A STCCHASTIC MAWAGEMENT MODEL FOR THE
OPERATION OF A STREAM-AQUIFER SYSTEM

By
Adan Emigdio Z. Flores W.

Submitted in Partial Pulfillment
of the Reguirements for The Degree of
Doctor of Philosophy

NEW MEAICC INSTITUTE OF MINING AKD TECHENOLOGY

Socorro, New Mexico

February, 1976



T dedicate this work to my parents, Lic, Luciano 7,
Floreg and Manuvela W. de Z. Flores, to my wife, Olga L,
de 7. Flores and daughter ITucia Z. Flores L, as well as

to the other members of my family.



ACKNOWIEDGMERTS

I give ny thanks to the members of my advisory commitiee,
who devoted much of their time to criticize and revise this
work. I am indebted to my thesis adviser, Dr. Lynn Gelhsr
for his assistance and congtructive criticism. Special thanks
are due to Dr. Gerardo Gross who provided opportune help when
it was needed. The encouragement and important suggestions
of Dr. Allen Gutjahr are gratefully acknowledged. Dr. Thomas
WMaddock III provided unpublished data used in the comparative
testing of the model. Mr. Robert Martinez who provided computer
programmning advise is also acknowledged.

Finally I whish to thank all students that helped me

in reading and reviewing parts of the manuscript.

ii




ABSTRACT

The objeétive of this study is to develop aﬁd evaluate
a simple management technique through which the cost of |
conjunctive operation of surface water and groundwater
resources can be minimized under the effect of uncertainty.

A lumped parameter model represents the physics éf'the
systemn and a linear outflow equation sinulates the stream-
aguifer flow. A subsurface outflow constant related to the
response time of the aguifer proves to be an important
concept in the simulation process. Furthermore, a drawdown
correction is developed to coﬁpute the drawdown at wells.

In the developing of the management model, dynanics
in the operation of the system iz obtained by using linear
decision rules. The nonlinear optimization problem {pumping
cost dependent on the drawdown and the pumping volume) is
solved by an iterative procedure which uses a standard
linear programming package.

To study the effect of randomness in the system,
uncertainties in the water demand, natural inputs and the
physical properties of the system are considered. A
stochastic differentialvequation governs the system and
some of the statistics are obtained via spectral analysis.
In addition, a conditional probability approach is followed
to account for a random subsurface outflow constant. Chance
constraints aré introduced to include probabilities of

satisfaction of constraints.
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To test the reliability of the proposed model a
comparative test with a previous study using a distributed
parameter model is carried out; good agreement is obtained.
An application to a basin in northwesterm Mexico shows the
capability of the proposed model in regidnal management
problems involving hundreds of wells and large surface
water facilities. A sensitivity analysis in the latter
application shows a larger increase in the operational
cost due to uncertainty in the water demand than to uncer-~

tainty in the aquifer parameters.
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CHAPTER 1 IRTRODUCTION

1.1 Background

o ti -

There is urgent need in many areas of the world to de=-
velop or allcocate water resources in an optimal manner.
Aquifers important reservoirs provided by nature and able
to store aand convey water, and to improve its quality oflten
are not used pfoperly by planners; instead, emphasis is given
to the development of surface water resources by constructing
large reservoirs and ignoring the dynamic connection bte=-
tween stream eand aguifer. Management of the conjunctive use
of groundwater and surface water is an amenable sclution to
the problem.

In recent yvears, the use of distributed models in
groundwater hydrology has been widespread. The trénd hes
been favored by the development of numerical technigues and
electronic computers. Regardless of field information avall-
able, the trend has been biased toward more elegant and de-
tailed technigues.

With the previous ildeas in mind the present study was
oriented toward developing simple models capable of simu-
lating the behavior of an interconnected stream-aquifer sys-
ten and managing it in an economically optimal way. There
was also interest in the study of the effects of wncertain-
ties induced by nature and man on the operation of the sys-

Tem,



1.2 Previous Work

fym——

Optimal management of the conjunctive use of surface
water and groundwater is a complex problem widely discussed
in the literature but not yet exhausted.

mable 1.1 presents a review of the literature on
optimal management of the conjunctive use of surface water
(sW) and groundwater (GW); it alsc lists papers related to
the research subject in terms of concepts and techniques.

Dynamic Programming is a widely used oﬁtimization tech-
nique {(see Table 1.1). It is favored mainly because of the
dynamic characteristics of the management problem., There-
fore, it is extensively used for scheduvuling purposes. Frob-
abilities of events can easily Dbe included in its recursive
equation (Buras, 1963%; Saleem and Jacob, 1971) which is
based on the optimality principle (Bellman, 1957, p.83). In
general, a computer program has to be written for solving a
specific problem. See Aron (1969) for advantages and disad—
vantages of the technique.

Linear Programmning has fewer advantages than dynamic
programming mainly because of nonlinear pumping costs and
the dynamics of the system; see Table 1.1.

A significant contritutor to a better understanding of
the economics of groundwater resources has been 0., Burt. A
sequence of his papers (Table 1.1) discussesg intensively the
problem of optimal water allocation where random streamflows

nd conditional probabilities for storages have been included.

Simple decision rules were developed and Burt (1970) worked
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1

out a situvation in which institutional constraints were im-
por‘tan‘b o

Few cases with variable pumping cost, depehdent on the
well drawdown, are found in the literature (Buras, 1963;
Aron, 1969; Maddock, 1972a; Yu and Haimes, 1974).

A linear decisiom rulé in connection with chance con-
gtraints was used by Revelle et.al. (1969) in the optimal
design and operation of a surface reservoir. Much contro-
versy arose concerning the use of the linear decision rule
(8e€ €.8. Léckus, 1870; Eisel, 1970; Kirby et.a., 1970;
Nayak and Arora, 1970). A zero decision rule was used by
Nieswand and Granston (1971) to find the deterministic
equivalent of the chance constraint in the management of
the conjunctive use of surface water and groundwater.

Maddock (1974) emphasizes the stcchastic nature ol the
problem and deals with a stochastic process represented by
its mean, variance and autocovariance {(persistence). Dear
and Levin (1967) deal explicitly with a lumped model which
ineludes a linear outflow, though ithe system consists of
only a groundwater reservoir.

The optimal management of the conjunctive use of ground-
water and surface water is a problem to which much attention
has been givenvin the literature. However, there are only a
few cases which have dealt with stochastic models, and none
of these have included uncertainty in the properties of the
stream—-aguifer syctem.

The representation of physical systems by distributed



models in the management model is a recent advance. Three
different couplings between the physical and management mod-
el have been noted. One includes the distributed aguifer
model in the objectiVe function and/or in the constraints df
the management mecdel (Taylor, 1970; Longenbaugh, 1970). An-
other considers only the distributed effect at the wells,
with part of the drawdown computation done outside of the
management model (Maddock, 1972; Morel Seytoux, 1975).
Thirdly, the drawdown may be computed entirely cutside of
the nenagenment model. Young and Bredehoeft (1972) followed
the latter approach; however instead of a mathematical pro-
gramming technigue a simulation technique was uged to ap-
proach and optimum.

Despite the common use of lineér reservoirs or lumped
parameter models to describe surface runoff phenomena (Chow
1964, Section 14), little importance has been given to this
type of model in groundwater hydrology. Kraijenhoff Van de
Leur (19%8),Dooge (1Y60), Briksson (1970), Zliasson (1971),
Downing et.a.(1974), Klemes (1974) and Gelhar and Wilson
(1974) deal with lumped model applications to groundwater

‘hydrology.

1.5 Purpose and Scope of this Study

The main purpose of this research is to develop simple
nd reliable models which can be used to manage a regional
system., The physical prototype under consideration 1s conmnposed
of a stream which is hydraulically connected to an agquifer;

uncertainties exist in its properties and inputs.



The principal objectives of the study are:

1. Development of a simple model capable of representing
the physics of a stream-agquifer system, simulating
the head in the aquifer and at the wells, and being
naturally connected to a management model.

2, Inclusion of uncertainties into the operation of the
gsystem.

3, Testing of the developed models against suitable
work obtained from the literature and application

to a real example.

Scope of the Study

A lumped model formed by an sguifer water balance and
a linear outilow term represents tﬁe strean-aguifer system.
The subsurface cutflow constant and the response time are
important concepts in the understanding and modeling of the
system. The mean water levels of the aguifer are computed
by a convolution integral. To obtain an average head at
pumping wells, a drawdown correction is included in the
physical model. A link between the physical and tThe manage-
‘ment models was obtained through the mean head of the aguifer.
Because of the nature of this connection it is possible to
solve a nonlinear optimization problem with an iterative
drocedure that uses a linear programming package.

When randomness is included in the system, a stochastic
differential equation represents the physical model, and the

Principal statistics of the head are obtained. The wicer—
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tainty in the head is described by its standard deviation.
By analysis of conditional probability, the uncertainty in
the outflow constant is included in the problem. The cross'
correlation function between head and pumping, was found
via spectral analysis. in the stochastic representation of
the management model, the expected value of the objective
function was used as an economnic indicator; uncertainties in
the demand of water and future availavility of water facil-
ities were included through chance constraints.

To examine the reliability of the proposed models, the
results are compared with results obtained frow a management
model connected to a distributed type of model (Maddock,
1974). The sensitiviiy of the system to uncertainties is
illustrated by an application of the models to a real basin

in northwestern Mexico,.
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CHATTER 2 DEVELOPMINT O THE
PHYSICAT 1I0DEL

2.1 Introduction

In recent years many authors have used distributed
models with the purpose of reproducing natural systems,Sone
of this work can be miSleading in that very detailed models
are not consistent with the field infeormation available. In
groundwater hydrology limited attention has been given to
lumped parameter models (Eraijenhoff Van de Leur, 1953;
vooge, 1960; Ven Schilfzaarde, 1965; Eriksson, 1970; Zliasson,
1971; Gelhar and ¥Wilson, 1974) but none used thiis typne of
model In stochastic management of groundwater systems.

