method can be attributed to Morley
[58] ,and‘ Elias [59), who implemented the use of elements
stress functions. Severn and Taylor {B0] had-employéd simiian
theory for deducing the stiffness:matrix for rectangular and
triangular plate elements. Herrmann’s [61] mixed method was
based on a modified Reissner variational principle. He
relaxed the continuity requirements for displacements but
imposed continuity conditions on the stress field. The decade
of the 1970's witnessed the development of research in the
field of finite element with the introduction of new
techniques such as reduced integration aﬁd penalty number
formulations, substitute shape functions and derivative.
smoothening. To determine the stiffness characteristics of

the entire assembled structure which are .required for

analysis, one must find the stiffness properties of’
individual un-assembled elements. A number of alternative
methods are available for determining the stiffness

characteristics of structural elements, théy are:

{1)strain energy approach;
(2)principle of works;

(3)solution of differential equation for the element

displacements;

(4)inversion of flexibility matrix.

Strain energy method is based on direct application of
Castigliano’s theorem. The strain energy is first calculated

in terms of element displacements and on differentiation with .
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respect to .each displacement in turn the complete set of
force-displacement equations are obtained; these equations

can be formulated in matrix notations.

In*the second method, the principle of work applied

through the unit displacement theorem leads directly to the -

required matrix equation relating element forces to their

assoclated displacements.

‘In the third method, the solution of the differential
equaﬁfon for displacement is used to derive the required

stiffness relationships. The application of this methed is

limited to .SﬁPﬁCtUPaILAéiéﬁéﬁié"for which, solutions for

dispiacement is avallable.

The above methods can also be utilised for the

determination of flexibility matrix which on inversion leads
to the stiffness matrix. In some problems this procedure has

been found to be relatively simpler.

The strain energy method based on direct application of
Castigliano's theorem is adopted in the present thesis for

the derivation of element stiffness matrix.

Stiffness matrix for a laminated plate element is
developed in the next chapter. Once the stiffness matrix for
an element has been established, the other steps follow

logically towards the solution of the plate problem.
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2.3 Summary |

.Gradual development of two-dimensional plate theories

ig glven in the Table below:

Table 2.1
. = T T —
Basset 1830 u=u+ X z 5 n=0,1,2... Eq.(2.2)
[30] n dg
Lekhnitskii 1968 u = ~ZW < V= —ZW DW= wo
[22] H Jy
N z z
Reissner 1844,19458 o = o=
(27-28] & 1947 X nlsgy (V2D 5y g2y (/2)
Xy z .
T = Eq. (2. 1)
Xy (hz/s) {h/2)
Hencky 1947 u=zp 3 V=ZP 3 WS= wo
[32] . Y
Hildebrand 1949 Uu=2zp ; V=2ZP ; W= ozt
X Y 2
[31]
Mindlin 1951 u= uo—chx ;v o= vo- zwy ;W= W
(33 Eq. (2.8)
Naghdi & 1957 u = uwzg ;v = v ize
X Y
; [42] o 3
Essenburg 1875 WS WOtZg tz gz Eq. (2.6)
[43]
Reissner & 1961 u = uo—zw % v = vO-zw y
Stavsky W = wo
{23,24]
Whitney & - 1974 u = u0+zgox ;v o= Qo+z¢y
Sun {44] W= +sz+23cz
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Continuation from previous page

) o _ .o 20 ., O 2
Nelson &, 1974 U = utze +z Ex HEA AR Y +Z¢y+2 ﬁy
Lorch [45] o 2
W= wtzp +2° & Eq. (2.7}
3 3
Relssner 1975 u = zp +z § ; Vo= zg +Z 5
[46] : . -
W o= w0+22€z Eq.{2.8)
Lo et el u=u°+zwx+22EX+23C 3 v=vPizg +22€ +Z3C
[47,48] 1977 x oy
[49] 1978 W = wo+z¢z+22€z Eq. (2.9)
Reddy . u=u®rze +22€ +23c ; v=voize +22€ +23<
[14] 1984 oo x vy
' w=w . ) Eq.(2.ld)
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CHAPTER 3

FINITE ELEMENT FORMULATION AND STATIC ANALYSIS

3:1 Introduction

' Theoretically one can model laminates by breaking up
each piy into usual prism type -finite elements with the
thickness of each element representing the thickness of each
ply. Morédver to avoid a wide variation among the elements, a
certain minimum value of aspect ratios are to be maintained
from the computational and accuracy point'of view. To achieve
this a 1érge number of elements are necessary to discritize a
single lgyer of the composite. If the composite plate is
composed Ef m number of plys, then automatically total number
of elements is just m fold of the number of elements in each-
ply. In ceértain practical problem it ranges more than few
thousand'elements for a moderately accurate solution. As a
result the analysis will be very time éonsuming and.
expensive. ‘But,. with the assumption of two- dimensional
theory, the number of elements can be reduced drastically by
representing displacement/stress /strain by.a single.function.

rather than several ones through the thickness.
In the present thesis, a laminate 1s discritized into
finite elements such that the thickness of eachielement'is

the same as that of the laminate. A short review on FE
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analysis .of laminated composite plates under static loading
is given below. o

v

3.2 Finite element analysis of laminated composite plates

Finite element analysis of layered composite plates
began with Pryor and Barker [13] and Barker et al [62], who
formulated a rectangular element for the analysis of thick
laminated plates, including transverse shear effect. Mau et
al [B3,64] used the so called hybrid stress finite element
method to analyse thick composite plates. Noor and Mathers
[65] used finite element models based on Relssner’s plate

theory i.e. mixed formulation, to study the effects of shear

deformation and anisotropy. Mawenya and Devis [B6] and Panda

and Natarajan [67] used the quadratic shell element given by
Ahmad et al {88] and analysed the bending of thick plate.

Spilker et al [69] used “two hybrid stress elements to study

the static bending of layered composite plates. Reddy [70]
had developed a simple and efficient finite element based on
the Young-Norris-Stavsky (YNS) theory. The element had been
successfully used for the free vibration and thermo-elastic
analysis of ordinary and laminated composite plates ([71,72].
Pryor [73] gave a detailed description of the finite element
formulation of the .first order shear deformation theory in
which the transverse shear effects are included in a manner

similar to that of Reissner’s [28] theory.

Di Sciuva [15] had presented a finite element

formulation based on assumed displacement field using

réétangular element with 32 degrees of freedom. The theory .

accounts for plecewise linear interpolation of inplane
dlisplacements across the thickness and allows continuity of

‘displacements at the interfaces between the iayers.
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Phan and Reddy [21] had given a displacement finite
element model based on higher order shear deformation theory
to aﬁalyse laminates under‘bendiﬁg, vibration and stability.
Rao -f74j hadl presented the formulation of a rectangular

laminated anisotropic shallow shell finite element which can

be conveniently  degenerated-to plate element. Displacements

were taken as the products of one-dimensional first order
-Hermlte interpolation polynomials. Moser et al . [75] used
quadratic and cubic finite elements to analyse Iahinated
composite plates and shells having plane or curved surfaces.
Plate elements.were_based on the shear deformation theory and
‘the shell elements wére on the kinematically equivalent

degenerated three dimensional conceﬁp.

Ghosh and Dey [78] have'given an explicit derivation of
displacement based simple finite element using 7 degrees of
freedom to analyse laminated and sandwich plates under

various leading conditions.

Conventional variational formulation of the classical

lamination theory [4] as well as the third order theory [14]
"involves higher order (i.e. 2nd order} derivatives of the
transverse displacement, Therefore, in the finite element
modelling of such theories, the continuity of not only the
Lransvérsé‘ displacement should be imposed but also Iits
derivatives along the element boundary. In other words, a
conforming flate bending element based on a displacement
formulation of these theories requires the continuity of
transverse displacements and their derivatives across the
interelement boundaries. The construqtiqn of such an element
is algebraically complicated, requiring for exémple, a
quintic polynomial with 21 degrees .of freedom for a six—ﬁodéd
triangular element. An extensive review on finite element

method in laminated plates and shells is given by Reddy (77).
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" Alm of present study is to analyse laﬁinated.plates
both_thick And thin, using a four-noded rectangular bilinear
element, For bilinear element, compatibility is guaranteed
because element. sidesw"nemaind.stfaight_,evenA after . the

deformation.
3.3 Process of analysis

Static analysis of laminated plate involves following steps:
(i)idealization of the structure, choice of shape

function and evaluation of stiffness matrix for each’
element;

(ii)determining the element load vector;

(iii)assembling the stiffness matrices and load vectors
for the complete structure;

(iv)solving the set of resulting equations for nodal
displacements subjected to boundary conditions;

(v)evaluation of element displacements and stresses.

.3.3.1 Strain energy formulatien

The elastic strain energy in a loaded element is givén by

1
Ue- 5 I Uij eij d{vol) (3?1)

where the integraﬁion is performed over the volume of
the element. The siresses and strains in an element are

related through Hooke’s law, which may be written as.
{Wij} = [C] {sij} : : ' (3.2)

The strains in an element are defined in terms of the

displacements as
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e ) = (LW ‘ ' (3.3)
13

where [L] is a siitable 1inear operator. However, the

displacements themselves are usually defined in terms of a
set of basis functions valid only within the element. It is

customary to write
N, u, (3.4)

where u, represents specified displacements at nodes on

i
the elemént, and Ni represents the shape functions associated
with each node. So the straiﬁ-displacement matrix may be
‘written as
{pij} = IB] {ui} (3.5)
Substituting Eqs. 3.2-3.5, in Eq.3.1 and since {u;} is
constant, it may be taken outside of the integral 'sign. The

straln energy expression then becomes

1 T [ T
Ue = 5 {ui} _ i (B]® [C] [B] d(vol) ] {ui}
1 TT T
= 5 {ui} _ i {B]1° [D] [B] d(area) ] {ui} (3.6)

TheJterm in the square brackets represents the element
stiffress matrix. Here [C] is the stress-strain constitutive

matrix and [D] is the stress resultant-strain matrix.
The first step towards the formulation of element

stiffness - matrix is to define the governing displacement

field. This is taken up in the next section.
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3.3.1.1 Displacement function

A higher order shear deformation theory is considered
in the present study. The theory includes effects of
transverse shear strains/stresses as well as warping of the
cross-section. We begin the formulation by defining a local
coorainate system (X,y,z} at any peint on the mid surface of
the plate element, with (x,y) axes lie in the plane of the
plate while z axis normal to mid surface as shown in Fig.

3.1,

P Wx  LAMINATE
#v MID- PLATE

LAMINATE
MID~-PLANE

[ o=

mL

FI6.3.1 LOCAL COORDINATE- SYSTEM

Displaéement field is assumed as

U(x,y,z)

3

P
+ +
U0 z ¢xo z EXO Tz Cxo

]
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Vix,y,2).= Vix,y,0) + z¢y(x,y,0) + 22€§(x,y,0) + zBCy(x,y,D)
_ 2 3
= V0+ z ¢yo+ z gyo + z qyo

Wix,y,z) = Wix,y,0) =W - (3.8)

where UO,V0 and WO are the displéCementé of thé
corresponding point on the reference surface with coordinates
(xo,yo,zd), wxo' ® o are the average rotations about y and X
axes respectively of the normals to the midsurface of the
undeformed plate. The remaining terms correspond to the
higher order rotations. Fig. 1.4 gives the deformation of a
section of the plate by a plane parallel to xz plane.
Conditions of zero transverse shearing stresses at the top

and bottom surfaces of the plate may be written in the form

)=0 (3.9)

N e+

1
+ = +
txz(x,y, 5 }=0  and Tyz(x,y,_

where t 1is the thickness of the plate. For an

orthotropic plate, this means

e e by e
)= 0 and eyz(x,y,i 5 )= 0 (3.10)

D e+

. e
exz(x,y,_ 2

Differentiating Eq. 3.8 and substituting in Eq. 3.10,

one obtains the following relations

4 8w
£ =0, L == — ( =+ ¢ ) and
X0 X0 3t2 Ix X0
_ - _ 4 8w
gyo_ s C = > { + ¢ ) (3 11)
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Substituting Eq. 3.11 in Eq. 3.8, and on simplification

yields the displacement functions as

2 ) b
: 4z aw

Ulx,y,z) =U +z[p - —(—+9p )]
! o] X0 3t2 A% Xo

» - 422 aw .
Vix,y,z) =V + 2z [p - = ( =+ I + (3.12}"

0 yo. 3t2 3y yo
Wix,y,z) = wo . _ J

. Thus, displacement at any point in thé_ plate can be
expressed * in terms- of seven unknown quantities as

uO' vo’.wxa P ¥, w’--x and w- g s . s Coeee

2}

Y

The angles Py and wy are the total rotations of section

x = constant and y = constant respectively and are given by

7
22

-

Sw

p (y) = =+ g (xy)
ax
(3.13)
e (x,y¥) = B + . (%,¥)
Y by Y

vhere Tx and 7y are average transverse shear strains.
It can be. shown that a shear co-efficient is an estimate of

the wanpihg of the cross-section.

3.3.1.2. Strain-displacement relations
The strain displacement relations in the Cartesian

coordinate system can be obtained by substituting Eq..3.12

into the strain-displacement relation and is'given by
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422 ézw
' — r _
kx - Uo, Tz [pxo,x 3t2 (wxo,x ¥ sz )1 W
422 2w
3 v +z [ - = + 2 )1
Y 0,Y . ...._?yo.’uym. . 3t2 (Pyo L Y- 3y2 .
2 2
4z aw
+ -
4€xy> o,y+vo,x [¢xo,y wyo,x 3t2 (@xo,y+wyo,x+2 axay)}F
22
W aw
€ p. -4 = —+ ¢ )+ —
XZ X0 t2 ax X0 ax
(e 0 " 4 i( P L
vE ye 2 gy Y% ey ’
. Or’ {C} = r SO b ¥ = Kl - + 22 r o b + 23 r K3 -
x ® X
80 K1 e} KB
Y b ¥
1 3
4 xy . < nyr {o 4 nyr
eo o K2 o}
XZ XZ
e;z o Kiz 0
“ J . 7 “ . o - .J
where (3.14)
o 1
€x ° Uo,x ! = Poo,x
€0 =V ; k!~ @ ;
Y 0,¥ Y Yo, ¥
o 1
= +¥ ; =, +ip :
Xy o,y o0, Xy X0,Y "¥o,Xx
o _ . 2 _ 4 aw i
Cyz = Pxo T wo,x : sz ) ( =+ Eon) !
t ax
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o] R 4 ow
£ = ¢ + W 3 X = - 2. ([ =+ ¢ ) ;
. YZ yo 0,y YZ t2 3y Yo
2
Ki =T _Eﬁ( é_; +l@xo X U
3t ax !
: 2
3 4 .. 3w
K = = ( — + 90 ) )
y at? gy YOV
. 2 ' .
K3 = = iz_( 2 o W -i-(pxo +¢ o x). 15y
Yy " 3t ) axay » YO, -
Here, strain includes linear strains, curvatures,

twists and other higher order curvatures. It may be noted
that the transverse shear  stresses are represented
parabolically over the thickness and therefore, there 1is no

need for any shear correction factor.
3.3.1.3  Stregs-Strain relation

& Each ortheotropic layer of the plate has known elastic
properties. The stress-strain relation of any -‘particular
layer, with one of the axes of orthotropy coinciding with one

of the principal axis, is given by

[ 7] 11 %12 C13 S © . © 1o«

%y 21 %2 ©a3 %204 °©  ° || °F

| 7z * ©31 %32 ®33 C3a © ° 1] %2
Txyl | a1 42 a3 C4a ° © “xy
Txz © © ° ° °ss  ®sg{ | “xz

L=y, | o o o ) °gs gl | Fy,)

3.16

Since normal stress T, is small it can be neglected.
The correspending straln €, can be eliminated from Eq. 3.18
by equating o, equal to zero. This results in reduced

stress-strain relatlonship as
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%k 1=fei1 ©12 €12 © o [ &, ] wher§ 3ﬁ
N °31 C22 %24 ° © e |- %1y T €15 %1353 Caa
4Txy+ cal c&z ca4 ) o |4 vl for i,j = 1,2 4™and
Sal [0 0 o b5 ko] S| ciy = e
‘FyZ* Lo 0 0 cés Cés-t €yzl for i,j = 5,6

(3.18)

For a particular case when fibers are oriented at an
angle o with the =x-axis, the transformed stress-strain

relation for a laminae will be

X 11 12 14 ¥
%l % %2 % ° ° |
: Txy} Qq Qs Qyy © °© 1 gxyl
2| |© ° ° %s Us5g|| Cxz
L Tl Lo o o Os gl L €y2) , where (3.17)
Ql_1 = C;1c054e + 2(C;2+ 2c;4)c$sze sinze + Cézsin4é

Q =(C,'+ C, -4 C’ )cosze sinze + C’ (00846 + sinQG)
12 11 22 44 J12

> ’

A ' 2 .2 4
sz = Clls1n o + 2(C12 + 2C44)cos.e sin e + szcos 5]

A S 2 .2 ', a . 4
Q44.— (C11 +C22 2C12 2C44)cos e sin e + C44(cos e +sin o).
Q,, = (C, —20' ~C' )cosse sine +(C, —C. +2C} Jcose sinae

14 11 44 12 12 22 44

= (Cf —2C, —C' Jcose éin3e + (C’ ~C. +2C: )cosge sine
Q24 11 44 12 12 22 44
Q = C’ cosze + C’-sinze Q.= (C, —C, Jcose sine

55 55 B8 ' “5B 55 78
Qe = C. sinze + C. cosze (3.18)
t5]s) 55 66 ' ' '
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3.3.1.4 Stress resultant-Strain relation

Combining Eq. 3.14 with Eq. 5.17 and on integrating

layer:by'layer over the thickness, one obtains the siress

resultants-strain relation in the matrix form as

My 17[A11 A2 214 0 O Byy Bip Big 0 0 Eyy Epy By <y
Ny Aop Ao O 0 By By, By 0 0 By Epp Byylley
Xy Agg O O Byy By By O 0 Epy Eyy By Sfcy
Uz Agg Agg 0 O 0 DD 0 0 0 |lel
Q, Ag O © 0 Dy D.o0-0 0 e:z
My Dyg Dip D1y @ 0 Fyy Fyp Fyy Ki
ju, D, Dy, 0 O Fy Foo Fo +K;
Mxy Dlill 0 0 F41 F42 F44 K::y
R, Fog Fgg 0 O O Ki
Ry, Feg 0 0 O KSZ
Py Hyp Hyp Hyy K>3<
Py N Symmetric sz H24 Kg,
foy;‘u H44,}¥§y_

or in compact notation,{"N~} = [ D ] { EQF,

vhere,
t/2
_ 3
(NX :Hx :PX )"‘ j' GX(IJZ,Z )dz
-t/2
t/2
(Ny ’My ;Py)= J Wy(l,z,za)dz
To=ts2
-and
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t/2

_ 2
: (QXZ:RXZ)— -.r sz(lyz }dz ]
-t/2

t/2
) - _ 2 e
; (Qyz’Ryz)— I tyz(i,z )dz :
-t/2

TN

(3.19)




t/2
3 .
= . 3.20
(ny Xy’ xy) I, (l,z,z )dz ; : ( )
-t/2

Elements of membrane stiffness matrix [A],
membrane-bending coupling matrix [B], bending stiffness
matrix (D] and other higher order matrices (E]l, {F];and [H]

are definled as follows

t/2 .
= 2 3 4 8
(Aij’ Bij’ Dij' Eij’ Fij’ Hij) = Q (1 z,z7,27,z ,z ) dz
-t/2
(3.21)

where i, J takes the values 1 to 6.

Eq. 3.19  contains higher order moment of stress

resultants that are difficult to interpret physically.

3.3.1.5 Finite element formulation

Baéed on above theory, a rectangular flat plate element

with seven degrees of freedom as given in Eq. 3.12 at each

nodal point .is .formulated.---The.- local element' coordinate:-- -

system is chosen to be parallel to the global coordinate
system of the plate. Within the element, displacements can be

interpolated in terms of the nodal degrees of freedom by
adopting

(a)Interpolation functions for element coordinates x
and y ; in-plane displacements annd VO and the two
rotations (¢xo’¢yo) by

p=ZMNp , (i =1to 4 : (3.22)

1
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vhere p is the value of the above ment ioned
variables at any point in.thé élemeﬁt andj:.)i is its
value at node i of that particular element.and N.l is
the interpolation function. Ni can be .expressed In

the natural coordinate system (r and s) as

- 1y * '
Ni = 3 (1+Pri) (1+ssi} {3.23)

b

where i1 is the number of function and ri=—1.1.1,-1 ;

Si=—1,—1,1 1,for i=1,2,3 and 4 respectively.

~(b}Thé transverse displacement is interpolated using a
non~conf'orming shape function as ﬁroposed by
‘ZienKiewicz and Cheung [16], which can be written

in explicit form as

wix;y)=lf, g hy £, g, h, fog hy £, g, b1 [w .
¥ 1
w,y1
woZ
{. -
Yo s
W,
where L y4 )
! - 5 5 (3.24)
= el * * * - -
fi 3 (1+Pri) (1+ssi) (2+rr'.1+ss.1 s7-r7)
B, = & % r *(14rr )%(1+ss Y*{rr.-1)
i 16 i i i i
h, = 2% s *(1+ss,)2(1+rr, )*(s5,~1) (3.25)
i 16 i i°F i i '

and i varies from 1 tod.
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Here,

r = 2 (x =-x )
a ‘¢

TN

s =5 ly,-y)

and (xc,yc) are the coordinates of the centroid of the
plate; a, b are the sides of the rectangle. The
non-dimensional coordinates for nodes 1,2,3 and 4 are

(-1,-1),(1,-1),(1,1) and (-1,1) respectively.

Nodal displacement vector {61} of the first node on the

reference surface is given by

T

{§1}=[U01 ‘vol ¢x01 ¢y01 wbl w,xl w,yl ]
- {3.286)
and the element displacement vector {66} is given by
6=l 5 o5, 5, 5,18 (3.27)
e 1 2 3 a 7 )
Generdliséd displacement vector at a point is
(Y=l U V ¢ ¢ w w_ w1 (3.28)
o 0o "X ' ! )

o 'yo o0 'xo 'yo

Substituting Eq. 3.22, Eq.3.24 and Eq. 3.28 in Egs.
3.14, one obtains the relation between strain versus nodal '

d.o.f. as
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r QN _n 1.7 N .
e | = Ni,x I i ' Yoi T
Q
Cy Nl.y ...... VO1
Q
8xy Ni,y Nl,x DR Pxo1
o .
Cxz| . ' Nl fl,x gl,x hl,x N '
o
f, g, h,  ......
Fyz Nip o Try By Py
1 .
<Kx } NI,X . >
1
Ky Nl,y ...... U04
1 : .
K --N, N, Vod
Xy ] 1,y 1,x
XZ N1 f1,x gl,x hl,x R ?xo&
K N F. & _®
vz 1 1,y By My yon
1(:3 N F g h W
X 1,x% 1, xx gl,xx 1, xx ) 04
3 | N, F. 5 & w
A I Ly L,yyw "lLiyy l,yy ~°°°°° o4, x
3 = ‘J- = == = .
Koyl L Ny oM, 5801, w81, w1, xy 0 Tossy)
where,
.4 4 . .
¢, == —&«; ¢, = ~— ; and terms with single bar and double
1 -t2 2 3t2 ) ]

bar mean muliiplying with 4 and <, respectively 1i.e.