A Jumped paramneter model consisting of an aquifer water
balance and a linear stream-aguifer flow will be developed

in this work. This model is defined as the physical model,

633

since it will deal with the physics of the groundwater flow

o

system. The siream-zguifer interaction and the mean head in

m

the aguifer are governed by this model. The output of the
physical model will serve zas a link to a management model.
In general, a system can be defined as a set of inter-
related objects which can respond to one or several inputs
Producing one or a series of outputs. Many definitions of a
system exist in several disciplines. Two interesting dis~
Cussions in the hydrological literature can be found in
Dooge (197%, ».%) and Chow (1973, p.17). A simplified rep-
reésentation of nature winich iries to clarify its behavior

by simulation is called a model. Chorafa (1665) defines
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ginmulation simply as a working analogy. A common practice

is to use a mathematical model to simulate a complex system.

A nathematical model is a set of mathemetical eguations used
to describe a model. A proposed classification of hydrological
nodels with reference to applications is given by Clarke
(1973a, p-10; 1973Db).

Two main types of models can be used to represent a
hydrological system. The distributed model describes the
spatial structure of a system and considers the inputs of
the system as distributed in tinme and space. In reneral, a
partial differential equation governs its behavior. The
Jumped paramever model groups inputs, and deals with =
system in which temporal wvariation of the parameters isg
treated by an ordinary differential equation while spatial
variation of the parameters is not considered. Black box is
another name for a lumped model, because inoults and outputs
can be measured, although the process which governs the
system is masked, distorited or averaged. In other words no
detailed description of interrelated processes is observed

(Domenico, 14972, p.8).

2.2 Mathematical Representation of the Lumped Model

Description of the System

The systen studied in this work is formed by two
interconnected subsystems, an aguifer and a stream (Figurc
2¢1). An aguifer is defined as a saturated and permeable

Py

bed, formation or group of formations able to yield a
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EXPLANATICON
> Flow direction
4 Precipitation

T Evapotranspiration.

Fig, 2.1 Schematic representation of a natural

stream~aquifer system.
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substantial amount of water. The aquifer is unconfined or
tends to be so at a regiomal scale. The stream can have one
or several branches, is connected tc the aguifer, and can
pe uncontrolled or controlled by a reservoir..

The system may or may not be connected to other sys-—
tems., The inputs to the system are natural and artificial
recharge, irrigation return flow, subsurface inflow and
streamflow; the outputs from the system are pumping,

4

subsurface outflow evapotranspiration and any downsitream

streamflow losses or water rights.

=L

Development of the Tumped lodel

The process that describes the behavior of the systen
is mass transport, governed by the law of conservaiion of
water. The mathemnatical model which defines the system is
an ordinary differential ecguaticn developed from the above

principle and represents a water balance of the aguifer.

Amount of water that Amount of water that
goes into the system - comes out of the systen
in the interval At in the intexrval AT

Change of anmount of
= water stored in the

aquifer in the interval At

or in symbols
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(Vig = Voug)/ At = SAV/ At (2.1)
where, S is the storage coefficient (or specific yield).

A continuous representation can be found taking limits

of both sides of equation 2.1

Q, = Oyt = S av/at | (2.2)
Now let

dv = Adh
and

¥ = Q4 = Qoug)/4

where v, is the nmet inflow to the system, A 18 the area
Ean —_

of the aquifer, and h 1s the mean water level in the

aquifer. Substituting into egquation 2.2 we obtain

3 dh/dt = Tg (2.3)

The stream—aguifer flow may be approximated by a linear

Term

qg=a (H -h)



where, O 1s the mean water level of the streamn and 2
15 called the subguxface outilow constant.

Tntroducing the above eguation into (2.%) produces

g dn/dt + ah = ¥y (2.4)

Jheie r ig a Fictitious net input of the system with
! H -

mnits of I/T and based on the aguifer area 4 defined by

v o= yR + aH

Bguation 2.4 is an ordinary diff@r@nﬁial equation which
uifer and its comnection to a strean in &
lumped manner.
The physical model exactly represents the natural system
except for the assumption of linearity in the stream-—aquifer

flow.

2.% Subsurface Outflow Conglbant

————

Strean—~iculfer Iunteraction

The use of linear models to represent outflows 1s &
common practice in surface hydrology (Chow, 1964, p.14.27).

However, few investigators have tried to apply these gimple
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models to depict subsurface flows.

In this section we make use of several elementary
sclutions for groundwater flow to determine the structure
and magnitude of the subsurface outflow ceonstant. Background
information on the development of these elementary solutions
can be found in texts on subsurface hydrology (see e.g.,
pear, 1972). Though an actual system is nonlinear, the
gimplest most practical flow relationship betwszen z stream
and an agulifer, within the degree of accuracy required, ig

the linear one,

a(H -~ h) (2.5)

H

q

where

Q
s ]

tream-agquifer flow, IL/T;
a subsurface outflow constant, 1/T;
H mean stream stage, L;

h mean water table in the aquifer, I.

Development of the Subsurface Oulflow

Constant

AT et

The subsurface outflow constant a 1sg a very useful
System parameter. It accounts for stream channel charvancter—

istics such as, strean bed properties; type of flow; it also

s



subsurface outflow constant shows its relabtionghip to the
properties of the aguifer and the validity of the linear

assunption in the stream=-aqifer flow.

Effect of Lineawity Assumption on the

Stream~Aguifer Flow Computation

Let us consider a stream connected to an squifer with
A

natural recharge € , and under steady flow conditions, a8

gshown in Figure 2.2

Using the Dupuit approximation, the one dimensional

flow equation is (Bear, 1972, p.376).

d/dx (Kn dn/éx) + €= 0 (2.8)

‘where K is the hydraulic conductivity of the agquifer
(L/7Y. Integrating equation 2,8 and using the boundary

condition

X o= Ty &11/’dx = 0
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jncludes the aquifer geometry, transmissivity of the aquifer,
and recharge and withdrawal distribution. Tnis constant is
related to the time that the aguifer tekes To respond to an
input and allows the computation of the stream—aquifer Llow
in a simple way.

The subsurface outflow constant, a , is defined as
the stream-aquifer flow per unit agquifer area under a unit
difference of mean head between the aquifexr and a gtream,
wnich mey be either influent or effluent.

Multiplying (2.5) by the horizontal area of the aguifer,

A gives

&
1
i®

w

A = aA(H - h) (2.6)

which may be rewritten to give

a = (QS/A)/ (H - h) (2.7)

where the variables are

4
Qg stream-agquifer discharge, L7/T;

-

. 2
A aguifer area, L~ .

The following mathematical procedure to find the
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we obtain
Kb dh/ dx) = €(T ~x) | (2.9)

Integrating (2.9) with

we obtain
- H° = €x(2L - x)/K (2.10)
Solving for h

. 1
h H(1 + €x(2L - x)/KHQ)2

A second order approximaetion of the term in parentheses is

given by expanding the radical
ho- = €x(2L-x)/2KH - €°x°(2T~x)° /8K (2.11)
In addition,
L
F-H= 1/1 ] (h - H)ax | (2.12)
0

where T is the mean water table in the agquifer,

Substitute (2.11) into (2.12)
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E-H= €21 - € L2/5TH) /3T C(2.13)

where the transmissivity of the aquifer is T = XH.
From equation 2.11, we note that the difference belween

the maximum water level and the stream level, Ah , is
An = e€1®/2m - € 14/87%
or

AL/ = (1 - € L2/4TH) € 1.2/21H (2.14)

<

When the change in saturated thickness is small relative to
the aquifer devth, H,(AL/H<C1) the term € 12 /070 is
also small relative to unity; under these ceonditions it is
reasonable to neglect € LZ/STH in (2.13).

Then since the flow is gteady (g = €),
oam (T . 2

q = 37 (h - H)/L

. where

30/1° = B1/1° (2.15)

o
Il

Therefore, the subsurface outflow constant a ,
depends on tie transuissivity of the aguifer, T , &

characteristic length L , and a dimensionless consiant ﬁi

which will be discussed subsequently.
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The linear assumption in the stream-aquifer flow
implies that (2.14) must be satisfied. Under steady condi-
tions if the stream is influent or if the aquifer is subject
t0 withdrawals as in Figure 2.3, the same analysis applies

with € € 0 and the same subsurface ocutflow constant results.

Effect of Unsteady Tlow on the Subsurface

Outflow Constant

To examine the effect of unsteady flow on a , the

pupuit approximation given in linearized form (T = constant)
d(Tdn/dx)/ dx +€= Sdnh/ ot (2.16)
is used with the initial condition -

h - H =€,x(2L - x)/2T if <0

m
1
C
[N
H
&+
v
O

and boundary conditions similar to the steady state case.

‘The solution to (2.16) is

o0
h-H= % A exp(-n T /21)%t  Sin (T x/2T)
=1, .

(2.17)

wiere A is the sine Fourier coefficient of h - H,
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A= 8 €,L(1 -~ Cos mT )/Tm3 72

Using (2.17) and following a procedure similar to the
steady case, an average head of the aquifer, h , and the
unit stream-aquifer discharge, g , can be computed. Appendix
A details the development of the solution of equation 2,16
and the computation of a . Using (2.5) a value of the
subsurface outflow constent was found for unsteady flow

conditions.

/4 (TY/1%) = B /18

©
i

where

B=T/4

The above examples of unsteady and steady flow condi-
tions have shown us that the sbtructure of the subsurface
outflow constant remains the same except for the numerical
value of the dimensionless constant, ,ﬁi . Eraijenhoff Van
de Leur (1958, p. DY2) states that a constant ratio between
the storage in the aguifer and outflow rate can be approx-—
inated in a period of depletion. His conclusion is similar
to our introduction of the subsurface outflow constant,

1T the water table decline is large the linearity of
€duation 2.5, may produce excessively large flows from strean

to agquifer. in actuality, the flow approacines an asymptotic
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1imit (see, Figure 2.4) due to two restrictions: (1) the
rate of infiltration into the stream bed is limited as the
water table is lowered below.the stream bed and unsaturated
flow conditions develop and (2) the outflow relation (equa-
tion 2.13) becomes nonlinear when the change in water level
across the aquifer is of the same order as the aquifer
thickness.