. N1 = CINI-; W1= C2 N1 and so on.

In compact fdrm,

{ey=1B1{ 5, (3.29)
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Once all the relations are evaluated, internal strain
energy of an element due to bending'and shear can now be
determined from Eq. 3.1. Integrating the products of strains

and stress resultants over the area of an element i.e..

= I {e}Y [N] dA | : (3.30)
A

1
2

where {e} includes all strains including those for
shear and [N] 1is the vector of all stress resultants

including higher order terms. Substituting Eq, 3.19 and Eq,
3.298 for {e} and [N] into Eg. 3.30, one obtaing

M=

> 7 4a" B (p1B) {8} dA (3.31)
A

In a . concise form

- T . ' ‘ '
I = (60" (K] (8} | | (3.32),

-

1
2

where [K_}= £ [B]'[D}(B] dA | (3.33)
A

is the stiffness matrix for an element which includes
membrane,- bending and transverse shear stresses., Evaluation
‘of this stiffness matrix involves integration of functions

over the domain represented by the element as

1 1 : )
(k1=J s (817 [(DI(B] det{J] dr ds (3.34)
.-.1 ...'1 . R

.

Where r, s are the natural coordinate system. This

integral 1is. evaluated. _numerically using .Gauss Quadrature, . ...

Thus, the stiffness matrix is evaluated as a double summation

over the domain and is given by

54



_ gps gpr 7
(K 1= L L (o Jw v, - . (3.35)
5 r

where gpr,gps are the number of integration points and

v and W, are the weights in the r, s directions
respectively.
o = (B 1(D] [B] det [J] , (3:38)
rs

Once the element stiffness matrix is evaiuated, next

step is to determine the elementrload vector.

3.3.2 Cénsistent load vector

In the finite element analysis -of. stfﬁc£ure§ by the
displacement method, the only permissible form of . loading,
other than initial stressing is by the -prescription of
" concentrated loads at the nodal peints. All forms of  loading
such as' gravity action, pressures assigned to element
surfaces, must be converted into equivalent nodai forces,

Now, if a distributed load q is acting per unit area of
an element in the direction of w, than the contribution of

these forces to each of the nodes is
T .
{ Fi} = ff N'gq dx dy {3,37)

For the present element with 7 d.o.f., the load vector
is considered as ( assuming component of load along first

four d.o.f. is nil) i.e.

{ Fi } = [Fxg ] =9 L vy Plfo
i g o
F .
Y1 e}
A r 4+ 0 7
Prs £,
. 1
. g;
Fw ] h
h y]_ - i/ (3.38)
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Combining the nodal load vectors {Fi}s, the element
lead vector {Fe} can be obtained as: '
T

{Fy=I[F, F_F,F_ ]
e 1

2374 (3.39)

3.3.3 Formulation of global matrix

Stiffness matrix for the entire structure is assembled
in half band form after accounting the boundary conditions.
load vector is-also formed. Global displacement vector Iis
determined by solving the equllibrium equations by standard

Gauss elimination technique.

3.3.4 Solution

+

The .stiffness matrix of the plate structure is

symmetric and banded. In the development of finite element

program, "~ the symmetric and banded nature of the stiffness
matrix [K} is effectively made use of, for reducing tﬁe main
storage requirement. Only elements between bandwidth and main
diagonal‘are stored as an one-dimensional array. Numbering of
nodes are done so as to keep the half band width to =
minimum. The stiffness énd load matrices of the structure
have been formed only for those degrees of freedom which are
unrestraiped. By this process boundary conditions are imposed
implicitly ana equations of equilibrium corresponding to
specified boundary displacements are not formed.

| Table 3.1 gives the type of boundary conditions which
are to be 'incorporated on edges where x is constant. Similar
statementé can be made for edges where y is constant by

interchanging the subscripts for x and y.
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Téble:B.l Boundary conditions for various edge conditions, x

= constant.

Simply supported Clamped Free 3

Uy# 0 ;5 Vo2 0 Us=0; ¥,= 0 U V,# 0
[ = = : = = ’
Pxo” 0 wyo 0 #v0 ’¢yo 0 ¥xo wyo¢p
W= 0 w,xi 0 |W,= 0 ; w,x= Ojw,? 0 ; w,x¢ 0
w, =0 w, =0 w, # 0
' Y : Y Y

Standard Gauss elimination method is used for the solutioﬁ of

algebraic equations.

3.4. f’Stress formulation

reference surface strainsg as

{e}=(¢e w=r1 ¢ 0o 0 0o Z 0o o o o 23 ¢ 0o '[bo A
X 9 X
£ o o o o 0o Z o © o o zZ o o
v e
3 Y
{ o o 1 o 0o o o =z o o o} 0 rAE 3
Xy 2
£ o o o0 o o o o zZ o o ©o o :
Xz 2 3
€ ©o 0o 0 6 1 o o o o 2z o o o [|K
\ yza . ] - Xy“
In short {e} = [B,] {e°} (3. 40)
Substitufing Eq.3.29 in Egq. 3.40, one obtains
{e} = [Bll[B]{Se} = [82]{6e} (3.41)
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" The global displacement vector {Se} is substituted in
Eq. 3,41,'t63get the strain vector which in turn will be

substituted in Eq. 3.17 to get the stress vector at any polnt

in the structure. Stresses are obtained at the 2X2 Gauss, .~

sampling points. Using the technique of local stress
smoothening [78], these stresses are transfered to the corner
nodes. The smoothed stress values are then modified by
finding the average of the nodal stresses of all elements

meeting at a common node,

3.5 Numerical examples and discussion

To demonstrate the accuracy and the reliability of the
-fiﬂite element procedure, various plate problems  with-
different’ boundary conditions and loading cases are selected
for comﬁarison with the avalilable theoritical and
experimental results of other research workers. This @ also
provides a scope to verify the computer program developed in

this connection.

Before tackling any plate problems, the accuracy of
element stiffness matrix is checked for the presence of rigid

body modes.

Sfatic analysis of both laminated as well as . sandwich

plates were considered in this chapter,
3.5.1 Eigenvalue analysis

It is well known that proper. representation of rigid-
body modes in the functional representation of the
displacements leads to accurate results with relatively
coarse mesh and consequently less computational effort. To

check the accuracy of the element formulation, eigenvalue
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analysis is performed for a three layer square laminated

plate element with the following geometrical and material

parameters. Numerical integration is carried out at 2X2

Gauss-Quadrature points.

Geometrical parameters:

Plate : 3-ply (0°-80°-0°) laminate

- Side-to-thickness ratio = a/t = A = 100
Material constants:

E,.= 172.4 GPa (25x10°psi) ;

11 &
E22= 8.8 GPa (10 psl) ; ' -
_ _ 6.y . _ B .y .
G12— G13—.3.4S GPa‘(.leo psi) GZB_ 1.38 GPa (.2x10 p?l) :
Vo= Via= 0.25 5 v,,= (EE/El)X b5

Table 3.2 shows the 28 eigenvalues obtained from single
element.” It can be seen that six of the eigenvalues are
nearly zero as compared to other ones. These correspond to

six rigid body moticnsof the plate element.

Table 3.2: Eigenvalues obtained for a plate element.

-0,77912278E-08 |0, 27600276E+05 | 0. 29544430E+06 |0, 90768363E+06
-0. 40887838E-08 |0. BB66T089E+05 | 0. 35255376E+086 |0. 9375596 1E+08
-0.11788449E~-08]0. 693911 148E+05 |0, 362394538E+06 0. 14184858E+086
=0, 10396425E-08 |0, 12385673E+06 {0. 38348547E+06 | 0. 16613569E+07
0. 14308288E~08 |0, 12385535E+06 | 0. 48886279E+06 | 0. 27565006E+07
0. 36080886E-08 |0. 15267839E+06 |0. 56254239E+06 | 0. 28413074E+07
0. 11385220E+03 |0. 15703389E+06 | 0. 867 10803E+06 |0. 452325679+07
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3.5.2 Static analysis of laminated platés

EXAMPLE 3.1: Analysis of a three layer - (6°-90°-0°),
simply-supported square plate with side-to-thickness ratios
as 10,20 and 100 with material constants are the same as that
in above. Fig. i.S.chives the loading condition. Table 3.3
gives the comparison of present solution with existing

literature values,
Notations used in the table are:
R indicates sources of reference;

A:Exgpt/?agano'and Hatfield.LBQJ;.B:FEl/J.N.Reddy[?O];. oo

C:FE2/Panda and Natarajan [67]; D:FE3/Mawenya and Davis{6Bl;

E: ISPQ/Moser, Lehar and Schmid [75]; F:FE4/Phan and-Reddy[Zl];
G: Author’'s values.

Loading:-q = qosin (ax/a)sin(ny/b); here a = b= L

Results are presented in terms of normalized quantities as

- - = 2
(o, oy ,Txy)-(l/qok Moo T )

Y Xy
- 4 4 - -
W= 1 QWw/l2A tqo, A =ast, z = z/t , where
Q = 4G, + [ E pt E22(1+2 ulz)]/(l— Vi, v21)

s  =wlas2,as2,0) ; E. = % Error in & from exact value;
max max

3

o, = Eg(a/z,afz,tl/z] ; E¢ = % Error in'o-1 from exact value ;
1 R

o= }y(afz;a/z.i 174) 5 E_ = % Error in o, from exact value;
2

T = ?Xy(O.O,i 1/2) ; ET = % Error in Tt from exact value,
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Table 3.3: A three layer cross ply square plate under

sinusoidal loading

A R amax E’5 oy Ev . o, Ew T _ Er'

1.709 - 589 -  .403 - 0.0276 -
1.534 -10.24 .484 -13.4 .350 -13.2 - -
1,448 -15.27 .532 -4.43 .307 -23.8 0.0250 -9.4
2,034 19.02 .542 -3.04 - - 0.0292 +5.8
1.727 1.04 .493 -11.8 .407 0.99 - -
1.714 0.31 .554 -0.88 .397 -1.42 L0273 -1.1
1.468 -14,0 .577 +3.28 .318 -21.1 .0247 -11.
“1.189 - . 543 - .309 - 0.0230 -
1,136 -4.48 .S11 -5.89 .287 -7.12 - -

10

o O

20 1.114 -6.31 .557 2,58 .307 -0.65 0.0231 0.4
1.273 7.07 .S46 .55 - - 0.0233 3.9
1.191 0.14 .533 -1.84 .312 0.97 -
1.191 +.16 - .538--9.96 --.3085 -1:61 0.0230--1.3
1.119 -5.90 .556 2.76 .284 -8.22 0.0224 -2.6
1.008 - - 539 - 271 - 0.0214
1.005 -,298 .523 -2.97 .263 -2.95 -

100 1.003 ~-.496 .566 5.01 .284 4.80 0.0223 4.2
1,015 .694 .551 2.23 - - 0.0219 2.3

0.999 -.899 .B37 -0.37 .2685 -2.20 -

0,997 -~1.11 .523 -2.88 .263 -Z.81 0.0208 -2.4
1.004 .- 0.4 .543 0.7 .267 -1.48 L0215 0.3
CPT 1. 000 0.539 0. 268 . 0213

T oMY 0O W o0 Tme. O w > ™ e w >

o o

EXAMPLE 3.2: Most studies deal with 1aminates consisting of f
only a few layers;_-while in reality, there can be. manyA
layers, and at times upto 100 or more. It is necessary to
examine the response of the present element to multi-ply
laminates. Square laminates with edge dimension a and
-thickness t congisting of 5,7 and 9 layers under the same

loading. and material constants as given in example 3.1. are
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investigated. Results are compared with the exact values
(39]. the

central plane, with fiber orientations alternatively 0° and

All the laminates considered are symmetric w.r.t.
30% w.r.t the'x axlg, and OO layers are at the outer surfaces
of the laminate. Total thicknesgses
the the
thicknesses (Fig. 1.5.b), Material

of 0° and 90° layers are

same, Layers at same orientation have equal

properties are as given in
example 3.1.

Results are given in table 3.4(a;c) in terms of the
same normalized quantities as given ébove. In table below 1
stands for exact value [33] and 2 for Author’s value. For all

tables, dquantities are found at the same location except for

Gy , for which locations are given in each table separately.
= + . L= H =

Here, Ty Txy(0,0,_l/E) ; 72 tXZ(O,a/Z,O) ; Tq

T (ar/2,0,0),

¥z i

Table 3. 4(a-b): Maximum deflection and stresses in 5 and 7 ply plates

“For 5-ply laminate and

[} =

o (as2,a/2,%1/3)
2 Yy

max . 1 ' 2 1 2 3

10

20

100

CPT

1.57 1.42
1.15 1.10
1.01

1.00-

.8994 -,

. 545

. B39

539

.539

.574
557

.535

. 430
. 380
. 360

. 358

. 388

. 369

. 356

.0246
L0222
. 0213

.0213

. 0236

. 0221

L0214

. 258
. 268
. 272

L 272

. 180

. 161

. 140

.223 .288
212 .281

.205 ,236

. 205

3.4.b,

7—p1y laminate

P

q -
il

o (as/2,a/2
Y

+3/8)

10

20

100

CPT

1.583 1.41

1.13 1.10

1.01 .983

. 548

.538

. 539

.538

577

L5587

. 457

.419

.535 4085

.404

. 434

. 415

. 400

. 0237

L0219

. 0213

L0213

.0234

. 0221

L0214

., 255

. 267

272

272

. 384

. 386

. 337

.219

. 210

. 208

. 123

121

.103

. 208
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Table 3.4.c: Maximum deflection and stresses in 9 ply plate

g-ply laminate and o, = wy(a/z,a/z,iZ/S)

10 1.51 1.41 .551 .580 .477 .462 .0233 .0233 .247 .150 .226 .318
20 1.13 1.10'.541 .558 .444 ,444 .0218 .0221 .285 .151 .221 .313
100 1.01 .993 .539 .535 .431 .427 .0213 .0214 .259 ,131 .219 .268

CPT 1.00 839 2431 o213 " eBe 219

Fig. 3.2 gives the distribution of in-plane displacement
u(0,b/2,z) and ck(a/z,b/z,z)_across the depth in a 9-ply

square laminate.

EXAMPLE 3.3: A three layer (00,900,00} of equal, simply
supported rectangular plate with b=3a as shown in Fig. 1.5(e).
Material properties are same as that of example 3.1. Results

of this case is given in Table 3.5.
Notations used are: -

Loading is q = qosin(Ez) sin (gg) and A = £ = 100,20 and 10.

- 4 —
= * : = =
W W 100.E22/q0tA A ast, =z z/t

3 = w (a/2,a/2,0) ; E.= % Error in & from exact value;
max fo) max .

.= Ex(afz,a/z,il/E) ; Ev= % Error in oy from exact value ;
1

o= }y(a/Z,a/E,i 1/6) ; EU = % Error in ¥, from exact value ;
2

T = ?xy(0,0,t 1/2) ; E_ = % Error in T fronm exact value.
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R for reference sources

A :Exact/Pagano and Hatfield (391} B:Panda and Natarajan{67]

C :FE/Mawenya and Davis [66}; D :Author’s value ;

Table 3.5: Three layer, cross—-ply rectangular plate

under sinusoidal lecading (b=3a).

AR 8 E v Ewl o, Eaé T E_
A 0.919 - 725 - 044 -  0.0123 -
B 0.752 -18.17 .8563 - 9.90 .037 15.60 0.0105 14.6
10 C 1.141 -24.16 .685 - 5.50 - - 0.0141 14.5
D 0.834 - 9.24 .704 - 2.86 .037 14.71 0.0113 +8.50
A 0.610 -~ .650 -  .030 -  0.0083 -
B 0.565 -7.40 .654 0.62 .029 4.01 0.0091 2.18
20 C 0.684 8.85 .651 0.154 - - 0.0098 -
D 0.594 -2,84 .655 0.70 ,0278 7.02 0.0091 2.0
A 0.508 - 624 - 0253 - 0.0083 -
B 0.505 .590 .654 4.80 .0261 3.16 0.0086 3.6
100 C 0.510 .330 .638 2.24 - - 0.0085 2.4
D '0.811 .530 .614 1.63 .0244 3.55 0.0083 -0.2
CPT _ 0.503 0.623 0.0252 -

EXAMPLE 3.4: Cylindrical bending of a three layer symmetric
anglejply laminate where ply orientation and thickness
respectively are (+eo,~eo,+eo) and (t74,t/2,t/4). Angles are
measured clockwise from the x-axis. Material properties of
layers are same as that of example‘3.2. The plate is under-
sinuseoidal loading P,= qosin (nx/a). Table 3.6 gives the

results for A = 10.
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Notations used are

W= central deflection x {H4Q)/(12qotA4);

- 3 2 2 L) : 3

¢ =c (a/2, t/2)x(n"/6g A7); E and E are % errors in
X X : 0 W o . _

. deflection and stress from ~exact values [79].

References:
A: Exact elasticity solution [79]:; B:Panda and Natarajan [67]

C: Author's solution.

Tabie 3.6: Cylindrical bending of three layer angle pl&
(¢?-¢?-¢°] plate wunder sinusoidal 1loading (A = 10).

. 0 — —_ —_— i . .
e Q W . Wx Ew EW K
A B C A B C
15 [1.5456(1.532(1.495(2.189}1.09|1.170/0.98 49 11.9
30 11.0288|1.532{1.534(1.75711.06(1.194|0.91 14 15.9
45 10.502211,.375(|1.470(1.518|1.03}1.117i0.98 10 4,8
B0 |0, 1822 1.164 1.27111.271]1.02(1.078|1.03 g 1.5
75 ]0.0803]1.035(1.082(1.114{1.00|1.054(0.94 7 6.0
CPT 1.000

513]




EXAMPLE 3.5: Three ply square laminate with layers of ~ equal
thickness and subjected to a uniformly.  distributed load of
intensity qo. This load 1is expanded in terms of. the

double-fourier series as

=¥ ansinax sinBy ; where o= mn/a and 8 = nn/b ; and

Material properties are same as that in example 3.2.
Midpoint .deflection with different number of terms .in the
fourier series are given in table 3.7, where FSDT megans First

Order Sﬁear Deformation Theory.

Table 3.7: Non-dimensionalized deflectioh w with different

m,n values

Reddy [14] FSDT Author’s theory

A N=3 N=29 N=49| N=3 N=289 N=48{ N=9 N=29 N=49

10/1.090 1.080 1.090(1.022 1.022 1.022|0.968 0.961 0.965
2010.776 0.776 0.776|.7574 .7573 .7573(.7588 .7553 .7572
100|.6705 .B705 .6705|.6697 .6697 .6697(.6834 .6861 .6823

- 3 4 L
—.Fw‘Ezzt‘)xloo/(qoa Jand m = n =N .

EXAMPLE 3.6: Numerical results for a 3- ~ply square lamlnated

-plate with 1dent1ca1 top énd bottom plles under unlformly

distributed load with material properties as given below.
Effect of modular ratio between plies is presented. The
relative values of the moduli are the same in all the plies

i.e, (E Ey Ez Exy.Exz Eyz ny:ze:Gyz) are identical.
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Geometric and material properties are given in Fig. 1.8(a).

Following notations are used in the table below
w = w(a/2,b/2) ; o and Gy at {(a/2,b/2) ; Ty is at (0,b/2) |

Table 3.8: A 3-ply laminate under u.d, 1.

b B‘wExz/h _ ak/qo at | ay/qo at : 'cxz/qO |

centre 11 12 13 21 22 23 .31 32
1|679,33|36.98(29,23|29.23|21.93(17.35[17.35]1.97 |5.45"

5(266.17160.88(47.26|9.45 (38.64(30.34[6.07 (3.1201{4.84

P 101154,02|85.85|50.22(5.022143.39|33.71|3.37113.4384. 4
151114.10(|67.34|50.55[3.37 [45.75(35.24(2.35 |3.541|4.083
1[{640.39(36.10(28.88(28.88(21.62(17.30{17.30|2.003|5.564

TPT 5|216.94|61.14|48.91(9,783|36.62{29.30|5.86 |3.386(4.59
10(118.77|66.95{53.56|5.356[40. 10[32.08(3.208{3.708 |4. 387
15({81.77 |69,14{55.31(3.69 [41.41(33.13(2.21 |3.83 [4.283

1)688.58|36,0228.54(28,54|22.21|17.67(17.687(2.40 |5.34

S&R 5|258.97{60.35]|46.62|9.34 |38.49]30.10(6.16 |3.72 |4.38
101159.38(65.33{48.86/4.90 |43.57(33.41{3.50 |3.93 l4.096
15(121.72[66.79(48.30(3.24 [46.42(34.96(2.494{3.956|3.964

P=Author's ; TPT=Thin plate theory ; S&R=Srinivas et al [20]

11 E'Top ply-at top surface ; 12 = Top ply at interface ;

13 = Mid ply at upper interface ; 21 = Top ply at top surface ;
22 '= Top ply at-interfgéédfmééuéuﬂid ply at uppér interface ;MM
31 = At upper interface and 32 = At mid surface.

3.5.3 Static analysis of sandwich plates

EXAMPLE 3.7: A three ply sandwich plate under uniformly
distributed loading with cross-section and material constants
are as given in Fig. 1.5(d). Three typical cases are taken up
from {75].

casel: Thin, simply-supported plate;

case?: thickn‘simply-supported plate and

case3: thick, clamped plate.
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Results given in table 3.9 are taken from Ref.[78] for
comparison.
Table 3.9: Sandwich plate under uniform load : comparison of
results for different aspect-ratios.
Element NET D.O.F. W ax Qmax Mmax
Simply- |TRIM 32 5X5 428 | 7802.4| 4033 | 700040
3 ted ISPQ 5X5 300 | 7780.2|. 5305 | 691510
UPPOrted | 1opc 5X5 675 | 7782.7| 4118 | 689650
Thin Author’s 4x4 120 | 8144.8( 3391 B54266
Plate Shear deformation Theory| 7801.89 4050 689560
Classical Plate Theory 7615.8| 4050 | B89580
Simply- |TRIM 32 5X5 425 | 31.455{ 934 372300
Su ortéd ISPQ 5X5 300 | 30.441| 948 368210
PP ISPC 5X5 675 | 30.440| 925 | 366870
Thick Author's 4x4 120 | 31.320| 810 349750
Plate Sheap deformation Theory| 31.454 938 366830
Clasgical Plate Theory 21.553 935 366830
Clamped” |TRIM 32 BX5 425 17.089 1009 | 331900
Thick ISPQ BX5 300 16. 036 1042 | 334080
IspC 8X5 B75 16. 037 1017 | 341200
Plate Author’s 4x4 120 15,270 984 | 438880
Shear deformation Theory
Classical Platé Theory 6.7130 383210
EXAMPLE 3.8: Response of a square sandwich plate under
uniformly distributed loading is considered. The material of
the face sheets and core are as given below., Thickness of
each face sheet is h/10. Table 3.10 gives the mid-point

deflection and maximum stresses in the normalised guantities.

Results are cohpared with that in Ref.{79].