Therefore, the stream-aguifer flow is not only con-
trolled by differences in head and aquifer properties but
also by the sireamflow and the physical characteristics of

+the stream bed.

Effect of Stream Clogoing on the Subsurface

Qutflow Constant

Several situations affecting the stream-aquifer flow
will be presented to give an idea of the range and type of
variables that affect the dimensionless constant.

Thé effect of stream bed clogging on the stream-aguifer
flow 1s shown first.

Applying barcy's law to the aquifer flow (Figure 2.5),

" the head difference across the semipermneable layer, Ah, 1is
aprroximated Dby

~Jt
—
—

€ Ld/HI{s o (2.18)
where, d is the thickness of the restrictive layer and

Ky its hydranlic conductivity (see TFigure 2.5).
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Qg = aA(H - h)

Q real case

H-nh
Fig. 2.4 Stream-aquifer flow as a function

of the stream-aquifexr head difference.
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Fig. 2.5 Stream—-aquifer flow, with the
stream clogged by a semipermeable
layer of thickness 4 and hydraulic

conductivity KS o
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Tf steady state is consgidered or ¢ = € , we have
q=a, (h= o) (2.19)

vhere &, is the subsurface outflow constant corrected for

the clogging layer. Also
q = a(h ~ h) | (2.20)
In Appendix B we show that
= a/(1 + 3B°/HL) (2.21)
where a , is The subsurface outflow constant for steady

state conditious, and B is defined as the leakage factox

(Davis and De Wiest, 1967, p.225).

s

= (1/(x,/d a))”

As expected, a, is smaller than a by a factor which

B

depends on the square of the leakage factor. A larger
meens smaller leaksge, therefore a smaller O and vice
versa. Thus the stream channel charscteristics can have g

sipnificant effect on the subsurface outflow constant.

Effect of Converging Aguifer Flow on

the Subsurface Outflow Constant

Two extreme cages will be cons JQ red: conversging and
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aiverging flow under steady state. The flow is radial and

converges toward the system outlet, the stream, as shown in

pigure 2.6.

Eqgquation 2,16 for steady state in cylindrical coordi-
N .
natves 18

i/r d (Tr dh/dr)/dr) = =€ (2.22)

where 1L 1s again taken as a constant.

The boundary conditions are

1
C

T = R, s dh/dr

and

The solution of (2.22) is

T (b - i) = (RS - x°) €/4 + (Iniz/n,)) €RS/2  (2.23)
The mean water level in the aquifer is
Ry
T-1-= 1/\35 —Ré}'ﬂ / (h - o) 2/r dr (2.24)
RO

Substituting (2.2%) into (2.24), integrating and assuning

b= 110/112«1 , we obtain



PLAN VIEW

A

TR TR
Y

h<;;‘\\\\\\\\\\‘<%?‘f“"

1
/

\

NN NN NN

S
RO

Ir
0

j=a ]
N

CROSS SECTICN A-A

Fig. 2.6 Converging aguifer-stream type of flow.
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E-fH=(1+281n §7 /2 -300+28,/8)e1/u
| (2.25)
gsing (2.5) and (2.25), we have

)

a=(1/\1+28)-(In §7 /2 - 3/8))7/1 (2.26)

Additional information concerning the development of
the above equations 1s available in Appendix C .
To give an idea of the magnitude of }3 for tnis type of

flow, assume that

and substitube into equation 2.26 to obtain
. 2
a = 1.07 T/L

and hence

P = 1.07

~

Effect of biverging Aguifer Flow on the

Subsurface Outflow Constant

To simulate the other extreme flow case, diverging
flow in an unco:fined aguifer is considered. Due to the
aquifer shape, the flow is forced radially to a constant

head boundary as shown in Figure 2.7.
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Using equation 2.22 plus the two boundary conditions

r=0 , @nh/dr =0
T = RZ ’ h=H
we obtain thie solution
T (b -T) = € (RS- T)/4 (2.27)

Computing the average weater level as
Rg )

L -H= jr 2T%h » dx/ X Ré (2.28)
o)

and substituting equation 2.27 into (2.28), we have

h-H = €ZR§/BT
Making use of equation 2.5
2
a = 8T/L (2.29)

The constant a is identical for a semicircular or a
wedge shaped aguifer with tiie same natural recharge £ .

Therefore, a reasonable range fox #i as a function
of aguifer geometry (converging and diverging flow) is 1 to

8. This range of variation on denionstrates the impor-
O &£



gance of a three dimensional flow on the computation of a.

Effect of Recharge Distribution on the

Subsurface Qutflow Constant

Congider steady flow in a homogeneous aquifer in which
the recharge occurs at the upper reaches of a basin (see
Figure 2.8). For the computation, the aguifer is divided
into two regions. Mathematically, this problem can be posed

as

'é:1ct L=€L

where €1 is the actual rate of recharge and & 1is the
rate of recharge applied over the entire aquifer.

The differential equation aprlicable to region 1 1is

d/dax (T &n,/dx) = - €, gz.ao)
where T 1s a constant. The boundary conditions are

dh1/ dx = 0O ,' x =0

h = h, . x = &

For region 2, the differential equation is

a/ax (7 dhz/dx) = 0 . (2.31)
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and the boundary conditions are

T dhz/dx =T dh1/dx . x =X L

mhe solutions of (2.30) and (2.31) are

b= H o+ (2612 (1 -0) + &2 T2 - x%) €,/20
(2.32)

and

ay
]

o = H + (04 €1 (L - x)/7 (2.3%)

The mean water level is computed by
, oKL L
= 1/T ( f h1 ax + / h, dx) (2.%4)
' 0 (s AW
Thereifore,
- 3 2
h-f= (3&/2 - O /2)eL%/3T (2.35)
and, since €, = €/ = aqag/%
(2.35) becomes

T -H= (3/2-0%/2) qi°/%7 (2.7%6)
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psing (2.5), we find the subsurface outflow constant
a= 67/(5 - &t?)r° (2.57)

with equation 2.37, we compute values for the two possible
extremes which might occur in nature, and hence the range
of the recharge distribution effect on the subsurface
outflow constant.

1f & = 1 , recharge occurs over tine entire aguifer and

a = 30/L° (2.38)

|

If O = 0 , recharge is concentrated on the impermeable

boundary, and

(2.39)
Equation 2.3%8 represents, of course, the value of 2

already computed for the steady-state case, and equation

2.39 can easily be verified by using Darcy's law, as fol-

lows:

€ 12/7

5
i
i
11

€L=T(ho—H)/L
Since the head distribution is linear, we may write

h-n= €L2/2T
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and with equation 2.5, we obtain
a= 2T/L2

wpnich verifies (2.39).

The obvious conclusion from the above analysis is that
the effect of the distribution of recharge or withdrawal is
not very significant, since fi ranges only from 2 to 3.

The effects of different aguifer properties in individual
segments of a stream-aquifer are discussed in Appendix D.
It is shown there that the system can be represented by a
sirgle linear reservoir only wnen a and S are the saie
in each segment.

4 summary of the range of & ; for all studied possi-
bilities is shown in Table 2.1. The #i ranges from 1.07
to G.

Gelhar et.al. (1974, p.94) applied spectral analysis
to a Dupuit aquifer with recharge over the erntire basin,
and obtained values of %2 within the above range.
Appendix E gzives a mathematical justification for the
use of average aquifer and stream water levels in equation
2.5,

In regions with limited field informetion Table 2,1
can be a helpful tool. If piezcemetric data exist, a more
reliable selection of &a can be made by tae following
drocedure:

a) From a piegometric map, compute the mean water level.
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b) Appiy Darcy's law to the flow passing through the
stream tubes closgse to the stream and calculate a
mean stream-aquifer flow or estimate the stream-
aquifer flow from an aquifer water balance.

c) Calculate a mean stream bed elevation from a
topographic map and use it to compute a mean stream
elevation.

d) Apply equation 2.6 and obvain the subsurface
outflow constant. Note that if the wells close to
the gtream are shallow an error in the sitream-
aquifer discharge can be intrcduced in the flow
computation (b), due to the fact that the hydraulic
gradients at the water table are greater than the
gradients deeper in the aquifer.

The previous anrnalysis investigates the validity of the
linear outflow assumption in representing the stresm-aguifer
interaction. It gives a rather narrow range of variation of
the subsurface outflow constant and presents a simple field
procedure to obtain the latter. The subsurface outflow
constant groups most of the system properties and helps to
- define the stream-aquifer flow in a simple way. Therefore
the subsurface outflow constant is a very important paramever
for defining or condensing important properties of the
system, Its limitations include the effect of a deep water

table in the streari-aguifer flow,
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2.4 Technigues Used to Solve the Tumped Model
2ol =

Analytical Scolution

The first technique presented for éolving the lumped
model is an analytical one. The solution of equation 2.4 is
: t
n(t) = b, exp(-at/s) + 1/ v(T) exp(-a(t-T)/s)aT
o (2.40)
where ho is the initial condition at t = O.

The Tirst term on the right hand side represents the
initial condition effect and the second term includes the
effect of all past inputs v(J) , on the system. The inte-
gral is usually called the superposition or convolution
integral (IMillexr, 1963, p.273). Thé nathematical development

of equation 2.40 is given in Appendix T .,

Finite Difference Apvroach

A finite difference revresentaticon of equation 2,40

can be written as

(h.

it (2.41)

— ‘ 3 =
h,) 8/At + (o, + bh;) a/2 =y
Solving equation 2.41 for hi+1 will give

(2.42)
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Bquation 2.42 is easily programmed for an electronic
computer; however, significant errors may be introduced by
an improper choice of the time interval At , as illustrated
by the following analysis.

Define the response time t, = s/a and assume, for
simplicity, that N is zero. The exact solution of the

jumped model (see, App. F) is

hi+1 = hi (exp(- At/.th)

Using a Taylor series exXpansion, wWe obtain
: 1 2 e 5 <
b, L% h (1 - (AB/ty) + (AT/%,)7/2 = CAS/%,)7/6
+ 0000) (2.43)

Expanding the denominator of eauation 2.42 and assuming

that yi is zero, we obtain

hy 2 n (1 - A%/2%,) (1 - (A/2%) + (At/2,)°

- (At/Zth)B T oenss)

or
Djq®ng (- (AS/ty) + (A/t)%/2 - (At/t,)7/4

+ coes) ' (2.44)
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rhe difference between equations 2.43 and 2.44 is on the
order of

h = (& t/th)3/12 (2.45)

exact = Mfinite differences
considering the first four terms of the expansions.

Therefore, a finite difference representation of the
head h , can introduce a significant error that depends on
the & t/(8/a) ratio. Thus it is seen that the increment
time of a specific problem muét be selected carefully.

For instance, a ratio At/“l:h of approximately 0.5
produces an error of about 1%. Since the error depends on
the third power (eguation 2.45), A't/th ratios greater than

1 are not reccomumended.

Discrete Representation

A discrete representation of the exact solution of the
lumped model was preferred over the finite difference ap-

proach. Eguation 2.4.15 rewritten
S dn/dt + 2 (h - y;/a) =0

If y. is constant during the time interval (i, i+1)
i

this can be written

S (a/dt) (h - yi/a) + a (h - yi/a) = 0
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1t has the solution
h - yi/a = G exp (-at/s)

where € 1is a constant of integration.

The initial conditions are
at t =0 s h=n"h

at t = t s hzhi+1

Therefore ,

which yields

hi+1 = hi exp(- aAt/S) + (1 = exp(- aAG/S )>‘Vi/a
(2.46)
This is equivalent to (2.4C) with the input v, oa constant

~in a time interval Atﬁ .

2.5 Response Time

A

The response time, 1 of the stiresam—aguifer systen

h b
is the time required for the water level excess over that
in the stream to drop to 1/e¢ ‘times tae original level

wnen there is no netv inflow to the aguifer (see Figure 2.9).
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h = expl=at/s)/s

5™ exp(~1)

e e
|
!
!

I
i

Fig. 2.9 Response time b, , as a function of the

strean-aquifer unit respon

)

eﬁ
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fhe unit response of the system (Appendix F ) is

h = exp{(- at/S)/s

and
n, = 1/se
Ty
Therefore,
t, = 5/a (2.47)

where S 1is the storage coefficient and

I
].J.
0]
i
>
o)

subsurfece outflow constant.

The ratioc of an active volume above the aquifer storage

~

with zero outflow, AV , to fThe stream-acuifer discharge,

Q

s ? is anotner definition of resyponse Time.

ct
!

n = Av/Q
or

t. = AS(H - h)/QS

v

where OS = Aa(H - 1) is the stream-aquifer discharge.

Therefore,



rote that this same definition would apply when the river

ig influent, but in this case the volume increment is the
active aquifer deficilt.

Chapman (1964) mentioned the imporlance of the wavio
of storage to Iflow. He gilves a table of typical values and
2leo mentions thet in esrid regions a value of at least fifty
vears, salely let ug use a steady state formula to compute
the flow. In an actual situation the steady svate approxi-
nation ig adequave if the long~term averaze of groundwater
flow is mcre lmportant than ogcillatlons casused by non-steady
fluctuations, as noted by EKraijenhoff (1954). Hence, as the

appropiate to use

response time ircreases it wlll be mowe

ate value of the dimensionless conztant A,

2.6 VWell Trawdown Correction

As noted earlier the output of the lumped rnodel i3 a
mean water level in the aguifer; its use ig limited to
specific types of problems. Costs of pumplang determined by
a model of this sort would be underestimated. Therefore, in

order Lo malke ouvr physical model capable of accounting not

only for average drawdowns but for local drawdowns at the

vwells, a correction was developed and added to the model.
several papers exist ian the field of petrolewn engineer-

Ng concerning the relationship of average pressures and

-

Specific pressures in a bounded reservoir. WMotthews eb. al,
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(1954) 5 presented a procedure using the superposition prin-
ciple for finding the difference between a so-called extrap-
olated pressure and an average pressure for different shapes
of reservoirs. Earlougher et.al. (1968) developed a simplified
procedure to find tne pressure distribution in a bounded
square, which was used as a building block to generate flow
pehavior in any rectangular region. Ramey ef.al. (1973)
checked the results obtained by earlier authors and presented
programe to solve rectangular shapes witn different Types of
boundaries.

To develop an average drawdown ccerrection the following

I~

assumptions are made: the flow in the aguifer is unsteady;

|.A

the aquifer area influenced by a given pumping well is =2

sguare of impermeable boundaries; the aguifer 1s confined.

o
m

Inasmuch as our model is lumped, a mean area of influence
for a well was obtained by dividing the entire area of study
by the number of wells. The work by Rarlougher et.al. (1863)
is followed closely.

First some of the variables entering in the problem
are presented. A water balance of a closed sguare 1s used

‘as the basic Ttool. Let

nl
1

Qt/AS
Viere s is an average drawdown, and A is the area of
the square. Rearranging and multiplying the above equation

[

by 2MWT , we find



oL E /Q = 2WTL/AS

woting that the left hand side of this equation is an average
v S o

dimensionless pressure, Ppy and the right hand side of The

ecquation can represent a dimensionless time based onm A

1., » we have

. —— -y P A
pp = 2T %p,

where
= 2WT 8/Q
and

L = P65/ AS

A table showing the dimensionless pressure, Doy against
tDA for ‘Vﬁ/rw = 2000 1is given by Barlougher et.al.
(1968). If different ratios of dﬁ/rw are found a correc-—
tion must he added to the Py values given in the table;

it is
In (( &A/x)/2000) (2.48)

For IDAQZOGZ was Lound that the difference in pres-

OLI.I‘ - ~ oo RS - o) Mo T T g
e Py was almost constant and equal to 6.29, as
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shown in Figure 2.10. Therefore, a simple formula is de-

veloped to represent the average drawdown at the wells and

it 1is

Sy = S = (6.29 + 1In (( JA/rw)/zoOO))Q/zﬂm (2.49)

where @ 1s an average instantaneous pumping.-
The average drawdown of the aquifer s is obtained

from the lumped model.

Conclusion

The use of the physical model presented in this chapter
is straightforward. It was prepared with the purpose of
linking it to a management model. it talkes into account the
stream—aquifer connection and models the agquifer under any
type of input. It represents & water balance cf the aguifer
and the only assurption made throughout its development is
a 1ineaf outflow which in most cases is satisfactory. Two
useful concepts were developed: the subsurface ocutflow
constant and the aguifer respounse time. The subsurface

‘outflow constant a , condenses several properties of the
system and allows for a siumple stream—aquifer interaction.
The aguifer response time is a ratio of an active voluue
above or below a basic aguifer storage with zero outflow,
%0 the stream-aquifer flow. The analysis shows that the
range of a is not large and a simple field procedure can

be used to determine this parameter. Since our model is
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jumped, all the variables are worked out in terms of space
. . .
agverages. A drawdown correction is successfully added to
average aquif ?
the ag quifer water level, %o represent the drawdown

in the wells.
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CHAPTER 3 MANAGEMENT MODEL
DEVEILOPMENT

3.1 Introduction

One objective of this study is to present a simple and
logical procedure for operating a system formed by a stream
connected to an aquifer under optimal economic conditious,
The interaction between the economics and the physics of
the system is represented by the management model, which
yields the optimal policy of operation. The model may also
be used for design of surface and groundwater facilities
(e.g. size of a dam, well fields and main canals).

The pumping cost will be considered as variable and
dependent, on the pumping volume and the total 1ift. Linear
decision rules will be used to define the decision variables.
These linear decision rules allow for more dynsmics in the
system operation and for a deterministic analogy of chance
constraints. A suitable link will be developed between the
physical and management models. This link simplifies the
objective function by computing the physical model outside
of the management model. As a consegquence of this link, it
is possible to use an iterative procedure anld a standard
linear programning technique to solve a nonlinear optimization

Problem.
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5,2 Systems Analysis Approach

Terminology

Systems Analysis or Opérations-Research is defined as
a scientific approach To problem solving for executive
wanagement (Wagner 196¢, p.4). However one of the main
problems encountered in the use of water resources is the
difference that exists in space, time and quality betweén
the natural water supply and the water demand. Therefore,
a more specific definition of operations research is; the
art or science of choosing from a number of feasible
alternatives whether it be in relation to planning, design,
construction or operating a water resourceg system. An
interesting discussion on the subject is found in Hall and
Dracup (1970, p.39). The analysis of the set ¢f alternatives
is carried out in an organized common-sense strategy of
techniques; ranking them according to a desired criterion
€.8. an'optimality criterion. The set of tecaniques available
to solve the problem of development, allocation and use of
limited resources to the best advantage is called Mathe-

- matical Programming. Optimization should be understood as
the problem of finding the best type of action from a set
of alternatives. An optimization procedure selects an
optimal policy. A set of decision wvariables that maximizes
Or minimizes a performance function subject to the system
constraints is called an optimal policy. An objective

function, return function, value funciticn or ceriterion
b4
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function is a function that establishes the criterion by

which the best solution is selected.

Objectives and Timitations

The main objective of the management model is to repro-
duce the economics and physics of the problem and generate
an optimal policy for the operation of the stréam—aquifer
system.

bifferent types of objectives of a water resource system
can be thought of; social, economic and political or a
combination of them. To simplify and to obtain a better
understanding of the stream-aguifer management problem, the
optimality criterion used in this study is based only on
economic terms. This study is based on the following as-
sumptions: (i) the management model is independent of changes
in economic activities generated by decisions taken during
the operation of the system, (il) a central agency i‘s‘
responsible for the management of the system under non-
conpetitive conditions, (iii) the water is used for agri-
culture only and (iv) no penaltiés are applied if the demand

is not satisfied.