Notation used ih the table are

R for reference source where

P : Author’s analysis ;

E : Exact/Pagano [79]
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Results are given in normalized quantities as .: '

LN i !"
e i )=(1/q A5 (o, o ) IR i
(O 1Ty Ty TN TR Ty Ty N il
. ) ol

= H = + . = : T . ‘:

A= ast 611 o (a/2,b/2,t 0.5) ; o, o (a/2,b/2,% 0.4); |
= - F . = - . = - . ‘ ‘
o, a&(a/2,b/2,+ 0.8) ; oy XZ(o,b/z,O) P 0,s Tyz(a/Z,O,O), ﬁ

og= txy(0,0,+ 0.5) ;

Material properties of face layers are same as that in

example 3,1,

Core layer'hés properties as :

PR

— — y 2 . —_— 2 B
Ell_ E22~ 275.79 N/mm~ ; EBB— 3447.4 N/mm~ ; G

P R ..
G12— 110.3§/mm ; v31= v32— v12 = 0.25

- 2 .
13°C5y=013.69 N/mn” ‘

Table 3.10: Maximum stresses in square Sandwich Plate S

A R 011 612 ¢2 63 ¢4 _ v5

.281|0.1175,0, 1464
.23910.1072|0. 1481

P|[1.450|0. 183 |0, 226
E|1.510(0.196|0. 253

loNe]

pl1.168]0.719{0.956 |0.342|0.0567|0.0703

10 .152|0.623]0. 1099 |0, 300 |0. 05827 [0. 0717

(o)]
—
o
o

.0B615
, 070

. 0483
. 055

. 851
.810

. 882
. 875

141
11
. 109
. 088

.357]0.039410.0515
.317|0.03610.0511

0 0

0 0]
.345}10.0256 (0, 0443
.32410.0297 {0, 0437

20

ool oo

19| |1
JEraE B
oo OO0
[eNelNoRe!

100

CPT 1.097[0,878(0.0543|0,324{0,0295(0.0433

Figs. 3.3.a-f give the distribution of in-plane- displacement
(u} and all the stresses through the thickness of the

sandwiéh plate.
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3.5.4 Conﬁeﬁgence test

‘EXAMPLE:3.8: Convergence of the finite element solutions to

the exact values [39] for quantities 1like middle peint .

deflectioh {w), and stresses (Gx’ay’Txy) are given in Figs.
3.4.a-d respectively for a square plate with parameters as
given in example 3,1, Different mesh sizes {(total struciural
degrees of freedom) versus percentage error from the exact

" values were plotted.
3.6 DISCUSSION

To check the accuracy of the element formulation,
eigenvalue analysis was performed in the element level. These
eigenvalues are presented in Table 23.2. Six, = out of
twenty-eight eigenvalues are found to be nearly zero

indicating the presence of as many rigid body modes. On the

basis of results presented in this <chapter, the following'

observations can be made:

It is clear from Table 3.3, Reddy's {70] linear and
quadratic elemenis perform better for thick plates. Elements
developed by Panda et al [67] ,Mawenya [66] and Moser [751,
which either have tco many structural degrees of freedom or
have perférmance not as satisfactory as that of the present
element. Phan’s [21) element behaves excellent for thick
plate, but the error.increases with the increase of aspect

ration It is also clear that the numerical wvalues of all

quantities converge to the CPT solutions as aspeét ratio (A}

is increased.

In the case of multi-lavered laminates (Table 3.4.a-c),
results obtained for deflection and in-plane stresses are
quite close to the exact [338) values. But a wide variation is

noticed in case of transverse shear. In the case of a
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rectangular plate (Table 3.5), results obtained using present

element are more accurate than thaE_ of  presented by other

researchers. This remark holds good for thick as well as thin
plates. Table 3.6 gives the cylindrical bending of angle-ply
laminates. Error in deflection gradually decreases with the
increase of @ values till e = 680°. But the errors in stress

values flactuate with increasing e values.

Mid point deflection of a square plate under uniformly
distributed load 1z given in Table 3.7. Results are found to
be acteptable when compared to Reddy’s values [14].

In Table 3.8, effects of modular ratio between plies

are presented for three-ply square laminate with identical

top and bottom plies. It can be observed from the Table that

thin plate theory underestimates maximum deflection. The
error in predicting transverse shear stress at the upper

interface of the plate 1s higher than that at mid surface.

Results on sandwich plate with different boundary
Eonditions are given in Table 3.9. In the case of a thick
plate with clamped boundary conditions, maximum moment value
differs from other literature values more than other
quantities. Present finite element predicts the behaviour of

simply supported sandwich plate very accurately.

As a final example on static analysis, response of a
sqﬁare sandwich plate under distributed loadingA is
considered. Selected results of the analysis are presénted in
Table 3.10. Distribution of in-plane displacement and
‘stresses through the thickness of the plate are given in
Fig.3.3(a-f)}. Distribution of transverse shear stress through
the thickness of the plate does not compare well with exacf
results., Reddy [14] has demonstrated that transverse shear

stress distribution can be different if instead of
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constituﬁive relation, equilibrium equations are used. In the
present study, costitutive relat}ons are ugsed and the spress

distribution compares that in ref. [14].

Convergence test shows clearly that the errors of the
finite element solution with respect to andiytical values are
highest for lowest A value and the error decreases rapidly as
A value increases. It may be noted that the variation of
errors is rather slow with regard to progreSSive mesh

refinément.

3.7 Conclusion

A standard four-noded reactangularlelement with seven
degrees of freedom at each node is developed for the analysis
of laminated and sandwich plates with different boundary
conditions and static loading environments. Quarter of a
plate is discretized into 4X4 elements. A wide variety of
‘laminated and sandwich plates are considered. The present
element predicts more accurate results in the case of simply
supported. than in the clamped case. This is clear from Table
3.8, Transverse shear stresses obtained for multi-ply
laminates (Table 3.4) are, at places, more than 50% froﬁ
exact values. But, in-plane normal as well as shear stresses
are very accurate. Thus a better prediction of transverse
shéar stresseé can be obtained using equilibrium equation and

these in-plane stresses.
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CHAPTER 4

FREE VIBRATION ANALYSIS OF LAMINATED PLATES

4,1 Survey of literature in the field

The first correct statement of the  governing
differential equation of plate vibrations is attributed by
Rayleigh [81] te Sophie Germain, a French Mathematician of
the early 19th century. In the same work, Rayleigh presented
his well known general method of solution for the natural
f‘requenciés of vibration of e;ny system‘. Timoshenko, had given
[82] an analytical solution f(ljl'" the case of ‘the
simply-supported rectangular plat.es. In 1950, .Young [83],
used the Rayleigh-Ritz method to compute .the first =six
eigenvalues for the square clamped plate, wusing. beanm mode
shapes to represent the plate deflections. Hearmon .[84]
published the results obtained by Iguchi for the fundamenta‘lA
mode of vibration of rectangular plates with various aspect
ratios. In 19854, Warburton [85], published his simple
approximate solutions using characteristic beam functions in

Rayleligh’s metheod.

_ The first vibrational analysis of laminated -plate was
carried out by Pister [86] for a thin plate, arbitrar"il‘y
lamindted of isdtropic layers. Stavsky [87] formulated a
coupled bending-stretching dynamic theory for thin laminated

plates of corﬁposiﬁe-mafér_‘-i_élu,- but he did not p.résent. any
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numerical results, ApparentlQ the first published results of
the vibrational analysis of such plates is due to Ashton and
" Waddoups (88), They used the Rayleigh-Ritz method to analyse
rectahgdlar'plates, They demonstrated that their results

compare reasonably well with the experimental results for the

completely free and cantlleven . .cases. Whitney and  leissa. ...

(89}, presented closed-form solutions for the natural
frequencles of simply supported plaﬁes with cross-ply and
angle-ply lamination schemes. Ashton and Anderson [90} and
Bert and Mayberry (81] had carried out Rayleigh-Ritz _and

experimental investigations of clamped plates independently.

The first- vibrational analysis of laminated plates
including  thickness-shear flexibility was nade by
Ambartsumuyan [92]. Ambartsumyan did not give any numerical
results for vibration of laminated plates; however, Whitnéy

(1] did so, using Ambartsumyans basic theory.

Yang, et al [6] extended Mindlin's  homogenous,
isotropic. dynamic plate analysis to the laminated
anisotropic case. They assumed a thickness-shear angle which
. 1s Independent of the thickness coordinates (z) and then
intégrated the stress equations of motioﬁ to obtain the
governing differential equations. Aftgr integration, they
introduced a thickness-shear co-efficient in an ad-hoc
fashion to correlate the predicted frequencies with known

results.

Solution of three-dimensional equations of elasticity

has been éttempted by Srinivas et al [38] and Jones [93,94]

for composite plates with rectangular'plén form as well as:

for plates with one dimension infinitely-long. It has been

shown by various investigators (95, 20] _that YNS -

(Yang-Norris-Stavsky) theory is adequate for predicting gross

structural behaviour in the first few ’'flexural’ modes but
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not the higher 'shear’ modes.

The first extensive apﬁlication of the YNS theory to
commonly encountered laminate configurations was due to
Whitney and Pagano [4], who considered'cylindrical bending 6f
anti~symﬁetric cross-ply and angle-ply plate strips under
sinusoidal load distribution and free- vibration of

anti-symmetric angle-ply plate stqips. Fortier and rossettos

[98] analysed free vibration of thick rectangular plates of

unsymmetric cross-ply construction while Sinha and Rath t97]

considered both vibration and buckling for the same type of

plates.

The: use of high-damping polymeric materials in the form
of a thin layer or tape has come into widespread use as a
structural damper to reduce the vibrational response of
aircraft panels, especiaily in high noise regions such as in

the vicinity of |Jjet engines. Dong [98] has given the

solution for the dynamic response of a simply supported

rectangular plate arbitrarily laminated of orthotropic,

viscoelastic plies which was modelled as a standard linear

solid. Bert and Chen [98] présented, using the YNS theory, “a

closed-form solution for the free wvibration of simply

supported, rectangular, anti-symmeiric, angle-ply laminates.

Reddy and his colleagues [18,70,100-104] presented
finite element analysis of the bending, vibration and
‘transient response of laminated anisotropic composite plates,
Chandra Shekhara [105] had successfully applied the method of
state space approach, formulated by Vliasov and Leontev {1061,
to study the travelling waves in layered media. The free

.vibration in cross-ply and angle-ply laminates has also bheen

studied by Chandra Shekhara and Santosh [107] and Chandra_.

Sekhara and Chander [108]. In these studies good correlation

has been found with the exact solutions of three-dimensional
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equations of elasticity.

- Noor [17] has studied thé reliability and range of

validity of two-dimensional plate theories when applied to

the low-frequency -free vibration analysis of simply
supported, bi-directional, multilayered plates consisting of

a large number of layers.

‘Jones [93] has discussed the buckling and vibration of"

un-symmetrically laminated cross-ply  rectangular plates.

Transverse vibration of hybrid  laminated 'plates have  been

V'investigated by Iyenger and Umaretiya [109]. The effects of
kinematic and material characteristics on the fundamental
lfrequency calculations of composite plates have been
presented by Ochoa et al {110]. Hinton {111} wused the so
called finite strip method to study the free vibration of

'layered cross-ply laminated plates,

In recent years, many higher-order theories have been
presented to improve the predictions of laminate static and

‘dynamic behaviour [112,113]. However, some of the improved

models are capable of only predicting the global responses.

i.e. the transverse displacement, free vibration Frequencies
and buckling loads. Owen et al [114] attempted to give a
simple refined model which is suitable for both the globél
response and local response. Kant et al [19) has presented a
" refined higher order plate model with a simple c® finite
element formulation for free vibration of anisotropic

laminated plates.

Dynamics of laminated composite plates with a higher
order theory and finite element discretisation have been
Investigated by Mallikarjuna and Kant [115].  Vibration
analysis of laminated plates and shells by a hybrid stress
element have been reported by Mau et..al.[64].
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4,2 Governing differential equation

For an oscillating body with displacements u; so small’

2
. a ui
that the acceleration 1is given by 5 in Eulerian
. ) at ‘
coordinates, the equation ¢f small motion
62ui -
o, + F, =p {41
id,J i atz

where p is the mass density of the material and Fi- is

the body force per unit volume. The boundary surface'S shall

"be assumed to consist bf two parts, SU and Su , With .the
following boundary conditions. '

‘Over Sw : The surface traction.Ti_is prescibed

Over Su : The displacement uy is prescribed

Let. us consider virtual displacement . Bui. The

variations 6u1 must vanish over the boundary surface Su ; but
are arbitrary over the rest of the boundary surface S¢

vwhere surface tractions'are prescribed,
Virtual work done by the body and surface forces are

{Fi aui dv +.i Ti éiui ds (4.2)

where Ti is the surface traction.
The variational equation of motion is given as

821,1.l
) gij 6813 dv = f (Fi— P — )6ui dv + | Tiﬁui ds (&.3)
v A4 at s
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For an elastic body where strain energy function

exists, the varlational equation of motion can be witten as

Bzu

SfMdv=JI[F, ~p—135u dv+ T 6u, ds (4.4) 4
. i 2 i i i T !
v : V- 8t s

Since the variations Bui are assumed to vanish over

the part of the boundary Su where surface displacements are-

prescribed, the Timit for the surface integral can be '

replaced by-SU . If the variation Sui were identified with
the actual displacements ( --= )dt, then the result i
at ’ jt

above states that, in an arbitrary time interval, the sum of jﬂ
the energy of deformation and the kinetic energy increase by
an amount that is equal to the work done by the external ﬂ

forces during the same time interval.

If the virtual displacements Sui are regarded as

functions of time and space, not to be identified with the

actual displacements, and the variational equation of mqtidn
Eq. 4.4 is integrated w.r.t. time ‘between two arbitrary _ b
instants to and tl’ an important variational principle for

the moving body can be derived

t t t : t 2
1 . . 1 1 1 d ui
J J 8W dv dt=Jdt [F,Su,dv + Jdt JT, Su,ds - Jdt Jp Ju, dv
i1 i i 2 i
t v t v t s t v 4dt
) o o 0
where 6ui(to) = Sui(ti) = Q0 , simplifying . (4.5) . : 'fr
; . b
t1 ' tl t1
JS(U=-Kydt = [fF, dudvdt + J J T, du.ds dt (4.8)
i i i i
t ) t v t 8
o o o "o
where.
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U represents the tolal strain energy of the body,U= [ Wdv and
, ] o

K= é I p(aui/at)2 dv = Kinetic energy of the moving body.

v é{
(4.7.a-b) !
. . ' . I |.
Substituting [ F, Su, dv + J T; du, ds = - 34 (4.8) iﬁi
v s ‘ I

in the above equatioen, . a
: |

.t1 . l@

S (U~K+ A)dt =0, {4.9) . I

L .

o :

then term L = U - K + A is called Lagrangian function and Eq. i
4.9 represent Hamilton’'s principle. g

For free vibration, - § A = 0 as no surface traction or bhody :

force exist. : |

In finite element modelling,

U= f{d) [BITICIB] {d}dv and K= 12 [p (&} INITINI{}) av . b
' V. . |

{(4.10.a-b)

where {u} = [N] {d} and {e} = [B} {d} . _ (4.11.a—b)

The Hamilton’s principle states that the variation of
the Lagrangian during any time interval- t,and -t must be

zero. Substituting Egs. 4.10.a-b into Eq. 4.8, we get

t

1 . .
ST o r TNy av (@ - sarT £ e TEelB] av {dy]= 0
t . \ v
° (4.12)
t1 T T .
1st term of Eq.4.12 = [ ~ {8d}" J p [N]  [N) dv {d} dt =
t v )
e}




: t t ..
o sy T £ Ty av (a1t - st st r e (TN av 4d ddt
v t t Y
© © (4.13)

According to Hamilton’s principle, the displacement
configuration must satisfy the conditions given at time toand

tl' Hepce

{ Bd(tl) Y ={ 6d(t2) }) = 0 = ist term of Equ.4.12 vanishes.

Substituting the other term , we get

t y

- My T 5 e tnTIND dv (d ) at — £ [(B1TICIBlAv {d} |dt=0
t v ’ -
o)

(4.14)

Since the displacement variations {8d} are arbitrary, the
terms within the brackets must vanish., Thus, we get the

undamped dynamic equations of motion for multiple degrees of

freedom system as
(M] { &'{ + [K] {d} = 0 where, (4.15)

(K] is the stiffness matrix = J [BI [C] [B] dv and
’ : v

[M] is mass matrix = [ p {N}T {N] dv . {4,16. a-b)
v

The element mass matrix is developed below.
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4.3 Formulation of consistent mass matrix

7 Element mass matrix is usually accomplished by the
physical lumping of the structural mass at points where the
influence co-efficients are defined. The resulting mass
matrix is diagonal and tends to a simple technique of
formulation and solution. HoweQer, the comﬁuted‘ natﬁral
frequenclies and mode shapes may differ greatly: from the
solution of the exact problem.

Archer [116] improved the ‘accuracy of the dynamic

analysis by considering a mass distribution scheme which is.

as the actﬁal distribution of mass throughout the structufe
in a manner similar to‘ Rayleigh Ritz's formulation. The
natural frequencies cbtained by the use of the consistent
mass matrix are upper bounds to the exact solution.

Hinton et al [117]have presented .a scheme for mass
lumping for parabolic isoparametric elements, Kant et al
[19] have used bi-directional square Ielement and used a

specigl mass matrix based on Hinton's model and obtained

reasonably accurate results. Rock and Hinton [118] have-

given several different alternative schemes for deriving

element mass matrices,

In the present investigation, a mass matrix [Me] as

given in {19] is used.

(%) = £ (8] [(n] IN] d(area) (4.17)
A

where
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1

|
[N] can be glven as X
NNO OO 0 0 o i
4 L i
0o NoOO 0 0 o o
} 00 NO O0 0 o0 o
’ ‘}.‘ l
.10 00N O 0 o0 o
1=1 N 1 1 !
.0 0.0..0. .f,.. g, h. T
1 1 1 in

0 0 00 f_ g _ h, o
,x ®i,%x 'i,x ik
0 0 0 O . g. b il
1,y 1,y 1,¥ ' !"

[m}= [ 1 ] L

!
I, I
I tl :I
1 I g
2 I i
2 SR
B . I

in which Il’ I2 are normal inertia, rotational ' inertia

respectively

bt i 2
(1, , 1. )Y=%2 [ e [ 1,27 ] d=, {4.18)
1

LT ar e W bt

where_pi is the material density of the i th layer

4.4 Solution : ( 1
L
Egqs. 4.18 have the solution of the form
: ipt ;= :
{d} = a e {d} (4.20)

where
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a is a scalar of dimensioen L, p ié a scalar of dimension
1/t, t=time, i= V:T and {E} i =a non . dimensional vector,

which is independent of t.

On sustituting Eq. 4.20 in Eq. 4.15, we get

[KI1{d) - p° (M]{@} = O (4.21)
‘ - _
or,.[K]{d} = p~ [M]{d}
_ _ 1
or, [MI{d} =" [KI{d}~; where'A = — - (4.22)
P

This is a generalised real symmetric eigenvalue problem of
the form

[A] {z} = A [Bl{z} , with [B] is symmetric positive
‘definite. _
International Mathematical and Statistical Libraries (IMSL)
routine ‘GVCSP 1is used to calculate | eigenvalues and

eigenvectors of the systenm

[ml—aw]]{5}=o (4.23)

Having determined A, natural frequencies and mode

shapes can be obtained.
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4.5 Numerical examples (free vibration)
. 1

In order to illustrate the applicability of the element
developed, undamped transverse vibration of anisotropic
éimply_ supported laminated and sandwiéh plates are
considered. Numerical examples are choszen to demonstrate the
effect of _ '

| (i)degree of orthotropy;
(ii)number of layers;
(ili)transverse shear deformafion;
(iv)span-to-thickness ratio;
(v)coupling between stretching and bending and
(vi)lamination angle

on dimensionless fundamental frequencies.

EXAMPLE 4.1: Fundamental frequency” of simply supported
bi-directional, multi-layered square laminated plates

consisting of a large number of symmetric and anti-symmetric

layers, The effects of varying degree of oﬁthotropy and

number  of layers are considered. Fiber orientations of

different lamina alternate between 0° and 90° w.r.t. wx-axis,

In the symmetrical case_ﬂjheu,Q?h“Layers are at the . outer

surfaces of the laminate. Total thickness of the 0° and 90°

layers in each laminate are the same.

Degree of orthotropy is varied between 3 and 40;

No. of layers used are 2,3,4,5,6,9 and 10;

Material properties of the individual layers are

G /E.-=0.6; G_/E. =0.5 PV s UTT = 0.25

Where subscript L refers to the direction of fibers and T

refers to the transverse direction. DLT is the ma, jor
Poisson’s ratio and % is varied between 0.05 to 0.50.
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Results are presented in Table 4.1 in terms of

¥ L}
non~dimensional A value, where A =10A and A= w(phz/ET)l/2

Table 4.1: Effect of degree of orthotropy of the individual
layers on the fundamental frequency of - simply supported

square multi-layered composite plates with h/L = 0.20

{skew symmetric case)

Source . No. of .. ; By7Ey

layers 3 10 20 30 40
Noor [171 2.5031 2.7938 3.0698 3.2705  3.4250
Author’s 2 2.48 2.82 3.17 3. 45 3.69
Owen {114] 2.5601 2.8712 3.1558 3.3610 3.5188
CPT 2.7082 3.0968  3.5422  3.9335  4.2884
Noor. [17] 2.6182 3.2578 3.7622 4.0660 4.2719
Author’s ~ 4 2,60 3.32 3.90 4,27 4,53
Owen [1141} 2,6691 3.3250 3.8454 4,1612  4.3763
CPT 2.8676 3.8877 4.9907 5.8900  6.6690
Noor [17] 2.6440 3.3657 3.9359 4.2783  4.5091
Author’'s 6 2.B2 3. 40 4.02 4.40 4.86
Owen [114] 2.6839  3.4085 3.97658 4.3233  4.5558|
CPT 2.8966 4.0215. 5.2234 6.1963  7.0359
Noor [17) 2.6583 3.4250 4.0337 4.4011 4.6498
Author’'s 10 2.64 3.44 4.08  4.45 4.72
Owen [114] 2.6916 3.4527 4.0526 4.4140  4.6590
CPT 2.9115 4.0888 . 5.3397 6.3483 7.2184
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Continuation of table 4.1 ' (symmetric case)‘

* Exact analysis

EXAMPLE 4.2: Fundamental natural frequencies are obtained for
anti-symmetric angle-ply rectangular plates with all edges
simply supported. All the lamina are to be of the same

thickness' and made of the same orthotropic material,

Dimensionless material properties are same as that in ref, 18.

Material I

EI/E2 = 40 ; G12/E2 = 0.6 ; G ./E, = G,./E, = 0.5 ; v12=0.25

Haterial II:

El/E =25 ; G12/E2 = 0.5 ; G,./E

It
[
~
=1

It

> .2, u12=0.25

The effects of the lamination angle (o) and the number
of layers on the dimensionless fundamental frequency for
plates made of both the materials (I and II) are shown 1in
Table 4.2.
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Noor [17]) 2.8474 3.2841 3.8241 4.1089  4.30086
Author’s 3 2.64 3.39 3.93 4.25 4,47
Owen [114] 2.6848  3.3917 3.8979 4.1941 4, 3951
CPT ©2.9188 4.12B4 5.4043 6.4336 7.3196
Noor.[17} 2.6587 3.4088 3.9792 4.3140 4.5374
Author’s - 6§ 2,84  3.48 4.06 - 4.42 4.867
Owen. [114] . -2,6988 . ..3.4534.. . 4.0297 .- 4,3704 - 4.5892(.. ...
CPT - 2.9198 4.1264 5.4043 6.4338 7.3198
Noor {17] 2.6640 3.4432 4.0547 4.4210 4.BB79
Author’s g 2.84 3.47 _ 4.10 4.48" 4.74
Owen [114]) 2,B971 3.4708 4,0745  4.4380  4.86803
CPT 2.9198 4.1284 5.4043 6.4338 7.31986




‘Tables 4.3 and 4.4 show the effects of plate aspect
ratic and length-to-thickness ratic on the dimensionless
fundamental frequency for material I with lamination angle as 14

45° and 30° respectively.

Table 4.2: Effects of lamination angle (o) and number of il

layers on the dimensionless fundamental frequéncy -;w of a

simply supported  square plate (e/-e/0/...-0, asb=1.0,

a/h=10), . -
, ;
Number.of layer f.
Materisl| o (R ) r : : i
2 4 8 |8 |- 10 12| 14| 16 ]
. |A|[19.86|17. 24|17, 80|17, 99|18, 07 |18. 12| 18. 15| 18. 17 i
I 307 [Rf15.00(17.69|18.00|18.10|18. 15]18.18(18. 18|18. 20 i
B|12.68|17.63|18.23(18.42|18.51] - | - |[18.60} i
E, o1A[13.95/18.06/18.66|18.8718.96|19.02|19. 05 19,07 !
g-=40) |457(R(15.71|18.61]18.73}19.03{19.07(19.10|19.11]19.12
2 B[13.04|18.46|19.0919.29|19.38| - - {19.48].
11 l3¢°|A(10.57(12.4612.77(12.88|12.93|12.96(12.9812. 89
£ ~7 |R[11.35(12.7412.90|12.95|12.97|12.99|12.99|13.00 -
(Elrzs) 45 |A[10.93]|12.99113.33113.45(13.51[13.54[13.56[13.57{ i
2 R|11.75]13.30{13,47|13.52|13.55{13.56|13.57|13.58{ - ;
. i

R for source of reference where : A, Author’s ; R, Reddy {18] : |

: T

and B, Bert and Chen {99]

90




Table 4.3: Effect of plate aspect ratio (as/b) and

length-to-thickness ratio {a/h) on the dimensionless

-7
fundamental frequency, .p of a  simply supported rectangular

plate made of material 1 (45°/-45°/48%/-457),

Aspect ratio

IB"IN
o
o
AV

0.4 los |osl1.0|1.2]1ta]1.8]18]z2

0

.72(10.54112.971{15.71118.861|21.57|24.60)27.7430. 98|34

.93/10.31112.65[15.29|18.06|21.02(24.08[27.1830. 45|31.

28

.25
.66[10,42]12.821{15.54118.46|21.5124.67{27.85| - (34,

87

.52111.70(14.72]18.26|22.19|26.45{31.0235.89(41.07 |46
.4811.77(14.90(18.56|22.58|26.86|31,40{36.25141.37 |46
.30|11.46|14,.45]17,97|21.87|26.12|30.68|35.56] -, 48

547
.79
.26

.72(12.02]16,22(19.01(23.28|27J97 |33.07|38.59 |44.53 |50
,B7112.07|15.39(19.30(23.68|28.38(33.46 (38.94|43.83 |51
,44111.70|14.84[18B.56(22.74(27.35|32.38(37.82| - 49

30

.89
.13
.98

.80112.14]15.41{19.30123.70(28.57133.89|39.6945.98 |52
.76(12,21]15.85(19.860(24. 12|29. 00 |34. 40 |40.07 |46. 31 |53
.49111,781{14,98(18.7823.08(27.83(33.0538.72 - 51

40

.74
.01
.52

.84(12.20|15.50|19.44|23.81|28.86|34.30 40,24 |46. 70 |53
.82(12.28|15.69|19.76|24. 34 (29.32|34.74{40.65|47.07 |53
.51111.82|15.04118.89|23.24{28.0633,37(39.17| - |82

50

WO W] W N> WX
o o| O W] OWHG| OWO] X

. B8
.98
.29

R for source'of reference where : A, Author’s ; R, Reddy [18]

.and B, Bert and Chen {99]

Fig. 4.1{a) shows the effect of lamination angle (o) and '

number of layers on dimensionless frequency of a simply
supported square plate {material I). Effect of plate aspect
ratios {asb) and side to thickness ratio (as/h) on

dimensionless frequency in given in Fig. 4.1(b).
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Table 4.4: Effect of plate aspect ratio (asb) and

1engéh—to—thickness ratio (a/h) on the dimensionless
fundémental frequehcy,ﬁ of aE simply supported rectangular

plate made of material I (30°/-30°/30°/-30°).

a Aspect ratio
-IR
h 0.2/ 0.4 loslosf{10]1.2]1.4}18]18]20
~Ial"4.31!8.750|13, 48|15, 25|17, 24|19.38|21.61 |23. 92 |26. 33| 28. 83
10|R|11.11]12.17]13.73{15.62|17.69|19.88|26.28(24. 46 |26.84 |29. 29
oo|A|12.70[13.88 15,9018, 28|20, 02|24, 01[27. 23(30. 65[34. 25 [38. 03
R|12.60|13.95|15.97|18. 46 |21.28]24.36 |27.65|31.09 |34.68|38. 43
;g A|13.11/14.47|16.50|19.06|22.00|25.27|28.82|32.61|36. 67 |40. 94
R[12.9714.40|16.54 |19, 20 |22. 25 |26. 62 |29. 24 |33.09]37. 13|41. 39
40 Al13.27|14.65|16.74 |19, 36 |22. 39| 25. 76 |29. 44 | 33, 40|37, 64 | 42. 14
R|13.14|14.59|16.78|19.51|22.65|26.13|29.90{33.9138. 15 |42.64
;5 A|13.35|14.75|16.85|19.50 |22.58|26.01|29. 75|33. 79|38. 12 |42. 73
R|13.23|14.70(16.91|19.67|22.85 |26.39|30. 23|34, 33 |38. 68 |43. 28
so|A|13-40[14.80|16.92|19.53|22.68 | 26. 14|29.93[34,0138. 40[43.07
R|13.30014.77|16.99|19.77|22. 97 |26.55|30. 43|34. 58 |38.8943. 66

R for source of reference where : A, Author's ; R, Reddy [18}

Example 4.3: Fundamental frequencies for a square, simply
supported sandwich plate is considered. The plate consists of
eight layers (0°/45°/90°/cores90°/45°/30°/0°).  Material

property is as given below:
Face sheet:

E..= 1.308 x 10 N/en® | E, = E, = 1.06 x 108 N/em® ;

o 5., 2 . 5 2
G12 = G13 = 6.0 x 107 Nem G23 = 3.9 x 10" N/em ;
5 2 4 '

p =158 x 19 N s /cm vlg =g =0.28 ; u23 =0.34

thickness of each top stiff layer = 0.025h
thickness of each bottom stiff layer = 0.081255-'
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Core:

4 2
G23 = 1.?72 X 107 NZem™ ; G
4

p = 1.009-x 10°° N s°/cn

13 = 5-206 x 10% Nen? s

thickness of core = 0.Bh

Table 4.5: Comparison of fundamental frequencies (p/ZH)Jof a

eight-layer square composite sandwich plate {a=b=100cm).

Considering G23 and Ne‘gle-cting'.G23 and
G13 of stiff layers _G13 of stiff layers
a/h=10 a/h=100 a/h=10 a/h=100

A K A K A K A K
282 464 50 59 121 281 B0 87

‘At Author's ; K : Kant [19]

EkiﬂﬁiE &.4: Convergence of the finite element sclutions with

mesh ref'inement and no. of sampling points are given in Table

4.6 and Fig. 4.1(c) respectively. Dimensionless fundamental

frequencies are obtained for two layer square laminated

plates with fibers oriegggg.gtMQ?,ABOoand 450 with the plate

X-axis,

Material properties and pldate geometry are same as that

~of example 4.2 (material I).
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Table 4.6: Effect of finite element mesh refinement on the
dimensionless fundamental frequency, 5 ofla simply supported
square plate {a/h=10}. In Table below; mesh gignifies no. of

elements in quarter'of a plate.

Material |Mesh| eo=0° o=30° 0=45°
2X2 7.99 8. 41 g.55
1 Ix3 | 12.49 11.14 12.08

© o {axa | 119 |13 | 13,85
Reddy{ 18] - 15.00 15.71
Bert [99] - 12.68 13.04

4.8 Discussion

Fundamental frequencies for orthotropic plates with
different lamination schemes are predicted by using the

element developed in this thesis. The results are presented

in Tables 4.1-4.6.

In Tables 4.2-4.4 and 4.8 dimensionless frequencies are

— 1
presented as ‘

DT

p = (pa?/h)(P/Ez) |

In table 4.1, fundamental frequencies for cross-ply
laminates are compared with that of Noor[17], Owen [114] and
CPT values. It reveals that the fundamental frequency is
strongly dependent on the. number of layer and stacking
sequence. When Noor’s three-dimensional elasticity values are
compared with other results, it is evident that for most of
the cases, present element predicts more accurafe results
than that by others. And error increases with the increase of
degres of orthotropy. Noor demonstrated that the error in the,

fundamental frequency sharply increases. as the number of
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layers increases from 2 to 4 and then becomes ilnsensitive to
further increases in the number of layers. Fig. 4. 1(a) agrees
with Noor’s demonstration. It is evident from the same table
that CPT predicts higher -%requencies' than other theorlies

where effect of transverse shears are accounted.

From Table 4.2, it is clear that for the case of
angle-ply laminates, degree of orthotropy - and no. . of layers
influence. fundamental frequency in the similar manner asl‘in
the case.of cross-ply laminate(Table 4.1).

The effect of shear—coupléd - flexural—éxtensionai
coupling decreases as the number §f layers is increased,.thus_
allowing. dimensionless frequency factor to increase as shown
in Fig. 4.1(a). It is also seen that the effect of increasing
lamination angle, up to a value of 450, is to increase the
frequency {except for the two-layer case). Hoﬁever, it is
noted that the effect of the number of layers Iis most
pronounced at QﬁQBO i.e. - going from two to ten layers
increases the frequency by 26 % at o = 45° but only by 6 % at
e = 5°. This is true for a/h = 10 and aspect ratio 1is 1 or
more. But for lower aspect ratios, values corresponding to @ =
30° i{s more than that for a plate with e = 45°.- This can be
visualised by comparing the results presented in tables 4.3

and 4. 4.

Free vibration aﬁéiyé{é is conducted on sandwich plétéxd'
in example 4.3. Thick and thin plates are studied. Only
fundamental frequencies are compared with the results given
by Kant [19]. Results compare well for thin plate but for

thick plates present theory predicts much lower frequencies.
In Table 4.8, convergence of the finite element results

with progressive mesh refinement is carried out. 4X4 elements

in quartér plate yield reasonably accurate results,
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Figure 4.1(b) presents dimensionless frequency as a
function of a/b for various values of a‘/h. These plots will

also be useful in extrapolating to aspect ratios beyond two.

Results, presented in tables compare well with. the

published values available in literature.
4,7 Conclusion

The simple finite element developed in chapter 3 is
extended to free vibration analysis of laminated and sandwich
plates. Free vibration equations 6f motions are obtained
using Hamilton’s principle. It is observed that the problem'
reduces to a set of algebraic equations which are symmetric
in nature. Mass matrix of the plate element is consistently
calculated. The governing differential equations are easily
reduced to a standard eigenvaiue problem yielding naturai
frequencies.

Based on the resg}@shhgigqgssed aboyg, the following‘“.
conclusions regarding free vibration analysis of laminated
and sandwich plates can be reached:

{1)The effects of increasing lamination angle o {up to
45° ) i1s to 1increase the fundamental frequency,
except for the case of two layers for which it
decreases. Y

(2)Increasing the number of layers without changing the
Itotal thickness decreases the flexural-extensional
coupiing effect and thus increases the fundamental
frequency. This effect of the number of layers is
mest pronounced at 0=45".

(3)CPT over estimates frequencies as it ignores the
éffect of transverse shear.

{4)The effect of plate aspect ratio on-the fundamental
frequency is more pronounced in thicker plates (low

a/h ratio} than it is for thin plates.

g6
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(5)Dinensionless frequency " 1s maximum at =45 for
angle-ply laminates as long as a/h=10 and aspect
ratio is one or more. But for higher ash- ratic and

aspect ratic lower than one, the trend is opposite.
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CHAPTER &5

EXPERIMENTAL INVESTIGATION

5.1 Introduction

A simple finite element, based on -higher order shear .
deformatfon theory, is developed to predict the behaviour of
laminated plates. Results predicted by the finite élementz-
method are compared with publ;shed results for static and
free vibration cases in chapters’3 and 4 respectively. But
beforé accepting the element, it is almost imperative to have
an expgﬁimeﬁtal evidence to support the theory. Only a few of
the existing theoretical results have experimental backing
Wwith them,

Literature dealing with flat-plate  vibration is
extensive beginning with Chladin’s [119] observations of
modal patterns for completely free plates in 1802, It  bas
grown continuously through years. This review is not
intended to be exhaustive but rather to bring attention to a
few of the significant developments in the area of clamped
Iaminatedlplate analysis. Hazell and Mitchell [120] have
partially bridged this gap by comparing their experimentally
obtained results with those obtained through numerical

techniques. Crawley [121} has obtained experimentally the
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natural frequencies and mede shapes of a number of glass
fiber/spoﬁy plates with various fiber volume ratios. Natural
frequencies and mode shapes are compared with those
calculated numerically using finite element method. Ashton
and Waddoups [88], had obtained the natural frequencies and
mode shapes of cantilevered plates using strain gage. Mode
shapes were determined by sprinkling‘ the plate with salt
grains which migrate to the nodal_lines when the plste was

excited. They compared experimentdll§ obtained natural

frequencies with that predicted analytically. Bert and

Mayberry [81] obtained approximate solutions using
Rayleigh-Ritz method and the results were compared with the
experimental results for symmetrically and unsymmetrically

laminated plates.

Characterization of material properties of individual
layers allows predictions of the behaviour of any laminate.
In-plane Tamina properties El’ Ez, vy, are obtained from
uniaxial tensile tests. Off-axis configuration has been
employed for' the determination of inter-laminar shear modulus

12 . This procedure is an attractive alternative to

performing direct tOPSlOD tests on composite tubes whlch are

more difficult and expen51ve to fabrlcate

It is known that the off-axis configuration can
introduce errors in the measured values. The extent of error
depends not only on the off-axis angle, specimen geometry,
constraints, and degree of material anisotropy, but also
different for diferent material parameters that are obtained

from this type of test,

The effect of end constraints in “an off-axis tensile
specimen was first pointed out by Pagano and Halpin [122].

Their results were confirmed by a number of other

researchers. Pagano and Kim [123] demonstrated that a hollow
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circular cylinder is ideally suited to study the
inter-laminar shear response of-éloth—peinforced composites.
End constraint phenomenon has a much more proncunced adverse
effect on the determination of G12 than on Ee . This adverse
effect is more prominent for the low off-axis angles ( i.e. ®
<30° } and increases with'decreaslng specimen aspect ratio,
Pindera and Herakovich [124] have demonstrated that at o =45°

or mofe, effect of aspect ratic is almost nitl.

Present study includes static and free  vibration

analysis of clamped plates. Under static ana1y51s transverse

deflections of plates under unlformly dlStPlbuted load and-“‘

point load are measured. Plates with fixed boundary
conditions are studied as simply supported conditions are
more difficult to simulate. Natural frequencies of both
square (with and without central cut-out) and' rectangular
plate (aspect ratios 0.8 and 0.6) with all edges clamped are
obtained -using digital spectrum analyser. Two methods are
used Lo excite the plate. Initially by impacting the plate by
a standérd instrumented hammer and later by using an
electro-magnetic mini-shaker. Both the methods vielded
identical results. Since the excitation caused by the hammer
dies out quickly, this method is unsuitable when mode shapes
are neceséary. For this case the use of miﬁi—shaker is found
to be suitable. Vibration measurements are repeated =a large
number of ‘times, The experimentation is contihued for weeks

together, with minor variations in the results.

To determine elastic modull, tensile tests are
performed -using coupons conforming to ASTM standard D-B38.
For shear modulus G12 , coupons at e = 45° are used. The

following tests are carried out.

(1)Static analysis of clamped plates with different

fiver volume ratios under uniformly distributed load
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and poin£ load.

(2}Free vibration frequencies ‘and mode shapes for
square and rectangular plates under clamped condition.
The same test - is extended to square plate with a

central cut out.

- (3)Determination of elastic moduli of the material of

“the plate at different strain rates.

{4)Determination of mass density of plate using mercury

displacement method.. --

(5)To demonstrate that the element developed in the
present thesis can predict acceptable results when

compared with experimental results,

5.2 Fabrication of test specimen and set-up

5.2.1 Material used

B.2.2

Fiber: ‘Epoxy compatible E-glass (SiO 52, Al_O 14,

2 23

Ca0 21, Mg0 2 ) is easily available in India.

Hatrix: Cold curing is a widely used method of .

polymerization of epoxy as it requires no heating and
pressure. The matrix is obtained by mixing hardener

with araldite in the ratio 1:9 (by weight).

Casting of plate specimens
Following steps are adopted in casting the plates

{1)Woven glass fiber mat is cut to the required size of
540mm X 540mm.

{(2)Teflon cloth (releasing surface) is laid on a plane

surface.

(3)A thin coat of resin is spreaded on the cloth.

(4)First layer of the fiber mat 1is laid and resin
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is spreaded over thewléyer g0 that every glass filament ;‘

gets pregnated with the resin,

(5)Step 4 was repeated for each of the three layers of

woven glass fiber mats, ﬁ'

(6)Pressure is applied using a roller after each layer ' i

is spreaded to squeeze out extra resin and air bubbles,

(7)0n the top face some extra resin is put to get a . P

. i
glossy surface. i A R
t

(8)Then it is left for curing for twenty-four hours.

For all future reference Plate 1 corresponds to the plate

with fiber volume ratic of 59% and rlate 2 with 58%,

. 5.2.3 Fabrication of experimental set-up

5.2.3.1 For static test

ub used to perform the static test invelves four
ISA (indian standard angle) 50 X 50 X 5 sections (fig. 5.1).

These angle sections are welded together with ‘horizontal

stiffners ﬁo form a box-frame. On this frame another square
supporting frame with ISMB 175(Indian Standard Medium-weight %
Beam section of depth 175 mm,) is fabricated. Uniformly
distributed ioading is idealised in the experiment through.
sixteen point loading. A concentfafed load applied through

the hydraulic Jack, gets distributed through two tiers of -

distributors as shown in Fig. 5.1 into sixteen equal parts.
. . . ' L
In order to simulate clamped boundary conditions the plate _ [,”

was clamped between the top flange of the ISMB 175 section

and rigid steel plate on all sides as shown in Fig. 5.1. In .-.f‘;é

order to avoid the damage of the plate by making bolt-holes, ' ) s
N ) |

C-clamps were used for fixing the plate with the frame Dial

predetermined positions te measure transverse deflection at

o ' ¥

gages with magnetic base were placed below _the plate at - l
|

those 'locations. ‘
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5.2.3.2 For free vibration test

The same supporting frame fabricated using ISMB 175 is
medified and used for free vibration analysis {Fig. 5.2). To
absorb the vibration at the support, strips of leather are
placed along the edges between the tob flange of the
supporting frame and the plate to be tested. On top of the

plate steel plates are placed and clamped,

5.3 Experimental equipments

5.3.1 Static test

Hydraulic Jack
Simplex, USA

Dial Gage
Mitutoyo, Japan

10 ton capacity
Hand pump operated with 6 inch travel

50 mm total travel

Least count of 0.01 mm

5.3.2 Free vibration test

Spectrum Analyser
(Hewlett Packard)
Model 3582 A

‘Vibration Meter
(Bruel Kjaer)
Type 2511

Accelerometer
(Bruel Kjaer)
Type 4374

Exciter (Mini-shaker)
(Bruel Kjaer)
Type 4810

Frequency range: 0.02 Hz to 25 KHz
Amp. range 3 mV to 30 V
Maximum input display range 80 dB

Frequency range: 0.30 Hz to 15 KHz.

Used in conjunction with a piezo-electric
vibration pick up to measure acceleration

¥

velocity and displacement.,

Weight: 0.65 gnm. exclhding cable
Mounting: Adhesive

Impedence: 3.5 ohm

Input power: 15 VA maximum.
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Oscillator
{Philips)
Model pp 9060

Frequency Range: 0 Hz to 1000 Hz

Sine and Square wave generator

Power Amplifyer Frequency range: 10 Hz to 20 KHz ; 'W
(Bruel Kjaer) Power output: 75 VA |
Type 2706 : I

5.4 Tests and procedures |
5.4.1 Static deflections ) 1‘

_ Following procedures are adopted in carrying out this F
test. o - !

(1)The test plates are placed on the supporting frame

and clamped using C-clamps. Pl

|
(2)Dial gages are placed below the plate at the. l7
. . |
locations where deflections are to be measured. i

(3)Two dial gages are fixed at the edges of the plate
to check if the edges move in when the plate bends.

(4)Initial readings in the dial gages are noted when.

the lower end of the jack touches the plate.

|

(5)Loading is done very slowly and the increment is kept |
constant at 10 kgs, - T

i

(6)Dial gage readings are noted for every load

_ i
increment. ‘ ' ‘

(7)Loading is stopped at P=140 kg. and then unloaded to s

find that dial gages read approximately their initial
values.
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. 5.4.2 Fundamental frequency and mode shapes

Plate 2 is placed on the frame and the edges are
clamped using C-clamps. Tests arerconducted for square - plate
as well as for plates having aspect ratios of 0.8 and 0.86.
The pick-up accelerometer is fixed to the pléte with wax and
is connected to the input of the vibration meter. The output
of the vibration meter is fed to the spectrum analyzer.
Amplitudes of the responses are observed on the screen of the
spectrum analyser and the peak amplitude technique is used to
locate the natural frequencies. The modal patterns of first
four modes aré obtdined by measuring acceleration at some

predetermined points and plotting them.

Adjusting the supporting frame, different aspect ratios
of the plate can be obtained. Then a square cpening 1is made
in the centre of the plate and the same test is carried out

to get the free vibration frequencies and mode shapes of the

square plate with central cut-out.

5.4.3 Procedure

The 'instruments were switched on “to reach a stable
condition before the commencement of the experiment. The
plate is excited by an electro-magnetic shaker. The spectrum

analyser is adjusted for the frequency range of interest,

Test involves following steps

(1)The plate is placed on the supporting frame and then
clamped tight using C-Clamps as shown in photo. 1.

(2)The mini exciter is placed under the plate in such a
way that the tip of the exciter touches the lower face
of the plate at a point near the support where nodal

lines are present (photo. 2).
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(3)Connection detail is as shown in - Fig.5.2 and

photo. 3.