3.3 Mathematical Programming

Before going to the technique used to obftain the optimal
Policy, the main componentes of the optimization procedure

will be discussed.
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Objective Function

The main guiding principle used to select the objec-
tive function was the allochtion of scarce water resources
at the minimum possible cost. Inasmuch as operational costs
need to be ccmputed, a comparison of costs occuring at
different points of {time in the future vas necessary. The
present worth waé, therefore, the economic concept used to
bring out all costs to the same reference level and in order
to perform this operation a nominal interest rate was used;
to review these concepts in more detail an engineering
economics Dook such as De Garno (1960) is recommended.

The objective function selected comnsidering conjunctive
use of surface and groundwater was the discounted cost, that

is

(Ca Quon /(1 + /N )i+ C.. Q. (Z-h.)/(1+r/% )i
Si uDi S Pi Pi i S )

M-

i=1
(3.1)

where the parameters are

c unit cost of surface water, ;’u‘s/L5 :

C unit cost of pumpage, $/L4 3

Qqp Quentity  of water diverted from the stream, I ;

QP quantity of water pumped from the aguifer, L3 3
ground surface level, 1L ;

h mean water level at the wells, L ;

r nominai interes rate;

n design period, T;
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NS nuﬁber of seasons per year.

Phe first term of the right hand side of eguation 3.1
represents the discounted cost of diverting water from the
gtream and is linear with respect to the amount of flow Qsh.
the second term is the discounted cost of pumping water out
of the aquifer and is quadratic with respect to QP y Since
El depends on all past inflows of the system including
pumping. In other words the groundwater pumping cost is a
function of the total 1ift and the volume pumped. Hence our
problem can be classified as a nonlinear programming type,
for which standard solution packages exist (Kuester, 1973,
p. 105). They have certain limitations in terms of initial
assumptions, preparation of data and computer storage.
Dynamic Programming Technigues could also be used but they
require special computer programs for each specific problem.
Aron (1969, p.40) gives advantages and disadvantages of the
technlque.

The purpose of this study was not to test different
mathematical programming procedures but to develop a simple
technique able to solve nonlinear optimization problems of
the type described. This is done by taking advantage of the

coupling between the physical and management model.

Congtraints

Three types of constraints were used for an uncontrolled
stream connected to an aquifer. The first deals with the

demand of water to be satisfied; the second with the surface
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water diversion and pumping facilities; and the last with
the water requirements to be met by the stream.

The demand of water comnstraint is represented by

Q + Q 2 D, (3.2)

SDi Pi. = i

and says that the sum of surface water diverted from the

stream QSD s plus the amount of water pumped out of the
. i

aquifer QP s should satisfy the water demand for a given

i .
period of tiume.

The pumping facilities constraint is
G, < O ‘ (3.3)

where QPT is the maximum pumped volume allowable, at

time 1 .lThis constraint establishes a limit, egual to the
maximum capacity of pumping, for the zmount of water pumped
out of the aquifer at time 1 .

The surface water diversion constraint is defined as

A

L
QSDi < QSDi (3.4)
where QéD. is the maximum allowable diverted volume from

the streamlat time 1 . The constraint says that the amount
of water diverted from the stream must be less or equal to

the surface facilities vailable at time i .

The last constraint, called the stream requirements
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constraint, consists of the comservation of matter prinéiple
applied to the stream. Recall thaﬁ this principle was already
considered in the aquifer, and the mean water level h, , is
a result of its application. Stream and aguifer are coupled
tnrough this constraint which is very dynamic and restrictive
with respect to the system operation.

Applying the conservation of matter principle to the

gtream under steady state conditions.

Hyv

X1. (3.5)

the parameters are defined as:

Q streanflow at time i ;

STy =
Qg water diverted from the stream at time I ;

i

Qq stream-aguifer flow at time 1 ;

i
K1;  downstream flow required at time I .

Substituting equation 2,10 into 3.5, we obtain

QSTi - QSDi - Aa (H; ~hy) 2 K1, (3.6)

which requires that the net sum of flows through the stream
nust be greater than or equal to any senlor right existing

downstream of the study area, at the time 1 .

Decision Variables

The linear decision rule used to define the decision

Variables was introduced by Charnes et.al. (19%8) for an
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optimization problem and then applied by Revelle et.al.

(1969) to a surface water management problem. Two important
features of the linear decision rule are: (1) In a stochastic
management problem,chance constraints can be changcd to their
deterministic equivalent; (2) It is highly desirable to base
present decigions on a previous state of the process. A
linear decision rule can be defined as R, =1321'S1 + T 2
(Charnes et.al. 1958) where p21 , 3’2 are the decision
variables, R2 is the unknown variable at time 2, and S1
defines the state of the process at time 1 . Several
variants of this decision rule can be obtained (Charnes

and Cooper 1963%). Two types of decision rules are used in
this study to define three decision variables. The first

two decision variables use a linear decision rTule such as

Ry = Py 8y

in which Charnes's notation is followed. The last decision
variable makes use of a linear decision rule equal to that

applied by Revelle et.al. (1969).

Ry= S;+ §,

The decision variables used in this study are:

(1) The diversion of surface water declision variable

= Q / D, _ _ (3.7)
'JS:L SDi i-1
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(2) The groundwater decision variable

T, = o /s | (3.8)
3 By B4
(3) If a dam controls the stream, a decision variable

related to the dam operation is given by

1
z&i = 559 7 Qoy, _ (3.9)
The decision variables are defined as follows:

3’8. ratico of the water diverted from the stream at
} time 1 to the demand at time 1i-1 ;
K}L ratio of the water pumped from the aguifer at
. time 1 +to the amount of water stored in the
aguifer at time 1i-1 ;
IUIB. difference between the storage of the surface
reservoir §t at time i-1 and the volume of

water released from the dam Qou at time i .

Coupling of the Physical and

Managemnent Models

An important part in the development of the management
model is its coupling to the physical model of the stream-—
aquifer system. The physical model output is in our case
the mean head at the wells, Q'. A pumping 1lift can easily

t
be found by subtracting h from the ground surface level Z.
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Three alternative links can be established between
the two models: (1) The physical model is located within
the management model (Longenbaugh, 1970), (2) Part of the
drawdown is computed outside of the management model
(Maddock, 1972), and (3) The physical model is computed
outside of the management médel and the head is used as a
1ink between the models. The later method was followed in
the present study. Two connections are obtained: One is
performed through the objective function by means of the
drawdown (2 - h; ) » which brings to the management model
all the properties and past information recorded in the
aquifer by the physical model'output, h; . The other
connection is through the sgtream requirements constraint
(equation %.6) Dby means of the stream-aquifer interaction
Aa(Hi - hi) y» where h is the mean water table in the
aguifer.

Two main advantages were gained because of the use of
this coupling. First, an‘iterative procedure using a
standard linear programning package was used to solve an
optimization problem having a quadratic obJective function.
- Second, the objective function was simplified by computing
the head outside of the management model since the head
computation implicitly considers all past inputs of the

system,

Jterative Procedure

There are procedures to linearize equations, such as
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(3:1)s by approximating the objective function by straight
1ines (separable function) and then solving the optimization
problem using a linear programming package (Maass, 1966,
p.501). The problem then becomes extremely cumbersome and
depending on the case, sometimes it is almost impossible to
golve it with the available generation of computers.,

Due to the coupling between the physical and management
model an iterative procedure, using a sfandard linear
programming program, was developed to solve a nonlinear
programming problen.

As noted above, equation 3.1 is quadratic in QP when
g' is unlmown and includes all past stimuli of the system,
However, the same equation should be linear in Qg if g'
somehow was kinown. Therefore, the substitution of assunmed
values of gt in equation 3.1 mekes the iterative procedure
logical. In an initial step, the physical model computes
the mean heads with assumed inputs to the system. The
computed heads are then substituted into the management
model; the answers are fed back into the physical model
and the procedure is repeated as many times as necessary
to satisfy a convergence criterion. The number of iterations
required to reach an optimal solution depends on the initial
estimates. Figure %.1 shows a flow chart depicting the
technique.

The iterative procedure behaved satisfactorily when
the cost of water diverted from the stream and the cost

of water pumped out of the aquifer were not equal. If both
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costs were similar, convergence problems appeared and no
convergence was reached. However, this result appears
reasonable since close to an optimum the model was indif--
ferent to pumping or to use of surface water when both
costs were almest the same. Furthermore, the values of the
objective function for two different policies were practi- .

cally same.
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CHAPTER 4 STOCHASTIC REPRESENTATION
OF THE PHYSICAL IMODEL

4.1 Introduction

———

Large controversies have been raised in hydrology
about the conceptual advantage of randomness over deter-
minism (Kisiel 1969, p.2% and Yevjevich 1974). The use of
gtochastic approaches in groundwater hydrology has been
glow in coming. In this work, a deterministic process will
be presented as a special case of a stochastic or random
process. The former is only concerned with the central
tendency of a phenomenom and the latter also includes any
unexplained variability of the studied variable. Therefore,
both processes may be considered from a combined deterministic-
stochastic point of view or as complements (Yevjevich, 1974,
D.238).,

Uncertainties or randomness in the inputs and proper-
ties of the physical model will be considered and studied.
The statistics needed to represent a random stream—aquifer
system are developed in this chapter. A stochastic differ-
ential equation governs the siream-aquifer system when the
lumped model becomes subject to random inputs. Its solution
is given in terms of ensemble averages of the aquifer head.
The autocovariance function of the head as a measure of
Persistence, the cross correlation function as a measure of
correlation between head and pumping, and the head variance
as a measure of uncertainty are obtained. The subsurface

outflow constant is considered to be a random variable and
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through a conditional probability approach an expression
for the variance of the head as a function of the variance

of the subsurface outflow constant is obtained.

4,2 Stochastic Differential Equation

g

Three different types of randomness can be related to
a system; randomness in the forcing function or inputs,
randomness in the coefficients or properties of the sysfem,
and a random initial condition.