(4)Using the  oscillator, driving freqﬁency to the
exciter is changed gradually and the response of the
plate is seen in the spectrum analyser simultaneously.
When the exciter frequency coincides with natural
frequencies of the plate, resocnance ‘will occur and
there will be a ' sharp rise in the plate response. The
frequency correspond to first such rise is the

fundamental frequency of the plate.

—(S)Osciilator frequency is slowly increased to obtain

other higher frequencies.

(6)To obtain the mode shape, response of the plate at
various pre-marked points are obtained when the
frequencies of excitation coincide Wwith various natural

frequencies of the plate and afterward on plotting
these values.

(7)Next step is to make the central cut-out and the

above steps are repeated (photo.4).

5.5 Precautions

5.5.1 Static test

At least T% th of the span should be inside the support

to get a fixed support condition.

(1)Load should be applied very slowly to simulate

static case. Rate of loading has a profound effect on
the behaviour of the plate.

(2)Clamping should be proper. As support condition

influences results to a great extent,
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5.5.2 Free vibration test

(1)Support should be heavy in comparison to the weight
of plate. This will reduce the influence of plate
vibra@ion to support vibration. '
(2)Accelerometer should be light.

(3)Exciter should be placed near the support where

nodes are present.

{4)Tests are repeated for different aspect ratios
starting with 1 and decreasing in steps through 0.8 and

0.6 and again 0.8 and ending at 1.
5.6 Observations and results

5.6.1 Static test

Table 5.1 gives deflection at three points of a square
clamped plate {Dimension is 440mm X 440mm X 2.7mm- and fliber
volume ratio = 59%) under uniformly distributed load. Fig.

5.3(a)} gives the corresponding load-deflection curves.

Table 5)1:Experiménta1 and numerical results.under U.D.L.

Load |[U.D.I.. jExpt. values Finite element
(N) N/mmz in mm at values in mm at
x107% 12 3 1 2 3
- 100 59.17|0.36(0.26{0.4810.15210. 258 0. 465
200| 10.341{1,14(1.13]1.44]0.303{0.515/0.931
300| 15.51(1.47(1.53(2.09(0.455{0.773|1.3986
~400| 20.68(1.78(1.8012.52|0.8086|1.03011. 861
500| 25.86|2.06(2.24/|2.9210.758|1.2882,327
B600] 31.03(2.29]2.51(3.17]0.,909(1.545}2,792
700 36.20(2.85312.74/3.55(1.061]1.803(3.257
BOO| 41.37]2.731{2.88|3.81(1.212|2.06 |3.722
800G | 46.5412.93(3.18(4,06|1.364(2.318]4, 188
1000 51.71]3.08(3.33(4.14(|1.515({2.575|4.865
1100 56.88(3.25|3.50(4.43{1.687}2.833(5.118
1200 62.05]3.39(3.64}4.60]1.818[3,090|5,584
1300 87.22{3.853|3.9014,90{1,970|3,348(6.049
1400| 72.39(3.82]4.1115.13(2.12 |3.61016.51

111




Table 5.2 and Fig. 5.3(b} give mid-point deflection of two
clamped-plates with fiber volume ratios as 56% and 59% under

uniformly distributed load.

Table 5.2: Mid-point deflection for two clamped plates under
U.D. L.

Load (U.D.L. [Defl. (mm) with fiber volume ratios
2
(N |N/mm _ 56% - 59%
%10

100] 5.17 0.744 0. 480
200(10.34 1,700 1. 440
300 |15.51 2.3864 2.080
400[20.68 2.829 2.820
500|25. 88 3. 180 2.920
600|31.03 3.437 3.170
700(38.20 |-~ 3,885 . © 3.8850
800 |41.37 . 4,133 3.810
900 [46.54 4,390 " 4,080
1000(|51.71 4,499 4,140
1100(586. 88 4,838, - 4.430
1200 |82.05 5.031 4.800

Table 5.3 and Fig. 5.3(c} give the mid-point deflection of a
clamped-plate {vol. ratio = 53%) underr point load at the
middle of the plate. ‘
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Table 5.3: Experimental and numerical mid-point
deflections under peint load at the centre of the plate {fiber

vol. ratio = 5989%). .

Load|Expt. value|Finite element results
(N) (mm. ) (mm.)
100 3.0 1.75
200 5.8 3.75
300 8.0 5.50
400 8.75 7.25
500 10.75 g9.00
600 12.00 11.00
700 12.78 13.00
800 12.85 14.50
900 13.80 16. 40
1000 15.258 18. 2%
1100 15. 75+ 20.00
1200 15, 875 21.75
1300 16,125 23.75
1400 17.00 25.50

5,6.2 Free vibration test
Fundamental frequencies and the corresponding mode

shapes obtained from the experiment were given in Figs.

5.4-5.7.
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5.7. Determination of material constants

5.7.1. Elastic constants ' ‘

The objective of finding elastic constants is to use
these values as input data in the Finite Element program
developed in connection with chapter 3 to compute plate
response and to compare these values with the experimental
results. Since wide variation among plates is possible, same
plate was cut in the form of coupons after the test to
determine material properties.Laminated plate behaved as an
orthotropic laminae defined by four independent material
constants. These constants are evaluated experimentally by
performing unidirectional tensile tests on coupons cut in L
{longitudinal) and T(transverse) and at 45° to L direction.
For each of these properties, around three replicate

specimens are tested and mean value is adopted.

Coupons are machined carefully to minimise the residual
stress after they are cut from panels at various
configurations (00, 45? QOO) as shown in Flg. 5.8.a. Specimen
dimensions are shown in Fig. 5.8(a}. A‘length‘ of 40 mm at
each ends of the specimen is provided for gripping. This
yielded a test section with an aspect ratio of more than 10,
Two straln gages are fixed with each specimen at the same
location but at perpendicular to each other. Stralns are
obtained using strain indicators and are ﬁlotted agalnst
engineering stressl in fig. 5.8(b). Finally, the
experimentally determined material parametefs have been

employed to obtain predictions of plate behaviour,
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5.7.2 Procedufes

The specimen was first aligned in. the grips and
tightened in place. The specimen was then ' loaded
monotonically to failure at a recommended rate of 0.02
cm/min. Alllthe coupons are tested in an Instron machine
Wwith a fixed cross-head speed (photo 5).. Strain gages with a
resistance of 120 ohms and a gage length of 3;0 mm have been

used. Fig. 5.8(b} gives the stress-strain curves. These

curves were marked with a number and a letter. The number

signifies the step number (given below) from which it Iis
obtained and the letter L for longitudinal and T for
transverse cases. Steps involved in obtaining the static

material constants from Fig. 5.8(b) are

Step 1:

Coupon nos 1 and 2 (Filg.5.8.a) are tensioned
uni-axially. Strains el and 82 are measured, then
P fed [
_ ) _ 1 _ 2
U'l = T N E]. = ‘—‘""" H U12 = . (5.1)
"1 1

where P 1s the applied load and A is the cross-sectional area

of the coupen in the middle section.

Step 2:
Similar uniaxial tensile test is done using coupon nos,
3 and 4 and as ahove
P ' 2 1

0. = B E. = — ; and !}12 = = (5.2}

-2
M
y]
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Step 3:

Coupon nos. 8§ and & are also tensloned ldent ieally
using. single strain gage. Longitudinal strain i.e. ¢ is

8
measured, Thus,

- P .
EQ = (T) 7/ £y _ (5.3)

and shear modulus 'G12 obtained from equation 2,102 of
reference [125]

L A L | . (8.3)
E E

A similar set of material constants is obtained from
uniaxial tenszilie tests on coupons cut from the plate 2 (i.e,
fiber vol, ratio is 56%) as shown 1In Fig. 8.9{(a). Coupons
used were no. 1 and 3 for stepil; 7 and 9 for step 2 and 13
and 14 ‘for step 3. Material propertles are obtained from the
curves are tabulated in Table 5.4. For data acquisition,

Vishay strain indicators are used,

Table 5.4:Material properties of the plates

PlateiFiber volume E1 12 E2 12 Hio G12 ig
no. ratio N/mm™ {N/mm N/mm
1 59% 34290(24000|0.24| 3710
2 56% 291860 (20000 (0. 26| 3877
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5.8, Mass density

Mass density is determined by mercury displacement

method. The procedure adopted for this is

(1)Six specimen samples, three circular and three

triangular are cut out from the plate,

. (2)A small porceline pot is taken with mercury fllled
to the brim so that when the 1id with three prons 1is
placed on the pot leaves no air between the lid and the

mercury surface.

{3)Samples are placed separately on the mercury surface
and the lid is replaced every time. As a result, a
volume of mercury equal to the volume of the specimen
will be displaced and collected and measured using a

measuring cylinder,

(4)Weight of each sample 1is taken accurately in a

balance.
'(SJRepeated steps (3) and (4) for all the samples.

(6)Ratio of values of step (4) to step (3) gives the

mass density of the material,

5.8.1. Observation

Table 5.5 gives nass density of the

Glass-reinforced-plastic plate {fiber vol. ratio= 58%)

Table 5.5: Massdensity of Glass reinforced plastics

Sample No. |Volume [Weight Density
shape {(c.c.}{(gm.) {gm/cc)
1 1.15 2.8
Circular 2 1.11 2.7
3 1,07 2.8 5 4389
1 1.40 3.42
Triangular| 2 1.41 3.45
o 173 |- 1.41| 3,458
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5.9. Comparison

Material pérameters as obtained in section., 5.7 (Table
5.4) are used in the finite element model developed in
chapter 3 and 4 and the responseé of the plates are computed,
These numerical values are compared with the corresponding
experimentgl values. Tables 5.1 and 5.3 give the comparison
of static deflections ™ and table 5.6 is for vibration

frequencies.

Finite element analysis of the plate with cut-out is
handled by substituting the thickness of the plate in the

region of cut-out to be wvery small in compared to other

portioh.

Table 5.9 Experimental and numerical frequencies

Expt. values Finite element

Aspect ratios

1.0 0.8] 0.6| cut|1.0 {0.8 | 0.8|cut

90.4(111. |143. | 99. |125. |154. [219. [131.
172, (184, 1218, |177. |270. [318. 395 |295.
260. [258. |340, |291. {289, |4086. [652. |322.
316. | 324, |516. |345, |450, |575. |711. ]451,

5.10 Discussion

Experimental and numerical results for the static
.deflection and free vibration of plates with all four sides

clamped are presented in this chapter

The experimentally observed results are compured with
the computed results by the finite element anaiygigl Material
properties are obtained for both the plates und are presented
in Table 5.4. '

128




Deflections at three specified locations of plate 1
subjected to U.D.L. are obtained both by experimentally and
using finite element model. These ivalues are presented in
Table 5.1 and‘Fig.'S.S(a). Experimental results show that the

material behaviolUr is non-linear.

Deflection of ﬁlates with two different fiber volume

'~ ratios are given in Table 5.2 and Fig. 5.3(b). As expected,

the plate with higher fiber velume ratio has higher

stiffness.

Experimental and numerical results obtained for plate
(fiber vol. ratio = 59%) under a point load at mid~point are
presented in Table 5.3 and Fig. 5.3(c). Comparing the values
given in column 2nd of Table 5.3 and 4th column of Table 5.2,
we see that under point load, deflection is more than that
under U.D. L.

Fundamental frequency and the mode shape of plate 2
(fiber vol. ratio is 56%) for all edges clamped are obtained.
These results are presented in Figs. 5.4-5.7.. Results given
in Table 5.6 show that experimental frequencies are lower
than that predicted by the finite element modelling. This is

true for all the cases of plate aspect ratios.

To compare the results obtéined through experiments,
numerical analysis of the same plate (plate 2} is earried out
after evaluating its material parameters and mass density,
gTaBIe 5.4 and 5.5 give the observations related to finding
~ these quantities respectively. After the test, the plate was
cut as shown in Fig. ‘B.Q(a) in the form of. rectangular
elements. These are machined to form the "coupons. Material
constants obtained from the coupon test are pbesented in
table 5.4. All these values correspond to uniaxial tensile

loading at a deformation réle of 0.02 cm/min. of the cross
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head. Using all these values and mass density as given in
Table 5.5, plate behaviour can be predicted. These values are

given in table 5.6,

From all the results above, following observation can

be made

FRP (fiber reinforced plastics) materials are
characteristiéally visco-elastic to some extent, thus
demonstrated non-linear stress-strain behaviour. The dynamic:
performance of these materials is usually far different from
their static performancef "In the case of wvisco-elastic
materials, the rate of loading assumes a pronounced influence
on the response. Generally the strain is larger if the stress
varies slowly.Under sinusoidal excitation, the strain is

observed to lag behind the stress (Fig. 5.10).

Viscous
STRESS

v
{73
JE
[« 4
|
v
ELASTIC
STRESS
\-AR_TUTAL
STRESS

Y

TIME { ANGULAR DISPLACEMENT)

F1G. 5.10 SINUSOIDAL STRESS CYCLE: ELASTIC (IN PHASE)
VISCOUS (OUT-OF-PHASE), AND RESULTANT
TOTAL DISPLACED BY THE LOSS ANGLE, §
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The phase angle between them, denoted by & is the
angle. The stress may be separated into two
in—phgse withAthe_strain and one leading it
cycle. The magnitude of these components. depend on the
material and the frequency of excitation,

The complex modulus of a material is defined as

* ¥
E =E + iE

¥
where E = Complex modulus :

E = Storage modulus and
E = Loss modulus
For FRP materials both the component of the modulus

depend very strongly on vibration frequency. For purposes of
dynamic analysis, it is desirable to know the complex modull
over a wide range of frequency. But in. laboratory, it is

difficult to obtain its accurate values. at very high

ffequency. With the available instrumenfs, it is possible to

carry cut test at specified strain rates (machine grips

separation rate). The corresponding material properties are

given in Table 5.7. These results indicate that values

fluctuate with increasing strain rates, To'get reliable data,

many more coupon tests are necessary. With accurate

instrumentation, material parameters can be obtained much

more reliably and used in the finite element program to

obtain a better prediction of the plate behaviour,
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Table 5.7: Material properties of the plate at different
strain rates or deformation rates.

Table 5.7
Strain rate El 12 E2 12 p12 G12 12
mm/min. N/mm™~ {N/mm N/mm
0.2 29160 (20000(0.286|3877.0
1.0~ -123600|19333].154|5133.0
1.5 1850017000 |0. 18{4413.0
10.0 215001{185007. 168 -

If clamping is not proper, natural f{requency can be
widely different from the correct result. On the other hand,
if the fixity is not unifornm, torsion will.develop and the

plate will show different. natural frequencies.

Tn the present test, clamping was done using several
C-clamps. So amount of fixity achieved can not be assessed.
Tests were carried out on plate with aspect ratio 1.0 and
going through 0.8 and 0.6 and back to 1.0 again. It was found
that frequencies.are almost the same in both the occasions.

All the tests are carried out in the same day.

Only one plate is tested for free vibration case, As
hand lay-up technique was used to fabricate fhe plate, wide
variation in terms of homogeniﬁy, thickness, density Is
possible. So testing many plates require, material constants
for each plate separately. That is why the same test is

repeated several times to arrive at the accurate results,

129




5.11 Cenclusion

Experimental investigations are carried out to study
the behaviour of laminated plates under‘static loadings and

free vibration. Only clamped boundary conditions are studied.

Plates are fabricated using glass fiber (three layers of -

woven mat) in epoxy. Hand lay-up technique is used - to cast
the plates.

Plates are tested under static loadings (point load as
well as u.d.1.). Deflections are measured at various points.
These values are cémpared with numerical results., Plate

“behaviour is found to-Be non-linear nature.

Free vibration of both square and rectangular piates

are carried out under clamped boundary 'condition. Natural

frequencies obtained from the experiments are compared

with numerical values. Numerical results are found to be higher

than that obtained experimantally.
From the results it can be concluded that:

(1)The numerical model should account non-linearity in

the material behaviour.

(2)Material parameters should be obtained over a wide

.range of frequency.

(3)Clamping should be proper and there must be a way Lo

assess the amount of fixjty.
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CHAPTER 6

STATIC BUCKLING OF LAMINATED PLATES

6.1 Introduction

Since long, composite materials have been uged
extensively for tensile loaded structures but la‘t'ely they
found wide application for structures under compression such
as wing surfaces, fuselage sections and miséile skins. Thus,
failure under buckling of these composite structures is a
'véry commofl' phenomér‘lvo.r;.. o | .

In laminated composite structure, certain ply
arrangements or combinations are elastical i-y unsymmetrical
about the mid surface so that under in-plane Ilload, ‘the plate
will deflect in a bending mode and ultimately will fail under
buckling. Initial 1imperfections can cause buckling of
elastically symmetric plates, but it has been shown [126]

that such imperfections do not sSignificantly affect the
"buckling load".

6.2 Survey of literature in the field

"The accurate knowledge of critical buckling loads and:-

mode shapes, as well as the subsequent post buckl ing
behaviour, is essential for light weight structural design.

Apparently, buckling analysis of orthotropic plates was first
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carried out to deal with stiffened isotropic plates [127],

and subsequently extensively used to study plywood panels,

Equations governing the buckling of laminated composite
plates are available 1in ~a number of  text  books
[22,26;125,128,129], as well as in technical paper [130]. A
brief review of literatures déaling with  buckling of
laminated plates is presented here, Reissner and Stavsky [23]
used the reduced flexural stiffness to_ calculate the
buckling load with classical theory. Ashton and Haddoupé
(88] utilized the Ritz’s technique to find the buckling loads
for rectangular plates with various boundary conditions.
Whitney and Leiséa [89] has extended the work of Reissner and
Stavsky [23] by presenting solutions fgr. the transverse
vibration and buckling analysis of angle-ply composite

plates,
k5

Buckling of simply supported (SSS8S) orthotfoplc plates
under uni-axial and/or bi-axial loading was discussed in
(131-134] and that under shear in [132-137]. A number of
researchers had obtained experimental results. Dickinson
[138] had .&erived éA.ﬁséfﬁl buckling formula to predict
critical buckling stresses for biaxially loaded orthotropic
plates. Buckling of clamped (CCCC) orthqtropié- plates was
studied in [133-136, 139-141]. Several other s#udies, both
theoretical and experimental, were devoted to anti-symmetric

laminated plates with various edge conditions.

Whitney and Leissa [89] observed' that the effect of
bending-extension coupling stiffnesses on the buckling load
of an anti-symmetric laminate rapidly decreases to zero as
the number of layers increases. Jones [93] showed the same
coupling effect on buckling loads of a special class of
unsymmetic cross-ply laminate decreases very slowly as the
number of layers increases. Housner and Stein [138] used a

finite difference ehergy method to make parametric studies
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for angle—ply; graphite-epoxy plates having a large number of
alternate (¥ ¢ )' plies and with either simply supported

(8853) or Clamped (CCCC) edges. They concluded that

(1) The critiecal buckling stress is maximized for plies

having *¢ of approximately 45°.

{(i1) A range of fiber orientations exists for which the

buckling stress of the graphite - epoxy plates exceeds
that of an equal weight, aluminium plate having the

same planer dimension(a and b} and boundary conditions,

Fogg (135]) obtained another extensive set- of results -

for uniaxial compression and ‘shear buckling of S88s-
anisotropic plate. Srinivas et al [(20] have presented a
unified exact buckling analysis foruthick laﬁiantes. Phan and
Reddy {21} has used a higher order shear ‘deformation “theory
to give stability analysis of laminated anisotropic composite
plates. A comprehensive literature survey dealing with the

buckling of composite plates is given by Leissa [142].
6.3 Formulation of the linear buckling problem

The potential energy of an elastic system consists of-
the potential energy of internal and external forces. The
potential energy of internal forces is the strain energy U

and the potential energy of -external forces is the negetive

work of the external forces we thus

V=U-W I (6.1)
] e

The total change in V -due to any perturbation from

equilibrium can be expanded in terms of infinitesimal

variations as
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AV = 8V # 62V + higher order variations. (6.2)

If, in addition, the external forces at equilibrium are
independent of the displacements (perturbations), then We is
linear in displacements and its second variation is

identically zero. Since the first variation 8V is also zero

at equilibrium_(principle of stationary potential energy), it:

is seen immediately that

AV = 57U + higher order variations " (6.3)

and the stability criterion can finally be written as
Stable system: V = min » A V > 0 ».8°U0 > 0 (5.4)

Thus the second variation of th% strain energy must be
positive-definite for stability.
Since buckling involves large defléctions, - exact

strain-displacement relations involving non-linear terms as

given by
3
- _ 1 aui Buj aua aua :
A - S E 3x, 8%, (6.5)
J 1 i J -
x=1 i,0=1to 3
is to be used to derive the governing equation. The

‘non-linear terms in‘fﬁé"s£béih¥displacemeﬁt equations modify

the element stiffness matrix [K], so that

(K] = (K] + (K] | (6.6)

The elastic stiffness matrix [KE] is the same as that used in

the linear analysis.
*
Geometric stiffness matrix [KG] = A [KC ] ' (8.7)

¥*
where [KG ] 1is the geometrical stiffness matrix for unit
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value of the applied load.

Substituting Eq. 6.6 in Eq. 6.4, and after simplification one
can get

' B S * '
({KE]_+ A {KG 1Y {d} = A {P} (6.8)
#* . .
where {P } represents the relative magnitudes of the applied
forces. Eq. 6.8 implies
_ ¥* -1 * E
{d} = ( [KE] + A [KG 1} 7. A{P} (6.9)

From the formal definition of the matrix inverse as the

adjoint matrix divided by .the determinant - of the’

co~efficients, it can be noted that the displacements {d}

tend to infinity when

[

. .
[_KE] *alK, 1| =0 (6.10)

Thus it is seen that the linear buckling problem is an

eigenvalue problem similar to free vibration one, and ‘the

solution procedure is the same. _
[KE] is already derived in chapter 3. [KG] will be derived
using the non-linear terms of Eq. 6.5. as:

Strain energy due to stresses is given by

U= j [1/2(u, 2+v, 2+w, 2)0 +.,
o ® X x

v

D

+{u, u, v, v, +w, w, Jt_ ldv (6.11)
z'x 'z 'x 'z 'x “zx

If we defife {8 ) =" [U,7 G W_v,_ v, v, Wy, "
X ¥y 'z X 'y 'z 'x 'y 'z

{(6.12)
Then Equ.6.11 can be written in the form '’
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U= 1/2 f‘{a'}T s o o s’y dv (6.13)
o o] s Q

o O B

. T T
where g'= ®o  XYO XZO
T ¢ T
Xyo Yo " yzZo

T T o
XZ0 YZO ZO

Assuming that only Gx’Uy and T, can cause  buckling, Equ.
6.13 simplifies to
U= 1/2 f (5 } [61{5 }dv where | (6.14)
[e] = s 0 o and 5 = o
X XY
0 S o
T 0
o o0 8 Xy -y
and {6}T=[ W, U, v, VW, W, (6. 15)
IX ly )x }y lx )y )

Differentiating the displacement functions given in Equ. 3,12
w.r.t., X, y and z, we get '

u, =u_ +z +c +C,W,  iu, =u 0 +2Z
X o,% ¢xo,x 1¢xo,x 17"wx' 'y o,y ¢

19 :

+c +C W
X0, ¥ o,y 1 'xy

. Y o .
V0, x 0, x C1%y0, x 1Y yx Y y Vo, v 0, v 1 %50,y 1 vy

W, =W DWW, =W where ¢ =—(423)/{3t2)
Yy 0¥ 1
{8, 16)

ar e .,1.438




6 = ‘1= N <+ b
(e} fu,x ruO,X 2¢ 1¢xo 1M wx
U 1+ . .
Y uo,y Z¢xo y l¢xo y 1w’xy
+ +
V,x Vo,x z¢yo,x c1¢yo,x+c1w'yx
A v - tz7¢ +C +C, W,
Y o,y ¢yo,y 1¢yo.y 17yy
y
' g, X
w o
"yl Moy J
where
[Al=[1 o o o ztc, o o o
o o o o) o z+ci o
0 o} 1 0 o z+c1 o 0
o 0 Ie] 1 o] o} o 2zZtc
o 0 o o o) o o] o}
o o o o o o o) o

and
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4 {d’}:ﬂu -’=N

0,X 1,% © © ° © ° O veren 901
uc',y Nl,y o 0 o] o] o O vrinn Vo1
vo,x o Nl,x o o o] o O e, ¢x61
vo,y o Nl,y o o 0 o] O ¢y01
¢x6,x 0 o) Nl,x o o o 0 ... wol
¢yo,x 1o 0 o] Nl,x o o 0 ... wo,xl
¢xo,y fo 0 Nl.y o o o s wo,yl.
¢yo,y' o o.._....o._.,...J‘QT,y o] o o ...,
sy °© o o o Fg 8y Dby
w,y o} 0 o 0 fl,y gl,y _hl{y .

Yo ° ° © © f.l,xx gf;xx htlxx
w’xy © ° © © f'1,:-<:;.r gl,xy hl;xy ’ ”o,x4
ryy )10 ¢ ° Pi,vy Blyy M,yy " ]|¥o, va]
Cor {d')=[Bl{Q} | ' (6.18)
f.e. - {8Y=[AI{d")=(A][BI{d}=[CI{d} (6.19)

Substituting Fqu. 8.19 in Equ. 6.14, we get

U= i (® elmay = L [t e tortear av

v v

J{d}T[B]T[A]lel[A]{B] {d)} dv

\'

03—

DO s

[ra ([ tarTte1a) a2)iBl(ar aa
A

4

_ 1 T (T _ T, e
= 5 [ (@ (BITIDIEY (& A » (K = [ (BIIDIIBI dA
A A
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, where (D] = [ (AT (0] (A dz (6.19)
z2
The matrix (D] can be written in explicit form as
[Dl=
Koi1 X612 © 0 Ky O K, 00 00 Ke111 Ker1p ©
Koz © 0 Kgpg 0 Ky 00 0 0 Kez11 Keo12 0
Koag ¥gaa 0 Kgg @ Kgag 0 O 0 Kea1z oot
Koaa O Kgug 0 Kgpg 0 O 0 Xea12 Xca13
Koss 0 Kggz @0 0 0 Kes11 Kasiz ©
Kegs © Kegg @ O 0 Kes12 Kcs1a
- Kggz 0 00 Ker11 K712 ©
Kegg @ O 0 Xeg12 Xos1a
Kcog Xca10 -0 0 0
Ke1010° 0 0
Ka1111%61112° .
Symmetric KG1212KG1213
i Kz1313]
where
“a11 My K12y Xa1s™t Py KoMy Py KG1117OPy iKG107Pyy
Kaoo™, 3 Kpog™,  #OP 3 Koy ™ My+°Py K117y Koz127Fy,
caa” Ny b Koaa® Ny 3 Kaas™ MitoPy 5 Kaag© My Fxy 5 Kea127 P Kaa13™Pyy
oaa™ Ny & Koag™ My tPyy 3 Kgag™ My*ePy ;KG412=CPky $K g qa=cP
-1 TG413 y
)
KGSS =5 +c¢ T +2cR KGS? +c Txy+2ngy,KG511 cR +C T KGSIZ—CR +C T Vs
K —S +c T +2CR K =5 +02T +2cR K =cR +02T 1K = ¢R +c2T !
GB6 GB8 " xy Xy xy' G612 G613 Xy Xy
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2 2 ' 2
= . = . = +
KG77 Sy+c Ty+2cRy : KG?ll cny+c Txy ; KGTIZ‘ cR +c¢ Ty ;
K. =8 +C2T +2cR ; K = cR +02T ; K = cR +02T
G88 ¥ N y ' TGB12 Xy xy ' G813 Y N
Kaao™ Ny 7 Keg1o™ Nyy
Ke1010™ Ny
2 2
Ker111™ © Tx 5 Kgpp12™ © Ty s
2 2
Ko1a12™ © (T 1) 5 Kgpnig™ © Tey
2
Kgiz13® ¢ Ty
4
c = - —
3t

The other symbols have the following meanings
(N, M,sSs, P, R, T)= ja (1,2,22,23,24 and zs)dz
X' X X X X X X .

(N,M, S, P, R, T)= Jw (1,2,22,23,24 and ze)dz
Y ¥ Y i Y Y

N 2 a4 4 8
Xy Mxy xy’ ny, ny, Txy)- rxytl.z,z WZ ,Z and z )dz
7
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5.4 Numerical examples

The object of this section is to use geometrical

stiffness of rectangular element developed in this chapter
for the stability analysis of orthotropic and laminated
plates‘with simply supported boundary ‘"conditlons and under
in—-plane loads.
EXAMPLE 6.1: A simply supported équare orthotropic plate
under uniform normal stress Nx as shown in Fig. 1.8(a} on
edges x = 0 and x = a. values of asymptotic kx for wvarious
h/b ratios are given 1in Table 6.1,

A good agreement is observed with the results obtalned
by exact theory. All these values are obtained from Table 9
of ref. [20].

Orthotropic plate material properties are given 1in Fig.

1.8(a). The ratio of h/b is varied from 0.05 to Q.2.

Table &6.1: Asymptotic kx for buckling of homogencus

orthotropic square plates under uniform normal étress p, on

edges x=0 and a,

Table 6.1
h/b|Present |[Exact [Mindlin|Thin plate|% error from exact
.05(2.9662 |2.966| 2.965 3.03% ~ . 0086
.10(2.7685 |2.770] 2.768 3.039 0186
.20|2. 2860 2.210¢ 2.204 3.038 2.26
Nx ) 2y 2
p, = - and kx= (chri/E){12/n Y{(b/h)™ )
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EXAMPLE 6.2: Rectangular plate under  similar loading
condition as given above is considered. Variation of buckling
stress parameter kx with h/b and a/b 1s given 1n Table 6.2

"and Fig. 6(a).

Table 6.2
h/b

a5 T0. 10 [0.20
0.5|5.21 |4.39 }2.72
1.22,884(2.750 |2.336
1.4|2.979|2.8647|2. 496
1.613.176|3.0697|2. 664
1.8/3.45013.3458(2.541
2.0[3.787(3.5174{2. 445
2.2{3.709|3.2844|2.375
2.4(3.478|3.1133{2.3286
2.6(3.315]2,9906 (2. 296
2.8(3.200|2.9042|2.282
3.0(3.127|2.8486 |2.281
3.2(3.085|2.8164{2.294
3.4{3.069{2. 8068 2. 316
‘13.6|3.077|2.812412.348
3.8(3.097(2.8349 (2. 390
4.0(3.134(2.8699 2. 440

EXAMPLE 6.3: A three-ply laminate with identical top and

bottom plies (Fig. 1.8(b)) is considered under similar

loading as given in example 6.1. Elastic moduli of top and

pottom layers are same as above. Middle layer material
properties are related to top or bottom layer material

property by

Ex Ex Px
S U R S Dk = by2 .2
B = E;_uﬂ? i U= Ex {i=1,2,3) ; kx—- 12,u(h) /n
2 2 i
h h
1 _ 2 _ h _
o 0.1 ; 5= 0.8 and £ = 0.1
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In Table 6.3, the asymptotic value of kx is given for three
ply laminates. Elastic moduli for all plies are 'as given 1n
the above example. Top and bottom plies aré identlical.

Corresponding plot is given in Fig. B(b).

Table 6.3
B Author’s Exact value |Thin plate|¥% Error from Exect
1 | 2.7695 2.770 ~ 3.038 0.018
;_ 3.3365 3.330 3. 768 0.180
5 | 4.0922 4,046 4,984 ‘1, 140
10 4.347? 4. 200 5. 852 ~ 3.520
15 4.303é 4,037 6.263 .sgsbo

EXAMPLE 6.4: Buckling of an anti-symmetric cross-ply square

plates subjected to in-plane uniaxial compressive loads (Fig

1.8{c)). Material properties are same as of material II of

example 4.2. The buckling loads as a function of modular
ratio of anti-symmetric cross-ply plates are presented in

Table B.4 and the corresponding plot is in Fig. 6(c).

Table 6.4

ﬁi CPT HSDT (3-~D Elasticity|Author’sj % error from
E [21] [143] 3-D value[143
3 |5.7838(5.1143 55,2844 5,220 1.41

10 |11.49219.7740 9.7621 9,125 6.53

20 119.712(15.298 15,0191 14,004 6.76
30 |27.936(19. 957 19. 3040 18. 245 | 5.49

40 ]36.160(23. 340 22.8807 21.976 3.95

where (A, = N . a°/E.h%)
b X0 2
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6.5 Discussion

A comparison of the buckling loads’ obtained using_
present element and the available literature 'valueéior the
-examples given herein indicates that a good agreement, even.
with a relatively coarse rdiscretization of the plate is

achievable using the present element.

In Table 6.1 and 6.2, the asymptotic values of the
buckling stress parameter kx are given for  homogenous
“orthotropi¢ plates WItH h”b= 0,08, 0.1 and 0.2. In Table 5.3,
the same is given for tﬁree—ply laminates. In Fig. 8(a), a
system of curves are obtained. For long' plate .kx remains
constant and does not change with a/b ratio., It can be seen
that the factor k_ is equal to 2.4, 2.8 and 3.0  for h/b =
0.2, 0.1 and 0.05 respectively for a number of a/b ratios,
From these data the following observations on buckling of

orthotropic plates and laminates may be made,

(1)Thin plate theory that ignores the effect of
transverse shear deformation, predicts higher buckling
loads than that by shear deformation

theories.

(1i)Mindlin theory as well as the theory presented in
this thesis yield accurate buckling stresses even for

thick homogenous plates.

(iii)Modular ratio of plies has significant effect on
the error in buckling stress due to the assumption of
thin plate theory. It is also observed that the errors

increase as moduli of outer plies are increased.
. ' . Q0 0,00, 0
Critical buckling load of a four layer [0 /90 /80 /0]

cross—-ply plate is compared with the three-dimensional linear

elasticity solutions. As in the case of static deflection and
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free vibration, shear deformation effect is more significant

for material with high degree of anisotropy.The buckling

stress parameter, kx’ as a function of degree of orthotropy

of anti-symmetric cross-ply and angle-ply plates are plotted

in Fig. 6(c). It is confirmed by other infestigators, that
the coupling effect on the buckling loads is more pronounced

with the increasing degree of anisotropy.

6.6 Conelusion

The finite element developed in this thesis is extended.

to the study of orthotropic and laminated plates. Geometrical
stiffness matrix of the plate element is obtained in presence
of O a& aﬁd Txy only. Effect of a number of parameter on
critical buckling load 1is determined. From the results

presented in Tables 6.1 to 6.4, following conclusions can be

" made:

(1)CPT over estimates buckling stress as’ this theory

ignores transverse shear effect.

(2)Mindlin’s theory as well as the present theory

predicts very accurate results.

(3)Buckling stress parameter decreases with the

increase of thickness-to-length ratios.

(4}JHith the increase of modular ratio, critical

buckling load increases for both  symmetric and

anti-symmetric laminates,
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CHAPTER 7

MATERIAL DEVELOPMENT

7.1 Introduction

Plates tested in chapter § are fabricated using glass
fibers embeded in a matrix of epoxy. Epoxy is a good adhesive
but very expensive. So, the search is on for alternate matrix
and fiber to obtain an efficient composite based on following

criteria:

(1) materials -should-be-available -locally and easily;

(2) materials should be less expensive,

Thus the development of a new material ‘was consldered

to be a part of this research program.
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" In general, fibers can be classified as follows:

Fiber

Natural Artificial

‘Vegetable Animal Mineral Variety of Carbon Glass Metal
origin origin (asbestos) polymers fiber = fiber

|
]

Stem Leaf surface Wood

Typical mechanical properties of some common natural

and artificial fibers are givén below:

Natural 'Artifipial
Fibers Ultimate tensile|Fibers . Ultimate tensile
strength (GPa) strength (GPa)
Sisal 0.278 E-glass 3.50
Flax 0.340 S-glass 4,80
Jute 0.217 Z-glass 1.65
Elephant grass 0.180 Astegtaos 2.80
Water seed 0.70 B Boron 2.10
Bamboo strip 0. 350 Carbon 2.80
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Traditionally, thermoset poiymers have been used as a
matrix material for fiber reinforced composites. Plastics are
organic materials with very high ‘molécular weights,
constructed from simpler repeating units under suitable
conditions of temperature and catslytic action. Because of
their amorphous nature, most plastics are characterised by
low elastic modﬁli. They all have low specific gravitieé and
high co4efficients of thermal expansion. There are two kinds

of plastics:

(1) thermoplastics;

{2) thermosetting plastics.

Thermoplastics consist of linear polymer molecules

which are not interconnected. Because of their unconnected’

chain structure, thermoplastics may be repeatedly softened

and hardened by heating and cooling respectively; with each

repeated cycle, however, the material tends to become more .

brittle. Because of this characteristics, these materials are

not generally used as matrix for composite construction.

Thermosetting plastics initially occuf in liquid or
semi-liquid form and then harden irreversibly. This chemical
reaction is known as polymerisation. On completion of this
reaction, the material can not be softened or made plastic
again without change of molecular | strﬁcture. Though
unreinforced thermosetting plastics are not suitable for
structural elements but when reinferced with fibers, they
form composites which possess adequate load-bearing capacity.

Fl
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Most of the common plastics used in construction can be

grouped as

thermoplastic - PVC; Acrylic; Polystyrenes;
thermosetting plastic - Polyester; Epoxy; Polyrethane;

Phenolics.

Epoxides are very costly and have a long cure. time.
Polyesters and vinyl esters suffer from high volumetric
shrinkage. Being relatively cheap, phenol-formaldyhyde 1suséq
as the matrix in the present study along with juté as the

fiber. A brief descriptioch of this fiber is given below.
7.2 Jute fiber

The process involved in obtaining jute fiber is given

in third paragraph of section 1.4.

- For the preparations of this composite, Jute “in the

form of woven fabric has been used.

On the average, jute' contains the following

constituents:

Chemical composition of jute fiber

Lignin Holocellulose Minor constituents

(12-14 %)

I l l l ! 1 |

og—Cellulose Hemicellulose Waxes Pectin Mineral Protine Tanin

(58-63%) {21-24%) (.4-.8%) (.2-.8%) (.8-1.2%) (.8-1.84) (traces)

150



Physical composition of Jute-fiber”

Length/breadth = 110 ; Filament gravltyiflhenesé'(Tex) g 1,25-4.0

Extension at break (%) = 1.5 ; Density = 1,445 gm/ce |
Moisture regain (%) at 65% relative humidity = 12.0
" Swelling of Jute in ‘water-: 23% in diameter and 40% in

" cross-section.

7.3 Matrix

The most important thermosetting resins suitable for
commerical application, are formaldehyde which s =&
condensation product with phenol(phenolic resins) or with

urea or melamine (amino resins).

Phenolic resins have been used commercially longer than
any othér synthetic polymer except cellulose nitfate. A
number of industrial applications are based on the excellent
adhegive properties and bonding strength of the phenollcs.
Phenol—formaldehyde (Pf) is widely used as resin in the
manufacture of plastics laminates. Some of the important

characteristics are listed below

(1) The reinforced Pf, especially laminates and
resin-wood products are strong and being light, possess

high specific strength.

(2) Pf is thermosetting and organic polymer. The
former allows applications extending OVEr a
considerable temperature range, whilst the latter fixes

the upper - limit, Mineral fibers I1mprove the heat

resistance of phenolic compositles.
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(3) Pf has good electrical insulating properties. These
plastics are very suitable for use in the field of
electrical insulation, particularly for standard.

fittings and components.

(4) Chemical inertness of le results In its
applications in the construction of Chemical plants
where contact with acids, organic solvents and to a-
lesser extent mild alkalies, is contemplatéd. It does
not corrode and is not attacked by fungi. Thus,
especially when combined with suitable fillers,
phenoiic resins have good chemical and thermal
resistance, . dielectric.. strength. and dimensiona;
stability. Products made with these resins are
inherently low inflamable, creep resistant and low

moisture absorbants.
7.4 Procedures

Following procedures are adopted in casting the plates

(1) Jute fabric is cut to the required size according

to the size of the mould avallable in laboratory (ld4cm

X ldcem).

‘(2) Phenol formaldehyde solution (80% solid content) is
poured in a tray. Six layers of Jjute fabrics are

soaked into the solution one over another,

(3) Jute fabric is allowed to soak in the solution for
fiftgen minutes.

{4) The phenol formaldehyde resin Iimpregnated Jjute
fabric is placed in another tray and a roller 1is used

on it to squeeze out excess phenol formaldehyde resin.

152




(8) Phenol formaldehyde impregnated Jjute fabric ls oven
dried at 80°C for 30 minutes.

(6) After drying, the phenol formaldehyde impregnated
Jute fabric is enclosed in two aluminium foils and
transfered to the mould which is then placed in the

hydraulic press (photo 2.c.).

(7) Pressure of 1.5 tonnes per 7square inch -applied
intermittently (apply and release for & times), each
time for 10-12 seconds. The pressure is kept at 1.5
t/in2 and the temperature is raised to 150°C and kept

for 40 minutes.

{(8) At the end of 40 minutes, supply of heat is stopped
and the plattens are cooled by passing a Jet of cold

water through them without releasing the pressure,

(3) The pressure is then released and the mould is
removed from 'the "hydraulic press when it becomes

sufficiently cold.

(10) The plate is then pulled out from ﬁhé‘mould.
7.5 Observations and results
7.5.1 Cost analysis

For this purpose three plates are casted using steel
meuld (7.5cm X 2. 5cm)

Amount of material and the cost involved per plate are:

Weight of fiber

3.0938 gm/layer

2.6150 gm/layer

Rs. 15.00/m2

Rs. 60.00/kg.

Weight of matrix

Cost of Jjute fabric

Cost of matrix
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» Cost of jute/plate

1

(18 X 7.5 X 2.5 X 6)/10000
Rs. 0. 1688 per plate

n

1

Cost of matrix {2.615 X 60)/1000
Rs. 0.1569 per plate
Rs. 0. 3257

18.75 cm2

v Cost of 1 m2 plate = Rs. 174.00

1§

. Total cost

Area of the plate

This cost does not include the cost of wusing the
hydraulic press.

Cost of glass reinforced plastics is estimated to be

Rs. 795 /mz.
7.5.2 Mass density

Mass density of the jute reinforced plastic material is
determined using mercury displacement méthod{Observations are

given in Table 7.1 below.

Table 7.1

Sample no. |Weight (gm) [Volume {cc) [Density (gm/cc)

1 2.36 2.2 1.07
2 2.73 . 2.4 1,14
3 | 24z 1 2.2 : 1.10

Average density = 1.1 gm/cc..
7.5.3: Material properties

Two coupons are cut from the plate and tested under
uni-axial tension. The geometry of the coupons is given in
Fig. 7.1.b. Average stress-strain curve is blotted in Fig.
7.1.a. Poisson's ratio variation with loading 1is given 1in

Fig. 7.1.c.
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From the stress-strain curve, . initial mnodulus of

elasticity can be seen to be 37.8 N/mmz. Ultimate strength is

14.30 N/mmz.

7.6 Discussion *

Characterization of fiber reinforced composites require
the development of a broad range of information tﬁgt is.
largely a function of thé end applicaticen. Many of these
properties are strong functions of temperature and moisture
content., Therefore, each of these properties must be
characterized for temperature and moisture content over the

range of interest.

The new material conceived in this chapter, should be
tested to obtain all possible information. But in this
present thesis, only a part of it 1s considered and the

results are given in Table 7.1 and Fig. 7.1.°

Mass density of jute reinforced plastics {JRP) is 1.1
gm/cc, which is less than 1/2 that of glass reinforced
plastics (GRP) as given in Table 5.5. Strength of JRP 1is
around 1/10 th that of GRP. Cost ratio is around 1/5 th that |
of GRP.

Shape and geometry of the coupons used to obtaln
material properties of JRP are so taken that length/width
ratio of the middle portion is maximum. This will reduce the
end constraint effect as discussed in chapter 5. It is found
that fractures of both the coupons have taken place in the
middle portion under uniaxial tension. The maximum length of

the coupon that can be obtained in the laboratory 1s 14 cm,
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The stress-strain curve shows that the modulus of
elasticity of the composite is quite low. The behaviour of
. this material is found.to.be .non-linear for most part of the
loading history. It is observed from the Fig. 7.1(e) that
Poisson's ratio is low at low stress level and increases with
the Increase of stress to a certain limit ‘and then the ratlo

falls.’
7.7 Conclusion

A new composite 1s conceived thch " may eventually
substitute some of the existing composites wviz, plywood,
timber aﬁd many other expensive FRPs. Natural fiber like jute
is preSeﬁt in abundance in this reglon. Jute fiber in the
form of woven mat is embedded in a matrix of phenol
formaidehyde,'a cheap resin, to fabricate the composite., Only
few tests are'conduéted. Results are encouraging speclally
for the fact thal this composite is very light. In regards to
its stiffness and strength, it is possible to use better
variety of jute fiber to arrive at higher stiffness and

strength values.
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CHAPTER 8

SUMMARY, CONCLUSION
AND
SCOPE FOR..FUTURE.L RESEARCH

8.1 Summary

A simple four noded rectanguiar element is developed to
analyse the behaviour of lamipated and sandwich plates under
a variety of loading conditions. The major findings of this

work includes:

(1)Classical Plate Theory (CPT)} ignores transverse shear
effect,-which'results in lower deflection values, higher
frequencies as well as higher buckling stress than by

the theory adopted in present work;

(2)in static analysis, it is noticed that in-plane normal
and shear stresses are predicted more accurately than

transverse shear stresses;

(3)it is found that with the increase of number of layers
in the plate, coupling effect reduces and frequency

value increases;
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{(4)Bert [98] has presented in his investigation. that with
the increase of lamination angle in a plate, frequency
increases and reaches maximdm value for. e=45° for N>2,
a/h=10 and asb=1. It 1is noticed in the present
investigations that with the increase of lamlnation -
angle in plates haviﬁg asb < 1 and ash > 10, the

fundamental frequency at 0=30" exceeds the value at e=45°.

{5)Computed frequencies are found to be higher than

corresponding experimental values,

On the basis of this study, the following conclusions

may be drawn:
8.2 Conclusion

Present finite element predicts the behaviour of
laminated and sandwich plates for stiffness, free vibration

frequency and buckling stress values satiéfactorily.