The deterministic representation of the vhysical model
was given by equation 2.4. In this section, the initial con-
dition h0 y the storage coefficient S , and the subsurface
outflow constant a will be assumed to be deterministic
quantities represented by their mean values. However, the
total input to the system (%) will be a random variable.
Equation 2.4 under these circumstances becomes a so called
stochastic differential equation with a random forcing func-

tion (Syski, 1967, p.378).
S dn/dt + ah = y(%) (4.1)

Due to the randem behavior of the input y(t) the filter or
equation 4.1 produces a random h(t) . The solutions of (4.1)

are of the form of equation 2.47, that is

£
h(t) = h exp(-at/s) + 1/s j/ v(T) exp(-a(t-7)/5)aT

0



67

A simple way to represent the output process of the system
is to take an ensemble average of all possible solutions of
(4.1), Since integration and expectation commute, the solution

of the stochastic differential equation 4.1 is represented

by

E (h(t)) = hy exp(-at/s)

copt
RVE / E (y(T)) exp(-a(t-7T)/s)a7 (4.2)
0

An ensemble average is defined as an average over all
possible realizations at a given time. A realization is the
deterministic representation obtained from measuring a
stochastic process.

Equation 4.2 is valid for a stationary or non-stationary
input y(t) . Although the system filter is time invariant,
the output of the system E(h(t)) is a non~stationary process
in the mean (see e.g., Kisiel, 1969, .20 for definitions

of stationarity).

Inputs of the System

In general, the input of the physical model ¥(%t) can
be formed by the contributions of two kinds of inputs:
natural inputs and man-controlled inputs. Natural inputs
such as subsurface inflow, precipitation, evapotranspiration,
etc., are random processes to a greater or lesser degree and

with a natural persistence which can be computed from past
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measurements. Some random processes depend on natural
phenomena, but can be controlled by nman. Such‘processes

are pumpage, water diverted from the stream, etc. Their
persistence depends on the persistence of the natural inputs

and of the filter characteristics.

4.3 Statistics of the Processes

Three of the most important characteristics that
define a stochastic process are: its expected value or

ensemble average, the autocovariance and the variance.

The Autocovariance Tunction

of The Head

The autocovariance function of the head represents
the interdependence of the stochastic process h{t) , at
different times r , t and it is the second moment aboutb

the mean values of the function h(t) .
Cov (h(r) n(t)) = Ky (z, t) = E((h(z) - My (x))(n(t)

- ﬂ'h (.t)))

or

K, (T, t) = B (a(r) n(¥)) - M) M (4) (4.3)

Combining equation 2.47 with (4.3), we obtain
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T .t
Kh(r,t) = 1/Si/j[Ky(u,v)exp(-a(r—u)/s)exp(—a(t—v)/S)duav
et e (4.4)

where Ky(u,v) , the autocovariance of the input y(t) , is

defined by
Ky (0 9) = B (v y(v)) - M) Mo(v)

If the process y(t) 1is a stationary process in the

autocovariance, i.e., Ky is dependent on u~v only, then

. et
K, (T) = 1/82j/j/ Ky(u - v) exp(-a(r+t-u-v)/s)dudv
o'o (4‘05)

vhere T=r - ¢

Phe Variance of the Head

If r =t in equation 4.4, we obtain the variance of,

I

[
0. (t) = K (%, t)

or

ra
a (%)

1/52/

tpt

]Ky(u,v) exp(=~a(t-u)/S)exp(~a(t-v)/S)dudv
Lol 8] . (4.6)
In a real case the autocovariance of the input,

Ky(u, v) should be computed from raw data. However, if white



noise is assumed feeding a system like ours, the output h
ig called a first order autoregressive process and has a
standard autocorrelation fuﬂction (Jenkins and Watts, 1968,
p.162)e White noise is a process which consists of uncorrelated -
contiguous impulses, with an autocovariance Ifunction
Kz(u) = 0': Stu) , Where 8 (u) is the Dirac delta function
(Jenkins and Watts, 1968, p.157). |

In this study the random component y'(t) of the input
y(t) was removed from its mean /ly(t). The random component
was assumed stationary and bélonging to a first-order auto-
regressive process. Therefore, its autocovariance function

is
2 - i
Ky('T) = exp(~ Tl /D) o’y (4.7)

where, J = - 1/ln f} and 4P1 is the autocorrelation

funetion of the input for + = 1.

Stationary Head Variance Computed

Via Spectral Analysis

Next, a procedure making use of spectral analysis
(see Gelhar, 1974 will be used to obtain an asymptotic or
stationary expression of‘the variance of the head h(t) .

Substituting t,_ = S/a into eguation 4.1, we obtain

T, dh/dt + h = y(t)/a (4.8)



if
h(t) = /lh(t) + £ and y(t) = /uyit) + T

where, f and r are stationary random components about

the means, then equation 4.8 can be transformed into
1ty d.}ih/dt +f + ty df/at + £ = (}Ly + r)/a (4.9)
taking ensemble averages
Ty E(du}Lh/dt) + EQ}Lh) + Ty E(af/dt) + B(L)
= (R -+ /
&u(}ly) E(r))/a
and since E(df/dt) , E(f) and E(r) are zero.

th‘d.}xh/dt + )Lh.= /ly/a (4.10)

by linearity, we can subtract equation 4,10 from 4.9 and

get
Ty daf/dt + £ = r/a (4.11)

which is a stochastic differential equation for the random
fluctuations about the mean.

Since f and x are stationary random processes,
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they can be represented by a Fourier-Stieljes integral in

tne form (Lumley and Panofsky, 1964, p.16)

£(%) = j/ exp(iwt) dzf(w) (4.12)
and
r(t) = j[ exp(iwt) dzr(w) . (4.13)

where w is the frequency (radians/unit time). Substituting,

we have

°0 o oo
J/.iwth exp(iwt)de(w)ﬁ/{exp\iwt)dzf(w)z 1/a exp(iwt)dzr(w)

- o0 <o -

and then
de(w) = dzr(w)/(a + iawth)

Since the random process Z(w) has orthogonal increments

(Iumley and Panofsky, 1964, p.16)

E (42.(w,)d%, (W,)) =0 for w, # W,

i

Sff\w)dw for Wy = Wy =W

and
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* .
E (dzr(w1) er-(wz)) = 0 for w&.ﬁ W
= Srr(w)dw for Wy = W, =W

/here Sff s Srr are the spectral density functions or
gpectra of f and r respectively and dz*(w) is the

complex conjugate of d4z(w).
Since

E(de(w)dzz(w))= E(dzr(w)dzz(w)/((a+ia8)(amiaS)))
(4.14)

using the previous orthogonal properties, we find
- 2 2
Sff(w) = Srr(w)/(a + we 3%) (4.15)

Equation 4.15 gives the relationship between the spectrum of
the input and the output of the system.

The spectrum is the Fourier transform of the auto-
covariance function and shows how the variance of a stochastic
Process is distributed with freguency. Therefore, the expres-

sion for the variance of the If process is

0f= ¥.(0) =/ Sop(w) aw (4.16)

<o

using equation 4.7, the input spectrum is



T4

srr(w)v = 1/2 'n/exp(—iwg K. (w)d§ = T a’ /(1+J )‘n

<o

(4.17)
gsing (4.17), (4.15) and (4.16),
d'f z;l{ GI—- /‘It j dW/(‘l -+ J2 2) (a + Sw )
and performing the Integration, we obtain
2 2

BEquation 4.18 gives the stationary expression for the
variance of the head, and was used to check values obtained

from equation 4.6.

The Crozss Correlation Coefficient of

the Head and Pumving

An analysis similar to the previous one was carried out
to find the cross correlation coefficient of the water level

in the aquifer, h , and the pumping discharge QP .

An expression relating the head Lk and specific pumping

discharge qp is

ty dh/dt + b = - qp/a (4.19)

Representing h and a4y in complex form, we obtain
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h.(t)=/ exp(iwt) 4z, (w) - (4.20)
qp(t) ==J/ exp(iwt) quP(w) (4.21)

After substituting (4.20) and (4.21) into (4.19), we get

dz, (w) = - quP(w)/(a + iws)

Phe cross-spectral density function of qp and h, Sq h(w)
P

can be expressed (Lumley and Panofsky, 1Y64, p.21) as

*
E (d2 (w) dzh(w)) =5 h(w) aw
9p 9p

Therefore

la + in)/(a2 + we 82) (4.22)

9p 9p

Sq pW) = -8 a

D P

If the random fluctuation of qp about its mean is assumed

stationary and is a first-order autoregressive process,

then
‘ 2
K, =exp(~ ITI/7) O : (4.23)
aq
P P
and
2
Sq h(w) = = (a+iw)T Ué /(a2+w28) (1 + J2 WZ)K (4.24)

P P
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gince
K (o) = 1/2 | S (w) aw
4, B /;D A B
then
ra
qu po) = =3 G'qp /(Ja + 8) (4.25)
Let
[ )= x .)/0 ¢ (4.26)
4y h a4 h a4y h

and by analogy with (4.18) we have

O'h = (J/a(S + Ja))%” 0'% (4.27)

Now, substituting (4.27) and (4.25) into (4.26) produces

i
ng L(0) = = (aJ/(aJ + 8))° (4.28)

where /OQ h(o) is the cross correlation coefficient of
P

the pumping and the head in the aguifer.

4.4 Randommess in the Subsurface Cutflow Constant

Our system represents a mnatural phenomenon governed by
chance. We do not know what the demand for water will be

next year or how much rain will fall. Furthermore, we do



17

pot know how much water will be pumped nor what the water
1evel in the aquifer will be next year. The output uncer-~
tainty will depend on the uncertainty present in the system
and on the randomness and persistence of the inputis.

Much work remains to be done in the theory of stochastie
differential equations. Equations (of the mixed type) with
both a random forcing function and random coefficients, are
difficult to solve. A conditional probability apprcach will
be followed to obtain an expression of the uncertainty of
whe head as a function of a réndom input and of the subsurface
outflow constant a Iin equation 4.1.

We will start our analysis by presenting an expression
for the variance of a random variable Y which depends on

another random variable X (Parzen, 1962, p.55).
Var (Y) = E (Var (Y1 X)) + Var (B (Y| X)) (4.29)
The subsurface outflow constant a , will oe considered

a random variable, léaving the storage coefficient § , as

& deterministic quantity. Equation 4.1 can be transformed to
S dh/dt + ah = Y, (%) + aH(t) (4.30)

wvhere y(t) = Xﬁ(t) + a H(t)

From the linearity of equation 4.%0 and from (2.47), we

obtain
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-t.
h(t) = ho exp(-at/S)+ 1/S (YA(T)+aH(T))exp(—a(t~73/8)d7
[+) ' .

raking the expected value of h(t) given a we get

t
B(h(t)]a) = h exp(-at/sS)+ 1/S}[é H(T7exp(-a(t-17/3)d7
' o
pt
+ 1/8 J[)lYA (T) exp(-a(t -T)/s8)a7T (4.31)
[+

Now, making an analegy with equation 4.29, in which
h{t) is a random variable that depends on another random

variable, the subsurface cutflow constant a , we have
Var (h(t)) = E(Var(n(t) | a)) + Var(B(h(t) | 2)) (4.32)

In order to obtain the second part of the right hand

side of eguation 4.22 we use

, _— 2
Ver (g(2)) = E({g(a) ~ E(g(a))”)
for any function E£ia).
Expanding g{a) in a Taylcr series about E(a) and

assuming a first order amalysis (Cornell, 1972, p.1245),

(i.e. neglecting terms beyond the first order)

g(a) gzg(a)] r(a) * g'(a)} E(a) (& ~ E(2)) (4.33)

Squaring equation 4.33 and taking the expected value
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(Papoulis, 1965, p.152)

% rA
E ((g(a) - 2(E(2)))%) 2 (g'(a) )2 g (4.34)
. E(a)

with g(a) = B(a(t) ]| a)

~J

. ~ . . 2 (fz

Var (2(a(t) | 2)) ¥ (¥E6) | 2)/ Da)y )02 Ta
| (4.35)
The first term of the right hand side of (4.3%2) can be

obtained by taking the expected value of (4.6). Hence
tpet
B(Var(h(t) | a)) = 1/8%](/.E(Ky(u,v,a,)exp(—a(t-u)/s)
odo

e eXP(‘-a('b-V)/S))dudv ) (4.36)

Expanding Ky(u,v,a) about E(a) and assuming a first

order analysis and ‘then taking the expected value, we obtain
E (Ky(u’v:a)) = Ky(u,‘v,E(a))
- Therefore
' t ot
Var(h(t))?%1/8%/(/.Ky(u,v,E(a)) exp (-E(a) (t-u)/s)
od 0
. . - . 2 d—?
. exp(-E(a) (t-v)/5 dudv + (3(B(h(%)|a)|y,y)/02)" Y2

(4.37)

The above expression shows the variance of the water levels
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due to the uncertainty in the input y and in the subsurface

outflow constant a .
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CHAPTER 5 STOCHASTIC REPRESENTATION
OF THE MARAGEMENT MODEL

5.1 Intrcduction

No general procedure has yet been developed to solve
the general stochastic programming problem in which some of
the parameters are random. There are two bounds to the
solution of a stochastic programming problem {(Hadley, 1964,
p.180); the lower bound can be obtained by determining the
optimal value of the objective function for every possible
set of parameters assuming that the random variables are
known a priori, and then taking the expected value over
all values of the random variables. The upper bound is
obtained by replacing 21l the random parameters by their
expected values and therefore, the variables found form a
feasible but not necessarily optimal sclution.

A solution of a stochastic programming problem could
be obtained assuming that each model parameter can take on
any one of a finite number of kmown values and all constraints
hold for all possible éombinations. However, the number of
 constraints becomes prohibitive if the number of possibili-
ties is reasonably large. Also, the joint density function
of the parameters must be known in this procedure.

The approach which will be followed in this work is a
trade~off with respect to the solution that occurs between
the two bounds. Expected values of the variables will be

used in the objective function and the constraints will be



82

of the chance constraints type or constraints that hold for
most of the possible combinations but not for all. General
operations research books discuss this type of constraint
(ee8e¢s Hillier, and Lieberman, 1972, p.536). |

A stochastic management model will be déveloped to
represent the management of a stream-aquifer system where
economic and physical variaﬁles are governed by chance.
Uncertainties for the demand of water and future availability
of groundwater and surface water facilities will be consid-
ered. A stochastic management model aids in obtaining
optimal operational policies and in designing water facilities.

The objective function is-a function of the uncertainty
in the aquifer water levels and of the c¢ross correlation
between pumping and head. It represents the discounted
expected value of cost. Chance constraints (Charnes, et.al.,
1958) are used to include probabilities of satisfaction of
constraints. A nonstationary demand is easily reproduced by
these constraints. The linear decision rule is used to define
the decision variables and helps to transform the chance
constrainte into deterministic comstraints. Finally, the
-computatioral part of the iterative procedure, used to solve

the nonlinear programming problem, is discussed.

5.2 Decision Variables

The policy, control or decision variables, those
deterministic variables calculated out of the optimization

Process, are defined as in the deferministic case (see,
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gection 3.3) and they are:

The surface water decision variable

4. = o, / Di_
Si SDi i=1

The groundwater decision variable

The variables appearing in the decision variables definitions
are random,

One advantage of the linear decision rule in defining
the decision variables is that when the random events

materialize in the form of preceding events (Di h

-1
3
and Si—1 ) they become kunown and are used in connection

i-1

with the decision variables to make decisions (Qgp , Qp , and
i i
Q

ou, ) at the present. Therefore z random problem is
transformed into one which deals with deterministic gquantities.
This feature is useful in scheduling problems; the decision
Policy is dynamic in the sense that current decisions depend

on the previous condition o¢f the system.



5.% Objective Funcltion

Due teo the rendom nature of the varisbles, the objective
fonction becomes a random v riable; however, since it is
meaninglessrto minimize a random variable, a deterministic
quantity is needed. The expected value was selected because
of ites simplicitys

If we take the expected value of equation %.1 (ensemble
average), the objective function will represent the discounted

expected valuve of cost.

Minimize

W= B f, M

/ {1 + r/N,,)i
i=1 Cg Qspi 5

n .
B Mo GMg = E@y By)) /0w x/ig)t
i=5 P, i
1
Il

o ]
+ » BQs )/ (1 + /1) (5.1)

1
where the well water level, h , is represented by h o DO

and the drawdown correctiom, DC , is given by (2.49)

e

i
T
-t
=
!
ol
i
\Q
LG
Ly

Congidering . and h to be correlated, we have
P = ?

1
°
N

~—

ae]
Py

B by) o= Mg M /DQPh 74 (fhi ¢
L



i

-
Wi
e

- ~2 2 2
8 = } r
- i i

&
where </O p 18 the cross correlation coefficient of pumping

T
and aguifer head, ﬁb is the standerd deviation of puiping
and le is the standard deviation of aquifer head. Substituting
(5.2}, (5.3) and the first two decision variables into (5.1),

we get

Minimize
W) o= 51/ "' (
B = 501/ o/ ) KR, M b+ M AS(BH
im S jcs Dy /‘3}? Iy

ey

b

+

. ¢ . 2 5
f £ N N
- i .fjimﬁ i )% +/A O M/ SR S '
)lhi“1 h, ud{éhi“1 Pi C? !QPb QEj'hi"% Q ))
. L

Pt
AN
3
o~
S

From egunation 4.27, for a gtaticonary process,

where C is a constant which depends con agquifer properties.

Above equation can be transformed into

G’ = C. é’”x (.595)

D 1 Al

Where {he constant Cy = C/A, gince g
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Minimizge

n .
E(W) = (1/¢1 /) AS(Z
L F s SMCSMD:L-;Z{SE +}1CP ( }Lhi-—‘l

i=1
"‘}‘hi_q“‘hi *ﬂbcfhiq)’blpi Jf/uc:E("f’WIOQI_J};+ 7Y (rhi)

(5.6)

where, the first term represents the cost of surface water
diversion, the second term is that portion of the pumping
cost which does not depend on the head variance, and the

last term is that part of the pumping cost that depends on

the head varlance.

5.4 Chance Constraints

Chance ccnstraints are not absolute but are satigfiled
up to specified probability levels. They were introduced by
Charnes and Cooper (1959) as an approach to linear programning
under uncertainty. As used in this work they include: (1)
probabilities that imply degree of constraint satisfaction;
(2) uncertainties of Water facilities; and (%) nonstationary
of the demand.

The constraint on the demand of water will be taken as
an example of the procedure for representing a systenm
restriction, by a chance constraint.

We are interested in the satisfaction of the demand

Constraint (see equation 3.2) under the probabilistic condition

Hwv

P (D; - (QSDi + QPi ) £ 0) X("1 ' (5.7)
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where kf1 is a level of probability chosen to satisfy
the probabilistic statement. Since the demand of water D ,
the amount of water diverted from the stream Qgp » and
the aguifer pumping Qf are random variables, (5.7) is a
difficult statement to convert to certainty inequalities

that can be used in the linear programming. In place of

(5.7) we state

P(D; S‘#ani +/LLQPi ) _g )\1 (5.8)

For various values of )4 we give lower bounds on
P (D; - (QSDi + QPi )2 0) in Appendix &; these calculations
indicate that the probability level )f1 in (5.7) is slightly
smaller than the value A 4 It is shown how .k*1 can be
estimated from a given value of k1 .

Therefore, the cumulative distribution of the demand
. (d) at a time i (see, Figure 5.1) is defined as

1

FDi(d) =P (D; £ &) (5.9)

~vwhere 4 is a variable. To insure that (5.9) is satisfied

a > a; (A (5.10)

where di( X1) is the solution for x4 cf the equation

FD_(X1) = A1 . Hence, from (5.8) and introducing the decision
i

Variables (see Section 5.2), we obtain
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1
1 _
Fo =A L o
D, '
(a) Fp :
|
| -
0 a; D
|
(b)  p.d.f.
At
/7 _
0 a; D

Fig. 5.1 ‘(a) Cumulative probability distribution of
the demand for a given level of probability
A, and (b) Probability density function of

the demand for a given level of probability
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F AS > A <11
Di(/‘lDi-1xSi+ /uhi-'ilxl") = 1 (5.11)

1

This inequality may be called a chance representation of

the demand. Equation (5.11) is equivalent to

}kDi_;Ksi + AS/ihinb,P, 2 ds ()1) (5.12)

i

where 4 ( )\1) can be connected with /UD and OID , to

produce

}"D F AS/ihl \ By /u])i + X JDi (5.1%)

where X depends on A1 and the type of probability
density function of the demand which can be skewed.