Composite that is developed in chapler 7 has goed
potentials but before its recommendation, full

characterisation is necessary.
8.3 Scope for fulture research

The investigation carried out here is confined to small
deflection behaviour (except the stability analysis) of
laminated plates under any system of transverse loading.
Soluticns have been obhtained by flnite element techniques
using Cyber 840 system. Experiments on gléss reinforced

plastic plates confirm the applicabllity'of this theory,

During the experimental investigation of plates, it s
noticed that the plates undergo considerable deflection. At

this stage, the basic assumptions of small deflection theory
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does not hold good. The study of large deflection behavieur
of laminated plates should be an. important field of study,

Although 1aminated"plates are easy .to construct, thelr
analysis, in .general, is‘ﬁery complex. Speclally In the case
of thick plates interlayer slip 1is very -pronounced. A
description of a basic theory accounting  in£er1ayer slip

should be an important field of future research.

From the actual testing of composite material in the
laboratory, it is found that the material behaves in a
non-linear manner throughout the leading history.-- This
demands for an analytical model  that can account

non-linearity of material behaviour,

Polymers are mostly viscous In character. So, the whole
formulation 1is to be modified using other appropriate
constitutive laws té predict the actual behaviour of the

composite.

Literature dealling with the responée of composite

structures due to impact loading is comparatively meagre and

experimental Iinvestigations are rather scarce, So, a

concentrated effort is to be initiated to understand the

impact damage of composites through rigorous analyses and.

meaningful experimentation.

Deformation and stress analysis of laminated plates
subjected to hygrothermal effects has been the subject of
current research interest. Temperature change can also cause
buckling. A systematic study should be conducted to
characterise composites over a wide range of temperature and

humidity.
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FINITE ELEMENT ANALYSIS OF CROSS-PLY LAMINATED PLATE UNDER
VARIOUS LOADING CONDITIONS

................................................................

DESCRIPTION OF THE VARIABLES

NUMNP= TOTAL NUMBER OF NODAL POINTS IN THE PLATE ;

NE = NUMBER OF ELEMENTS ;
NEDOF= NUMBER OF ELEMENT DEGREE OF FREEDOM ;
NEQ = NUMBER OF EQUATIONS,;
ND = TOTAL NO. OF ELEMENT D.O.F.
NWK = ARRAY STORES ADDRESSES OF DIAGONAL ELEMENTS
NINT = NO. OF GAUSS SAMPLING POINTS;
TH = THICKNESS OF THE PLATE;
X¥(1,J) = CO-OR. OF THE FOUR NODES OF THE ELEMENT
~ CONSIDERED;
X(N) = X CO-OR. OF N-NODES;
Y(N) = Y CO-OR. OF N-NODES;
P(N)' = ANGLE OF LAMINATION OF N LAYERS;
HGT(N) .= Z/T VALUES OF THE INTERFACES OF LAYERS, WHERE .
: T 1S THE TOTAL THICKNESS OF THE LAMINATE;
%G(1,}) = CO-OR. OF GAUSS SAMPLING POINTS;

WCT(I, J)= CORRESPONDING WEIGHTS;
IID(I,J)= IDENTIFICATION ARRAY;

LM(I,J} = ARRAY STORES ASSEMBLAGE D.0O.F. OF ALL ELEMENTS,
MAXA{N) = ADDRESSES OF THE DIAGONAL ELEMENTS;
SK(N} = §-D ARRAY CONTAININC STIFFNESS CO-EFF. OF

0O o 00 0 0 G oo 0o 0 0o o o060 Co o000 6060000 6000000

ALL ELEMENTS; ’ .
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C S(1,J) = ELEMENT STIFFNENS MATRIX;

C D(I,J) = CONSTITUTIVE MATRIX

C BB(I,J) = STRAIN-DISPLACEMENT MATRIX;

c R(N) . = 1-D LOAD VECTOR OF ALL ELEMENTS;

C ELD(N) = 1-D LOAD VECTOR OF AN ELEMENT;

c F(I),G(I) AND H(I)s ARE SHAPE FUNCTIONS AS GIVEN IN

C ' EQUATION 3.

C CARTD(T, J)= CARTESIAN DERIVATIVE OF SHAPE FUNCTION:

c DERIV(I,J)= DERIVATIVE OF SHAPE FUNCTION W.R.T. r & s;

c e e e e e e e
c MATERIAL PARAMETERS
e .

C EX1 = YOUNG’S MODULUS IN X DIRECTION;

C EY1 = YOUNG'S MODULUS IN Y DIRECTION;

C . G12 = SHEAR MODULUS(XY~PLANE);

C G13 = SHEAR MODULUS({XZ-PLANE);

C. G23 = SHEAR MODULUS(YZ-PLANE);

c V12 = POISSON’S RATIO(v,,);

e
C

................................................................

PROGRAM LAMINATE
COMMON/DIM/XX(2,4), X{(100),Y(100), NODN( 100, 4}
COMMON/ELT/NUMNP, NE, NEDOF, I1D(7, 100), LM(28, 100}, MAXA( 1000)
+, NWK, SK(10000),5(28,28), R(150), ELD(28), NEQ, MHT (1000), NEG1, ND
COMMON/GAUS/XG(4,4), WGT(4, 4}, NINT, TH

COMMON/STIF/EY1, EY2,G12,G13,G23, Vi2, V21, P(3), HGT{4)
COMMON/MAT/CARTD(2, 4), DERIV(2,4),Q0(5,5), Q90(5, 5}
#, SHAPE(4),BTDB(28,28),F(4),GX(4),HY(4),D(13,13)
'COMMON/TRY/BB(13, 28),B21(5, 13}, B(5,28), DB(13, 28),
#BTD(28,5),BT(28, 13), FX(4)},FXX(4),FXY(4),FYY(4),FY(4),GY(4),
#GXX(4),GYY(4),GXY(4), HX(4), HXX(4), HYY(4), HXY(4),G(4),H(4)
OPEN(UNIT=1, FILE=’ $USER. LAMIN® ) '
OPEN{UNIT=2, FILE="$USER. LAMOUT" )

178




..................................................

..........................................

READ( 1, * )NUMNP, NE, NNDOF, NEDOF

READ(1, *)NINT, TH

READ(1, *} ((XG(I,J), J=1,4), I=1, 4)

READ(1, *) ((WGT(1,J),J=1,4),1=1,4)
READ(1,*)(P(K),K=1,3)
READ(1, *) (HGT(K),K=1, 4)

READ(1, *)EY1,EY2,G12,G13, G23, V12, V21

DO 10 N=1,NE

10 READ(1, *){NODN(N, I),I=1,4)
DO 11 I=1,150
11 R(1)=0.0

CALL GENERAT

CALL PLATE(TH)

CLOSE{UNIT=1) -

CLOSE(UNIT=2)

STOP -

END

SUBROUTINE GENERAT

IMPLICIT REAL*8(A-H,0-2)
COMMON/ELT/NUMNP, NE, NEDOF, 11D(7, 100), LM(28, 100), MAXA(1000)
+, NWK, SK(10000),S(28, 28), R(150), ELD(28), NEQ, MHT(1000), NEQ1; ND
COMMON/DIM/XX(2,4),%X(100), Y(100), NODN( 100, 4)

C

C READ AND GENERATE NODAL POINT DATA

o . BOUNDARY CONDITION CODES (0 = FREE, 1 = FIXED
C

20°  READ(1,*)NOLD, (IID(T,NOLD), I=1,7),X(NOLD), Y(NOLD), KNOLD
READ(L, *IN, (1ID(I,N), I=1,7),X(N), Y(N), KN
NUM= (N~NOLD) /KNOLD
NUMN=NUM-1
XNUM=NUM
DX=(X(N)-X{NOLD) ) /XNUM
DY={Y(N)-Y{NOLD) ) /XNUM
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K=NOLD
DO 22 J=1, NUMN
KK=K
K=K+KNOLD
X{K)=X{KK)+DX
Y{K)=Y(KK)+DY

. DO 22 I=1,7
IID(I,K)=IID(T,KK)

22 CONTINUE
IF(N. NE. NUMNP)GOTO 20
. FROM INPUT EILE ALL D.O.Fs. ARE READ FIXED, HERE THEY WILL .
UPDATED .

O o 0 0O

L T T T T S T e n o R T T T T e

I1D{1,1)=0
1I1D(2,1}=0
I1D{1,2)=0
1ID(2,2)=0
IID(3,2)=0
1ID(8,2)=0
1ID(1,3)=0
11D(2,3)=0
1ID(3,3)=0
IID(8,3)=0
IID(1,4)=0
1ID(2,4)=0
1ID(3,4)=0
11D{6, 4)=0
IID(1,5)=0
I11D(3,5)=0
1ID(8,5)=0
I11D(1,6)=0
1ID(2,81}=0
11D(4,8)=0
1ID(7,6)=0
‘DO 24 I=1,7 e
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24

ITD{I,7}=0
IID(I,8)=0
I11D(X,9)=0
I1ID(1,12)=0
IID(1,13)=0
I1ID(1,14)=0
11D(1,173=0
I1D{1,18)=0

11D(I,19)=0

IID(1,10}=0
IID{3,10)=0
IID(5,103=O
I1ID(6,10}=0

1ID(1,11)=0
11D(2, 11)=0
I11D(4, 11)=0.

I1D(7,11)=0
11D(1,15)=0
IID(3, 15)=0
I1D(5,15)=0
I1ID(B, 15)=0
11D(1,16)=0
1ID(2,16)=0
I1ID(4, 18)=0
IID(7,16)=0
IID(1,20)=0
1ID(3, 20)=0
11D(5,20)=0
11D{6,20)=0
11D(2,21)=0
I1ID(4,21)=0
IID(2,22)=0
1ID(4,22)=0
1ID(5,22)=0
I1D(7,22)=0
1ID(7,21)=0
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1ID(2,23)=0
1ID(4,23}=0

11D(5, 23)=0

. 11D(7,23)=0
11D(2,24)=0
1ID(4,24)=0
1ID(5,24)=0
1ID(7,24)=0
11D(5,25)=0
NEQ=0
DO 29 N=1, NUMNP
DO 29 1=1,7
IF(I1ID(I,N))28,30,28

30  NEQ=NEQ+1
1ID(I,N)=NEQ
GOTO 29

28 IID(I,N)=0

29 CONTINUE
NEQU=NEQ+1
RETURN
END
SUBROUTINE PLATE(TH)

. COMMON/DIM/XX(2, 4)-;X(-100); ¥(100),NODN(100, 4) °
COMMON/STIF/EY1, EY2, G12,G13, G23, V12,21, P(3),HGT(4)
COMMON/ELT/NUMNP, NE, NEDOF, 11D(7, 100), LM(28, 100}, MAXA(1000)

+,NWK,SK(10000),S(28,28),R(lso),ELD(za).NEQ,MMT(1000),NEQ1,ND
COMMON/MAT/CARTD(2, 4), DERIV(2, 4),Q0(5,5),Q90(5;5)

#, SHAPE(4), BTDB(28, 28),F(4),GX(4),HY(4),D(13, 13)
COMMON/TRY/BB(13,28), B2(5, 13), B(5,28),DB(13,28),

¥BTD(28,5),BT(28, 13),FX(4),FXX(4) ,FXY(4),FYY(4) FY(4),GY(4),

#GXX(4),CYY(4),GXY(4), HX(4), HXX(4), HYY(4), HKY(4),G(4), H(4)

DO 40 I=1,28
DO 40 J=1,NE
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46

42

43

LM(I,J)=0

DO 42 N=1,NE
I1=NODN(N, 1)
12=NODN(N, 2)
13=NODN(N, 3)
14=NODN(N, 4)

DO 42 MM=1,7

LM{MM, N}=TID(MM, I11)

O IM(MM+7, N)=TTD(MM, 12)

LM(MM+14,N)=TID(MM, I3)
LM(MM+21,N)=IID(MM, 14)

CALL COLHT

CALL "ADDRES

DO 45 I=1,NWK

SK(I}=0.0
'LOOPS OVER ALL ELEMENTS TO OBTAIN ELEMENT STIFFNESS MATRIX .
LOAD VECTOR AND THEY WILL BE ASSEMBLED TO GLOBAL VECTORS

DO 43 N=1,NE

11=NODN{N, 1}

12=NODN({N, 2}

I3=NODN{N, 3)

14=NODN(N, 4)

XX(1,1)=X(I1)

XX(1,2)=X(12)

XX(1,3)=X(13)

XX(1,4)=X(14)

TXX(2,1)=Y(I1)

XX(z2,2)=Y(12)
XX(2,3)=Y(I3)
XX(2,4)=Y(14)
CALL LAMSTIF(N)
CALL ASEMBLY(N)
CONTINUE

CALL SOLUTION
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CALL STRESS(TH) |
RETURN
END ‘ ' ;
SUBROUTINE COLHT

...............................................................

COMMON/ELT/NUMNP, NE, NEDOF, [1D(7, 100), LM(28, 100) , MAXA{ 1000)
+, NWK, SK(10000), $(28, 28), R(150), ELD(28), NEQ, MHT (1000, NEQ1, ND
DO 50 1=1,NEQ .
50  MHT(1)=0
ND=NEDOF
DO 55 N=1,NE | I
LS=10000 .
DO 53 I=1,ND ‘{
IF(LM(I,N))51,53,51 S : ]
|
l

51  IF(LM(I,N)-LS)52,53,53 . i
52 LS=LM(I,N) '
53  CONTINUE
DO 54 I=1,ND |
II=LM(I,N) 1 fl
IF(II.EQ.0)GOTO 54 .
ME=TI-LS : C
IF(ME. GT. MHT(I1) )MHT(II)=ME ' '
54 CONTINUE ’ I
55  CONTINUE '
RETURN
END
SUBROUTINE ADDRES

...............................................................

CALCULATES THE ADDRESSES OF DIAGONAL ELEMENTS IN BANDED
MATRIX WHOSE COLUMN HEIGHTS ARE ALREADY KNOWN

O 0 0

)

..............................................................

+,NWK, SK(10000) , S(28, 28), R(150), ELD(28), NEQ, MHT( 1000), NEQ1, ND
NN=NEQ1 _ o
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860

70
80

O 0o 0 O

30
40
50

60
70

DO 60 I=1,NN

MAXA(1)=0

MAXA(1)=1

MAXA(2)=2

MK=0

IF(NEQ. EQ. 1)GOTO 80

DO 70 I=2, NEQ

IF(MHT(1).GT. MK)MK=MHT (1)
MAXA(T+1)=MAXA(I)}+MHT(I)+1

MK=MK+1

NWK=MAXA(NEQ+1)}~MAXA(1)
" RETURN

END

SUBROUTINE ASEMBLY (N)

ASSEMBLE UPPER TRIANGULAR ELEMENT MATRIX INTO COMPACTED
GLOBAL STIFFNESS MATRIX

IMPLICIT REAL*8(A-H,0-2)
COMMON/ELT/NUMNP, NE, NEDOF, T1D(7, 100), LM(28, 100), MAXA(1000)
+, NHK, SK(10000), S(28, 28), R(150), ELD(28), NEQ, MHT (1000}, NEQ1, ND
DO 76 1=1,ND

I1=LM(I,N)

IF(I11}70,70,30

‘DO B0 J=1,ND

JJ=LM(J,N)

1F(JJ)60, 80,40

MI=MAXA(JJ)

1J=JJ-11

IF(1J)60,50, 50

KK=MI+1J

SK(KK)=SK(KK)+S(1, J)

CONTINUE

CONTINUE

DO 33 1J=1,28

K=LM(IJ,N)
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33
100

0o o0 o

35

300
31

99

32

40

IF(K.EQ.0)GO TO 33
R(K)=R(K)+ELD{1J)
CONTINUE

RETURN

END-

SUBROUTINE SOLUTION

............... L R T T T S O I T T T T S S S T S TSSOl

. SOLVE FINITE ELEMENT STATIC EQUILIBRIUM EQUATIONS IN CORE .
USING COMPACTED STORAGE AND COLUMN REDUCTION SCHEME .

IMPLICIT REAL*8(A-H,0-2)
COMMON/ELT/NUMNP, NE, NEDOF, IID(7, 100}, LM(28, 100}, HAXA(IOOO)

‘ +, NWK, SK(10000}, S(28,28), R(150)}, ELD{28), NEQ, MHT{1000), NEQ1, ND

DIMENSION A(10000}, V(ISO)

--------------------- L T I T T T T T T T T S B I T T T TR S T Y

DO 31 I=1,NEQ
PP=MAXA(I) -
P=SK(PP)
IF(P.EQ.0.0)GO TO 35
GOTO 31 .
WRITE(*, *)’ ZERO ELEMENT IN THE DI1AGONAL’
WRITE(*,300)1,PP,P
FORMAT(215, 5X, E20.8)
CONTINUE

DO 89 I=1,NWK
ACT)=SK(1)

DO 32 1=1,NEQ
V(I}=R(1)

NN=NEQ

DO 140 N=1,NEQ
KN=MAXA(N)

KL=KN+1
KU=MAXA(N+1)-1

- KH=KU-KL
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50

60

70

80
90

100

110

120

140

150

" Do 70 L=1,KK

IF(XH) 110,90, 50
K=N--KH

IC=0

KLT=KU

DO 80 J=1,KH
IC=IC+1

KL T=KLT-1
KI=MAXA(K)
ND=MAXA(K+1)-KI-1
IF(ND)80, 80, 60
KK=MINO(IC, ND)
Cc=0.

C=C+A{KI+L)*A(KLT+L)
ACKLT)=A(KLT)-C
K=K+1

K=N

. B=0.

DO 100 KK=KL, KU
K=K-1

KI=MAXA(K])
C=A(KK)/A(KI)
B=B+C*A(KK)
A(KK)=C
ACKN)=A(KN)-B
IF(A(KN))120, 120,140
WRITE(2, *)’ N, ACKN)’
WRITE(2, *)N, ACKN)
STOP

CONTINUE

......... e L R R R R R N R B A

............... L T T I B R B A

DO 180 N=1,NN
KL=MAXA(N)+1
KU=MAXA(N+1)~1
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WRITE(Z2, *)' Reduce the right hand side of the load vector'

R et



IF(KU-KL) 180, 160, 160
160 K=N
C=0.
DO 170 KK=KL, XU
K=K-1
170 C=C+A(KK)*V(K)
O VN)=V(N)-C
Y . 180  CONTINUE
DO 200 N=1, NN
K=MAXA{N)
200 V{N)=V(N}/A(K) .
' IF(NN. EQ. 1)STOP
N=NN
DO 230 L=2,NN :
KL=MAXA(N)+1
KU=MAXA(N+1)-1
IF(KU-KL)230,210, 210

.. 210 . K=N . N
DO 220 KX=KL,KU |
K=K-1
220 V(K)}=V{K)-A(KK)*V(N)
230 N=N-1

. WRITES DISPLACEMENT’ .

DO 240 Ni=1,NEQ ‘
240 R{N1)=V(N1)

WRITE(Z,’){R(NEQ))
C8 FORMAT (8(E15.7,2X) }

RETUERN

END

FUNCTION MINO(ICLﬁD)

MA=IC-ND .

IF(MA. GT.0)GOTQ 250

MINO=1IC

GOTO 260
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250
260

10

15

MINO=ND

RETURN

END

SUBROUTINE LAMSTIF(N)

................................................................

IMPLICIT REAL*8(A-H,0-Z) . _
COMMON/ELT/NUMNP, NE, NEDOF, 1ID(7, 100}, LM(28, 100), MAXA( 1000) .
+,NWK,SK(10000),5(28,28),R{150),ELD(28),NEQ,MHT(1000),NEQ1,ND
COMMON/STIF/EY1, EY2, G12,G13,G23, V12, V21, P(3), HGT(4)
COMMON/GAUS/XG(4, 4), WGT(4, 4),NINT, TH
COMMON/DIM/XX(2,4),X(100),Y(100), NODN{100, 4)
COMMON/MAT/CARTD(2, 4), DERIV(2, 4),Q0(5,5),Q90(5,5)

#, SHAPE(4),BTDB(28,28),F(4),GX(4),HY(4),D(13,13)
COMMON/TRY/BB(13, 28),B2(5,13),B(5,28),DB(13, 28], .
#BTD(28,5),BT(28,13),FX(4),FXX(4),FXY(4},FYY(4),FY(4},GY(4),
HGXX(4),GYY(4),GXY(4), HX(4), HXX(4), HYY(4), HXY(4),G(4), H(4) .

CALL CONSTI |
DO 10 I=1,28

DG 10 J=1,28
S(I,J)=0.0

DO 15 I=1,28
ELD(I)=0.0

................................................................

DO 20 LX=1,NINT
RI=XG(NINT, LX)

DO 20 LY=1,NINT
SI=XG(NINT,LY)
DJACB=0.0
WX=WGT(NINT, LX)
WY=WGT(NINT, LY)

CALL SFR{RI, S1, DJACRB)
CALL BMAT(TH, RI, SI)
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C CALL UDL16(RI,SI, DJACB, WX, WY)
CALL LOAD(RI, SI, DJACB, WX, WY)
WI=WX*WY*DJACB
DO 30 I=1,28
DO 30 J=1,28
30 S(I,J)=S(I,J)}+WT*BTDB(I,J)
20 CONTINUE
180 RETURN
END ,
SUBROUTINE SFR(S, T, DJACB)
ROUTINE TO CALCULATE THE JACOBIA& OF AN ELEMENT AND CART-
ESIAN DERIVATIVES OF SHAPE FUNCTIONS

O O G 0

COMMON/DIM/XX(2,4), X{100}, ¥(100), NODN( 100, 4)
COMMON/MAT/CARTD(2, 4), DERIV(2, 4},Q0(5,5),Q390(5,5)
#,SHAPE(4),BTDB(zs,28),F(4),GX(4),HY(4),D(1$,13)
DIMENSION XJ(2,2),XJI(2,2)

SP=1. 045

TP=1.0+T

SN=1.0-5

TN=1.0-T

SHAPE{1)=0., 25*SN*TN

SHAPE(2)=0. 25*SP*TN

SHAPE(3)=0. 25*SP*TP

SHAPE(4)=0.25*SN*TP

DERIV(1, 1)=-0.25*TN

DERIV(1,2)=0.25%*TN

DERIV(1,3)=0.25*TP "~

DERIV(1,4)=-0,25*TP

DERIV(2, 1}=-0.25*SN

DERIV(2,2)=-0.25*SP

DERIV(2,3)=0.25*SP

DERIV(2,4)=0, 25*SN

Do 110 I=1,2

DO 110 J=1,2
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DUM=0. 0
DO 105 K=1,4
105  DUM=DUM+DERIV(I, K)*XX(J,K)
110 XJ(I, J)=DUM '
DJACB=XJ{1,1)*XJ(2,2)-XJ (2, 1)*XJi1,2)
DUM=1. 0/DJACE
XJT(1, 1)=XJ(2,2)*DUM
XJI(1,2)=XJ(2, 1) *DUM
XJI(2,1)=XJ(1,2)*DUM
XJI(2,2)=XJ(1, 1)*DUM
WRITE(2, *)’ XJ1’
WRITE(2,*) ((XJI(I,J),J=1,2), I=1,2)
DO 130 IDIME=1,2
DO 130 INODE=1,4
CARTD(IDIME, INODE)=0.0
.DO 130 JDIME=1,2
CARTD( IDIME, INODE)=CARTD( IDIME, INODE )+
#XJT{IDIME, JDIME) *DERIV( JDIME, INODE)
130 CONTINUE
RETURN
END
SUBROUTINE CONSTI
CALCULATES THE STIFFNESS MATRIX OF A LAMINA AND STORES IN
Q, AND Qg FOR LAMINATION ANGLE 0° AND 90° RESPECTIVELY

a o a a

...............................................................

DOUBLE PRECISION SP,QR(5,5),PI

COMMON/STIF/EY1,EY2,G12,G13,G23, V12, V21, P(3), HGT(4)

éOMMON/HAT/CARTD(Z,4),DERIV(2,4),Q0(5,5),Q90(5,5)
_#,SHAPE(4), BTDB(28,28),F(4),GX(4),HY(4),D(13, 13)

DIMENSION A(5,8),B(5,5),C(58,5),CC(3,5,5),
#D1(5,5),E(5,5),G6(58,5)

QI1=EY1/(1.0-V12%V21)

Q12=VI2*EY2/(1.0-Vi2*V21) .. .

Q22=EY2/(1.0-V12*V21)

Q33=G12
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210

230

044=G13
Q55=G23

DO 210 I=1,5

DO 210 J=1,5

QB(I,J)=0.0

A(1,J)=0.0

'B(I,J)=0.0

C(1,J)=0.0

D1(1,J)=0.0

E(I,J)=0.0

G(I,J)=0.0

Qo(1,J)=0.0

Q90(1, J)=0.0

DO 220 IP=1,3

THETA=P(IP)

PI=4.DO*DATAN(1.DQ)

SP=THETA*P1/180.0
QB(1,1)=Q11*DCOS(SP)**4,0+2.0*(Q12+2.0%Q33)
#*DCOS(SP)**2. 0*DSIN(SP)**2. 0+Q22*DSIN(SP)**4.0
0B(1,2)=(Q11+Q22-4. 0*Q33) *DCOS(SP) **2. 0*DSIN(SP)**2.0
#+012%(DCOS(SP)**4. 0+DSIN(SP)**4.0) ‘
QB(2,2)=011*(DSIN(SP}**4,0)+2. 0*(Q12+2. 0*Q33) * (DCOS(SP)**2.0)
#*(DSIN(SP)**2.0)+Q22* (DCOS(SP)}**4. 0}
QB(3,3)={Q11+Q22-2. 0*Q12-2. 0*Q33) *(DCOS(SP)**2.0) *(DSIN(SP} -
#%**2.0)+Q33* ((DCOS(SP)**4.0)+(DSIN(SP)**4.0))
QB(1,3)=(Q11-2.0*Q33-Q12)*(DCOS(SP)}**3.0)*DSIN(SP)+
#(Q12-Q22+2. 0*Q33)*DCOS(SP}* (DSIN(SP)**3.0) .

" QB(2,3)=(Q11-2.0%Q33-012)*DCOS(SP) * (DSIN{SP)**3.0)+

#{Q12-022+2. 0*Q33) *(DCOS(SP)**3. 0)*DSIN(SP)
QB(4,4)=044* (DCOS(SP)**2.0)+Q55*(DSIN(SP}**2.0)
QB(4,5)=(Q55-Q44) *DCOS(SP) *DSIN(SP)
QB(5,5)=044* (DSIN(SP)**2. 0} +Q55* (DCOS(SP)**2. 0}
DO 230 I=1,5
DO 230 J=1,5
QB(J, 1)=0QB(I,J)

IF(THETA. EQ. 0. 0)GOTO 235
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IF(THETA. EQ. 90.0)GOTO 240
235 DO 250 I=1,5
DO 250 J=1,5
250  QO(I,J)=QB(I,J)
~ GOTO 260
240 DO 255 I=1,5
DO 285 J=1,5
255  Q90(I, J)=QB(I,J)
260  CONTINUE
DO 275 I=1,5
DO 278 J=1,5
A(I,J}=A(1,J)+QB{I,J)*(HGT(IP+1}-HGT(IP})
B(I,J)=B(1,J)+QB(I,J)*((HGT(IP+1)**2. 0-HGT{IP)**2.0)/2.0)
C(1,J)=C(I,J)+QB(I,J)*((HGT(IP+1)**3,0-HCT(IP)**3,0)/3.0)
D1(L,J)=D1(I1,J)+QB(L, J)*({HGT(I1P+1)**4.0-HGT(IP)**4.0)/4.0)
E(I,J)=E(I,J)}+QB(I,J)*((HGT(IP+1)**S. 0~-HGT(IP}**5.0)/5.0)
G(1,3)=G(1,J)+QB(I,J)*({HGT(IP+1)**7.0-HGT(IP)**7.0)/7.0)
275  CONTINUE
220  CONTINUE
DO 280 I=1,13
Do 280 J=1,13
280 D(1,J)=0.0
DO 290 1=1,3
DO 290 J=1,3
D(I,J)=A(1,J)
D(I,J+5)=B(L,J}
D(I,J+10)=D1(1,J)
D(I+5,J+5}=C(I,J)
D(I+5,J+10)=E(I,J)
290  D(I+10,J+10)=G(I,J)
DO 300 1=4,8
DO 300 J=4,5
D(I,J)=A(I,J)
D(I,J+B)=C(I,J)
300  D(I+5,J+5)=E(I,J)
Do 310 1=1,13
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DO 310 J=t,13
310 D(J, 1)=D(1,J)
RETURN
'END
'SUBROUTINE BMAT(TH, R, )
ROUTINE TO FIND THE STRAIN-DISPLACEMENT MATRIX AT THE
' SAMPLING POINTS ' '

o 0O 0 0

COMMON/MAT/CARTD(2, 4), DERIV(2,4),Q0(5,5)}, Q90(5, &)
#, SHAPE(4),BTDB(28,28),F(4),GX(4),HY(4),D(13, 13)
COMMON/DIM/XX(2,4), X(100), Y(100), NODN( 100, 4)
COMMON/TRY/BRB(13, 28),B2(5, 13), B(%, 28), DB(13, 28),
#BTD(28,5),BT(28, 13),FX(4),FXX(4),FXY(4),FYY(4),FY{4),GY(4),"
#GXX(4),GYY(4),CXY(4), HX(4), HXX(4), HYY(4), HXY(4),G(4), H(4)
DIMENSION RR(4),SS{4)
DO 308 I=1,13
DO 309 J=1,28
303  BB(I,J)=0.0
DO 320 I=1,28
DO 320 J=1,28
320  BTDB(I,J}=0.0
DO 330 I=1,28
DO 330 J=1,13
DB(J,1)=0.0
330 BT(I,J)=0.0
C3=-4.0/(3. 0*TH**2)
© C2=-4.0/(TH**2)
AA=XX(1,2)-%X(1,1)
B1=XX(2, 3)-XX(2, 2)

RR(1)=-1.0
RR(2)=1.0

RR(3)=1.0
RR(A4)=-1.0
S5(1)=-1.0
$5(2)=-1.0
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S5(3)=t1.0

S5(4)=1.0

DO 335 I=1,4
F(I)=0.125% (1. 0+R*RR(I))*(1.0+5%1S(1))*
+(2. 0+R*RR(I)+S*SS(1)-R*R-S*S)
DUM=1,0/(4. 0%AA)

FX(T)=DUM* (1.0+S*SS(I))* (RR(I)* (2. O+R*RR(1)+S*SS(1)-R*R~§*S)+
+(1.0+R*RR(I))*(RR(I)-2.0*R))

DUM=1.0/(4, 0*B1)

FY(I)=DUM* (1. 0+R*RR(I)}*(SS(1)*(2. 0+R*RR(I)+S*SS(1)-R*R-S*S)+
+(1.0+5*SS(1}}*(SS(1)-2.0*3))

DUM=1.0/(2. 0*AA*AA) ,
FXX(1)=DUM*(RR(I)*(1.0+S*SS(I))*(RR(1)~2.0%R)+(1.0+S*SS(I)}*
+(RR(I)**2-4, 0*R*RR(I)-2.0))

DUM=1.0/(2. 0*B1*B1)

FYY(I)=DUM* (1.0+R*RR(T))*(2.0*SS(I)}*SS(1)~6.0*S*SS(1)-2.0)
DUM=1.0/(2. 0*AA*B1)

FXY(I)=DUM* (4.0*RR(1)*SS(1)+2.0*K*RR(I)*RR(1)*SS(1)+
+2. O*S*RR{I)*SS(1)*SS(1)-3. 0*R*R*RR(1)*SS(1)-
+3.0*S*S*RR(I)*SS(I1}-2. 0*R*SS(1)-2. 0*S*RR(1))

DUM=AA/16. 0 ‘
G(I)=DUM*RR(T)*(1.0+R*RR(I))**2*(1.0+S*SS(1))*(R*RR{1)~1.0)
GX(I)=0.125*RR(I1)*(1, 0+R*RR({1))*(1.0+S*SS(I})*(3.0*R*RR(I)*
+RR(I}-RR(I))

DUM=1.0/(2. 0*AA) _ _
GXX(I}=DUM*RR({I)**3*{1.0+5*S5{1)}*(3.0*R*RR(I1}+1.0)
DUM=1.0/(4, 0*B1)
GXY(I)=DUM*RR(I)*RR(I)*(1.0+R*RR(I))*SS(I)*(3.0*R*RR(I)-1.0)
DUM=AA/ (8. 0*B1) '
GY(I1)=DUM*RR(I)*SS(I)*(1.0+R*RR{I))**2%(R*RR(1)-1.0)
GYY(1)=0.0 '

DUM=B1/16. 0
H(I)=DUM*SS(1)*(1.0+R*RR(I))*(1.0+5*S5(1))**2*(S*SS(1)-1.0)
DUM=B1/(8.0%AA) |
HX(1)=DUM*RR(I)*SS(I}*(1,0+5*S5(1))**2*(S*SS(1)-1,0)
HXX(1)=0.0




DUM=1.0/(4.0%AA)
HXY(I)=DUM*RR(I)*SS(I)*SS(I)*(1.0+S*SS(1))*(3.0*S*SS(1)-1.0)
HY(I)=0.125%SS(1)*SS{I)*(1.0+R*RR(I))*(1.0+5*SS(1))*
+{3.0*S*SS(1)-1.0)
DUM=1.0/(2.0*B1)
335  HYY(I)=DUM*SS(I)**3*(1.0+R*RR(I))*(3.0%S*SS(1)+1.0)
345  FORMAT(5F10.5) | : '
DO 350 INODE=1,4
M=INODE-1
N=M*7
BB( 1, N+1}=CARTD(1, INODE)
BB(2,N+2)=CARTD(2, INODE)
BB(B,N+1)=CARTD(2;INODE)
BB{3, N+2)=CARTD( 1, INODE)
BB(4, N+3)=SHAPE( INODE)
BB(4, N+5)=FX(INODE)
"BB(4,N+6)=GX(INODE)
'BB{4,N+7)=HX(INODE)
BB(S, N+4 )=SHAPE( INODE) -
~ BB(5,N+5)=FY(INODE)
BB(5,N+6)=GY(INODE)
BB(5,N+7)=HY(INODE)
BB{6, N+3)=CARTD( 1, INCDE}
BB(7, N+4)=CARTD(2, INODE}
BB(8, N+3)=CARTD(2, INODE}
BB(8, N+4)=CARTD(1, INODE)
BR(9, N+3)=C2*SHAPE( INODE)
BB(9, N+5)=C2*FX( INODE)
BB(9, N+6}=C2*GX( INODE)
BB(9, N+7)}=C2*HX ( INODE)
BB( 10, N+4)=C2*SHAPE ( INODE)
BB( 10, N+5)=C2*FY ( INODE)
BB{ 10, N+6)=C2*GY ( INODE)
BB(10, N+7)=C2*HY (INODE)
BB(11, N+3)=C3*CARTD(1, INODE)
BB(11, N+5)=C3*FXX( INODE)

186




350

360

370

‘380

oo & n

- BB(11, N+8)=C3*GXX( INODE)

BB(12,N+§)=C3*FYY(INQDE)_

BB(11, N+7)=C3*HXX(INODE)
BB(12, N+4)=C3*CARTD(2, INODE)

BB(12, N+B)=C3*GYY( INODE)
BB(12, N+7)=C3*HYY({ INODE} : o
BB(13, N+3)=C3*CARTD(2, INODE) .

BB( 13, N+4)=C3*CARTD( 1, INODE)

BB(13, N+5}=2, 0*C3*FXY ( INODE)

BB(13, N+B81}=2. 0*C3*GXY ( INODE)

BB(13,N+7)=2, 0*C3*HXY({ INODE)

CONTINUE
DO 360 I=1,28

DO 360 J=1,13 -

BT(1,J)=BB(J, 1)

DO 370 I=1,13

Do 370 J=1,28

DO 370 K=1, 13
DB{I,J)=DB(I,J)+D(I,K)}*BB(K,J)

DO 380 1=1,28

DO 380 J=1,28

DO 380 K=1,13

BTDB(T, J)=BTDB(1, J)+BT(I,K)*DB(K, J)
RETURN

END

SUBROUTINE LOAD(RI, SI, DJACB, WX, WY)

ROUTINE TO GENERATE ELEMENT LOAD VECTOR FOR SINUSOIDAL
LOADING

DOUBLE PRECISION PI,Q, ALPHA,BETA
COMMON/GAUS/XG(4, 4), WGT(4,4), NINT, TH
COMMON/ELT/NUMNP,NE,NEDOF,IID(?,100);LH(28,100),MAXA(1000)
+{NWK,SK(1000O).S(28,28),R(iSO).ELD(28).NEQ,HHT(1000),NEQ1,ND
COMMON/MAT/CARTD(2;4],DERIV(2,4},QO(S,S),QQU(S,5} .
#, SHAPE(4) , BTDB(28, 28) , F(4), GX(4), HY(4), D(13, 13)
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COMMON/TRY/BB(13, 28),B2(5, 13), B(5, 28),DB(13, 28),
#BTD(28,5),BT(28, 13}, FX(4),FXX(4),FXY(4),FYY(4),FY(4),CY{4),
#GXX(4),GYY(4),GXY(4), HX(4), HXX(4),HYY(4), HXY(4),G(4), H(4)

- COMMON/DIM/XX(2,4),X(100), Y(100), NODN(100, 4)

DIMENSION GPCOD{2)

PI=4.DO*DATAN(1.D0O)

DO 401 IDIME=1,2

GPCOD{IDIME)=0.0

DO 401 INODE=1,4
. GPCOD(IDIME)=GPCOD(IDIME ) +SHAPE( INODE) *XX( IDIME, INODE)

401  CONTINUE

ALPHA=(P1/400.0)*GPCOD(1)

BETA=(P1./400. 0)*GPCOD(2)

Q=DSIN(ALPHA) *DSIN(BETA)

P=Q*WX*WY*DJACB

DO 410 INODE=1, 4

K={ INODE-1)*7

ELD(X+5)=FELD(X+5)+P*(F({ INODE) )

ELD(K+6)=ELD(K+6)+P* (G(INODE})

410  ELD(K+7)=ELD{K+7)+P* (H(INODE))

RETURN

END

SUBROUTINE UDL16(RI, ST, DJACB, WX, WY)

................................................................

...............................................................

DOUBLE PRECISION PI,Q, ALPHA, BETA
COMMON/DIM/XX(2,4), X{100), Y(100), NODN( 100, 4)
COMMON/ELT/NUMNP, NE, NEDOF, IID(7, 100), LM{(28, 100), MAXA({1000)

+, NWK, SK(10000),S(28,28), R(150), ELD{28), NEQ, MHT( 1000}, NEQ1, ND
COMMON/GAUS/XG(4,4),WGT(4,4)}, NINT, TH
COMMON/MAT/CARTD(2, 4}, DERIV(2, 4),1Q0(5,5),Q90(5, 5)

¥, SHAPE(4),BTDB(28, 28),F(4),GX{4),HY(4),D(13, 13)
COMMON/TRY/BB(13,28),B2(5, 13), B{%, 28}, DB(13, 28),
#BTD(ES,S),BT(ZS,13),FX{4},FXX(4),FXY(4),FYY{4),FY(4),GY(4). 
#GXX(4),GYY(&),GXY{4},HX(4),HXX(4),HYY(4),HXY(4),G(4),H(4) '
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DIMENSION GPCOD(2)
PI=4.DO*DATAN(1.D0)
DO 401 IDIME=1,2
GPCOD( IDIME)=0. 0
" DO 401 INODE=1,4
GPCOD( IDIME)=GPCOD( IDIME) +SHAPE( INODE) *XX ( IDIME, INODE)
401  CONTINUE
' ALPHA=(P1/400, 0)*GPCOD(1)
BETA=(P1,/400.0) *GPCOD(2)
DO 420 I=1,29,2
DO 420 J=1,29,2
QUN=16. 0/ (PI*PI*1*J)
Q=QMN*DSIN( I*ALPHA) *DSIN(J*BETA)
P=Q* WX*WY*DJACB
DO 410 INODE=1,4
K={ INODE-1)*7
"ELD(K+5)=ELD(K+8) +P*F ( INODE)
ELD(X+6)=ELD(K+6 )+P*G( INODE)
410 ELD(K+7)=ELD(K+7)+P*H( INODE)
420 CONTINUE
“RETURN
END
SUBROUTINE STRESS(TH)

................................................................

CALCULATES STI'\;ESSES AT 2x2 GAUSS SAMPLING POINTS FOR EACH
ELEMENTS

O O O 0

COMMON/ELT/NUMNP, NE, NEDOF, T1D(7, 100), LM(28, 100) , MAXA( 1000)
+,NWK, SK(10000}, S(28, 28),R(150), ELD(28) , NEQ, MHT( 1000} , NEQ1, ND
COMMON/DIM/XX(2, 4); X(100), Y(100), NODN( 100, 4)
COMMON/MAT/CARTD(2, 4), DERIV(2, 4), Q0(5, §), Q90(5, 5)
i, SHAPE(4), BTDB(28, 28), F(4),GX(4), RY(4),D(13, 13)
COMMON/TRY/BB(13, 28), B2(5, 13), B(5, 28), DB(13. 28) ,
#BTD(28,5),BT(28,13),FX(4),FXX(4),FXY(4),FYY(4),FY(4),GY(4),
HGXX(4),GYY{4),GXY(4),HX(4),HXX(4), HYY(4), HXY(4), G(4), H(4)
DIMENSION Z(4),X1(4),Y1(4),ST(5),STR(5), SMU(4,4),0(4,5,5)
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+,STRS(20), SIG(4), STRES(16, 4,20), SIGN(4), RR(28)
Z(1)=-TH/2.0
Z(2)=-TH/4.0
2(3)=-TH/4.0
Z2(4)=0.0
X1(1)=-0.57735
X1(2)=0.57735
X1(3)=0.57735
X1(4)=-0.57735
Y1(1)=-0.57735
Y1(2)=-0.57735
Y1(3)=0.57735
Y1(4)=0.57735
DO 1000 I=1,20
1000 -STRS(I)=0.0
DO 1112 I=1,NE
DO 1112 J=1,4
‘DO 1112 K=1,20°
1112 STRES(I,J,K)=0.0
DO 3.1=1,4
Do 2 J=1,4
J2 . SMU(I,J)=0.0
SMU(I, 1)=1.866
SMU(1,2)=-.5
SMU(1,3)=0. 1339
SMU(1,4)=-0.5
SMU(2,3)=-0.5
SMU(2,4)=0. 1339
SMU(3,4)=-0.5
Do 4 1=1,4
DO 4 J=1,4
4 SMU(J, I)=SMU(I, J)
DO 11 I=1,5
DO 11 J=1,5
0(1,1,J)=Q0(1,J)
Q(2,1,J}=Q0(1,J)
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1

501

30
20

502

Q(3, 1, J)=Q80(1, J)

DO 10 IELEM=1, 18
PO 501 I=1,28
RR(I)=0.0

DO 20 I=1,28
K=LM(I, IELEM)
IF(K.EQ.0)GOTO 30
RR(I)=R(K)

GOTO 20

RR(1)=0.0
CONTINUE .
11=NODN{ IELEM, 1)
12=NODN(IELEM, 2)
13=NODN( IELEM, 3)
14=NODN(IELEM, 4)
XX(1,1)=X(I1}
XX(1,2)=X(12)
XX(1,3)=X(13)
XX(1,4)=X(14)
XX(2, 1)=Y(11)
XX(2,2)=Y(I2)
XX(2,3)=Y(I3)
XX(2,4)=Y(14)

DO 12 1Z=1,4

DO 502 I=1,5

DO 502 J=1,13
B2(1,J)=0.0

DO 6 I=1,5
B2(1,1)=1.0

DO 7 I=1,3

J=1+5
B2(I,)=2(12)

PO 8 1=4,5

J=I+5
B2(I,J)=2(1Z)**2
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49

850

508

55

800

60

70
40

53

PO 9 1I=1,3
J=10+7

B2(I,J)=7(1Z)%*3

KGAUS=0
DO 40 LX=1,4
R1=X1(LX)
S1=Y1(LX)
KGAUS=KGAUS+1

CALL SFR(R1,S1, DJACB)

CALL BMAT(TH,R1,S1)

DO 49 1=1,5

DO 49 J=1,28 X
B(1,J)=0.0

DO 50 I=1,5

DO 50 J=1,28

DO 50 K=1, 13
B(I,J)=B(I,J)+B2(I,K) *BE(K, J)
DO 505 I=1,5

ST(1)=0.0

DO 55 I=1,5

DO 55 J=1,28
ST(I}=ST(I)+B(I,J)*RR{J)

DO 800 I=1,5

STR(I)=0.0

DO 70 1=1,5

DO 60 J=1,5
STR(1)=STR(1)+Q(IZ, I, J)*ST(J)
K=(KGAUS-1)*5+1
STRS(K)=STR(1)
CONTINUE

DO 80 I=1,5

DO 53 K=1,4
SIGN(K)=0.0
SIG(1)=STRS(1)
SIG(2)=STRS(I+5)
SIG(3)=STRS(1+10)
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100
80
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10

120
999

SIG(4)=STRS(I+15}
STRESSES ARE OBTAINED AT 2X2 GAUSS POINTS. THESE VALUES
ARE NORMALISED USING THE TECHNIQUE OF LOCAL STRESS SMOOTH- .
ENING AND THESE STRESSES WILL BE TRANSFERED TO THE CORNER
NODES IN THE FOLLOWING FEW STEPS

DO 90 I1=1,4

DO 90 J1=1,4

SIGN(I1)=SIGN(I1)+SMU(I1,J1)*SIG{J1)

DO 100 Ii=1,4

K=(I-1)*4+11

STRES(IELEM, I2,K)=SIGN(T1)

CONTINUE ‘

~ CONTINUE

CONTINUE

-CONTINUE

WRITE(2, *)’ STRESS’

DO 120 1=1, 18,15

DO 120 J=1,4

WRITE(Z, *)’ELEMENT & LEVEL ARE =',1,J
WRITE(2,999) (STRES(I, J,K), X=1, 20)
FORMAT(4(E20. 10, 1X) )

RETURN

END
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