Equation 5.13 is a deterministic representation of the
chance constraint and can be used with a mathematical pro-
gramming technigue. A nonstationary demand can easily be
represented by this constraint and if (5.12) is used instead
of (5.13) a skew probability density function of the demand
can easily be considered.

According to equation 5.13, the probability that the
water demand in 2 given time period i be smaller than or
equal to the average sum of flows Q

*SD
greater than or egual to a probability level A1

and QP must be

Another type of constraint states that the available
DPumping capacity at a time period i must be greater than

or egqgual to the average amount of water pumped from the
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aguifer with a given probability level k.z » In other
words, there 1s always an uncertainty present in the
available pumping capacity at a given time, due to mainte-
nance and operational problems which shut down several of
the available wells. Therefore, there is no way to know
precisely how much water we shall be able to pump at a
future time. The chance constraint for pumping facilities

is

AS}Lhi_1’xPi _<_:/J.Q:? + X G’Ql; | (5.14)
i i

where d}f reprecsents the standard deviation of the
pumping cap%city and }LQ% the expected amount of water
that can be extracted fro% the aquifer at time period i .

Equation 5.14, as well as the other constraints, can
be obtained following a procedure similar to that used for
the demand-of-water constraint.

The surface water diversion constraint states that
the available surfaée water capacity at time period i

must be greater than or equal to the average amount of

- water diverted from the stream at the same time with a

probability level kq;. The constraint can be written as
-~

SUy + xd | (5.15)

)uDi—;KSi—ﬂQSD “sp

where 0—= is the standard deviation of the surface water
Usp

capacity and }iQéD s The expected amount of water that
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the surface water facilities can convey at a given time 1.
Finally, the stream requirements constraint states

that the average flow left in the stream, after all uses

and interactions between the stream and the aquifer, at time

period 1 , must be greater than or equal to the downstream

flow required at the same time.

P (Qsmii-./"'QSDi + )ucesi ‘*/uzmi) 2 >\4

or

1 -7 ( + e Mo )2 A (5.16)

where the veriables were defined in Section 5.5 in a deter-
ministic form. The certainty egquivalent of equation 5.16 is
Yo+ aag - ) + < a, (1-R,)
/1D1_1 84 }AHi /Lbi }LK1i i 4
where di(1 —»k4) represents the 100. (1 -A4) percentile
of the streamflow QST .

5.5 TIterative Procedure

An iterative procedure similaxr fto that described in
Chapter 3 is used to solve the stochastic management
Problem.

Figure 5.2 shows a flow chart depicting the iterative

Procedure. The variable names are given in previous sections
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or in the list of symbols. Shaded blocks show the inputs to
the system and the area delimited by dashed lines represents
the generation of the randon inpuf Yi « This can be omitted
if not enough field information is available. In this case,
the variance of the input G}:’ should be assumed. Assump-
tions implied throughout the computation of the variance

of the input are: (1) the components of the general input,
Yi s are statistically independent; (2) first order
autoregressive processes are used to simulate demand of
water, Di s precipitation, ?i and the agquifer head, hi :
(3) a normal cumulative distribution function is used %o
generate random numbers; (4) the variance of z' is assumed
constant and is estimated by’dgy = ‘ga(yi_~ ?)Z/QH - 1)

(5) precipitation is the only naturéi input with important
randomness., Certainly most of the above assumptions could
easily be relaxed; they were chosen to keep the simulstion
of data simpler and closer to the real case.

In summary, we have presented the stochastic management
model in its simplesf form. Depending on a specific problem,
more terms may be added to the objective function, as well
‘as constraints., The iterative procedure and basic concepts
and equations will remain the same giving generality to the

work presented.
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CHAPTER & RESULTS AND APPLICATIONS

6.1 Introduction

To examine the reliability of the models developed
herein, a comparative test was done based on a suitable
case study obtained from the literature relatéd to the
subject. Furthermore, to demonstrate the viability and
the versatility of these models they were applied to an
actual stream-zquifer system, located in northwestern

Mexico.

6.2 Comparative Study

Two features of the nocdels were examined through com-
parative study: the presence of uncertainties or randomness
in the stream-aguifer system and the distribution of vari-
ables in space and time. RPased on a survey of related
literature, a study by Maddock (1974) was chosen for the
comparative work because it uniguely met the above re-
gquirements.

Maddock developed operating ruleé for the conjunctive
"use of surface water and groundwater when the demand and
the natural supply (streamflow) are stochastic. He used a
set of "technoclogical functions" to condense information
supplied by a distributed agquifer model and to get a link
between the physical model and the stochastic management
model, Also, when his water demand was represented by a

Markov process (first-order autoregressive process) a demand
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persistence was introduced into the management model through
the'product of pumping and drawdown.

It was our purpose to simulate the refereﬁce problen
as closely as possible. Nevertheless, a few discrepancies
remain. For instance, the main source of randomness in
Maddock's case was the demand, while for the model proposed
here it is the nean water level in the aguifer which involves
the randomness. Also in the present model, decision variables
are defined differently. in Maddock's work the decision
variables are defined as ratios of flow to demand at a
specific time 1 , while here the decision variables are
defined as ratios of flow occurring at time 1 to the
demand of water occurring at time 1i-1 , or to the volume
of water stored in the aquifer at time i~1 . This definition
is the result of the use of a linear decision rule which
allows more dvnamic decigion variables.

The prdposed management model is given by the following
equations which should be compared to the development in
Chapter 5 (Sections 5.2, 5.3 and 5.4). Objective function;

n

BW) = X, 1/(1 + r/NS)iSP-cSﬂDi_1'gs. + “1}"0#%"1%.

\ i i
i=1

1

+}1-CPAS(Z/Uhi__1 'flhi_/quhi ' HL}Lhi-*( Vu%ilhiq)xl”

) 2
M (-0 /OQph + Gi]/’ ) Ty, + %/LCR}LDi-ﬁRi /
(6.1)
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Constraints;

(1) Demand of water,

)‘LDJ.___;Ksi + AS/uhi_;KPié Pop + = 0’33

(2) Stream Requirements,

< |
/U'Di_.:K S5 “N#Di’_b:ui:}'kczsmi - et fly + aA/U'hi_1

(3) Water left after the demand is satisfied,
T, -
‘ i i

Decision variables;

(1) Surface water diversion,

'K = Q / D._
Si. SDi i-1

{2) Water returned to the stream,

(3) Pumping,

/KPi = QPi / ASh;_,

(4) Artificial recharge,

(6.2)

(6.3)

(6.4)

(6.5)

(6.6)

(6.7)
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B

= Qg / Dy_q 0, (6.8)
i Ri. i1 MM‘.',

where the parameters are

QSD amount of water diverted from the stream at time

i
we

Qu amount of water returned to the stream at time i ;

i
QP amount of water pumped cut of the aquifer at time
i
i;

QR amount of water recharged to the aquifer at time
i.

The rest of the variables are defined in the List of
Symbols. AlL the decision wvariables, except that for pumping,
are in a form equivalent to that uéed by Maddock, Since the
pumping decision variable is defined differently, the structure
of the objective function is such that the variance of the
head appears rather than that of the demand.

Table 6.1 summarizes the important conceptual differences
between the two models. An idea of the simplicity of ocur
Physical model is demonstrated by the number of aquifer

‘paraneters needed.

0.031 £t°/s

0001

4900 £t
8173 acres

=3

v T S S I -
"
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The properties of the homogeneous aguifer, transmissivity
and storage coefficient, and a map of the study area were
provided by Maddock (perscnal communication, 1975). The
characteristic length L of the system (Section 2%3) was
estimated from the aquifer area and the length of the main
stream channel. The location of the wells was unknown.
Appendix H gives the information required by the models and
the variable names. A response time th of one month was
obtained for this system by using (2.47).

The operating rules formulated by raddock for a
coefficient of variztion of 0.457 and a mean demand of
water of 131 acre~ft per season are shown in Table 6.2 along
with our results for the same situation. A remarkabdle
likeness is to be noted in these results, which substantiates
the competence of our stochastic management model in general
and the iterative procedure in particular.

By referring to the deterministic case, we obtain the
sensitivity of the discounted expected cost to changes in
the demand variance. This sensitivity is expressed by
Maddock as a percent error in the discounted expected cost
in relation to the deterministic world assumption P'(Jg} o),

z 1
versus (TD . An expression that defines P (Q;', 0) is

8 2 . [ . ) .
P0G 5 0) = (E(W(Wy, 0)) - E(¥(0,0))).100/E{1(0,0))

‘ (6.9)

where E(W( 0 , 0)) is the discounted expected cost when

the true value cf the demand is known (deterministic case).
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Comparison of Operating Rules of

TABLE 6.2

Maddoclk's and Proposed Models.
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This expression for sensitivity was also utilized in the
present investigation as a basis for comparison. The results
of this analysis are expressed in graphical form in Figure
6.1. Maddock's result represents the point given in the

text of Maddock (1974, p.9); Maddock (personal communication,
1975) has stoted that his Figure 2 is incorrect. His results
are only & special case of a more general stochastic repre-
sentation used in Tthe presented managemen model? In Maddock!

s

problem, the expected value of the demand of water is satisfied
according to any given level of probability A . a8 shown

in Figure 6.1 by using a chance constraint representation
(Section 5.4). In addition, a non-gtaticnary dermand could
eanily be represented by this type of constraint (sece

equation 6.,2),

Up to this point epparently no discrepencies exist
between the management decision resuliting from the two
aprroaches. The aquifer in our case shows a decline of
the mean water level which is responsible for the St:eam
aquifer flow. However, a wabter balance calculation from

5

Foaddock's Table 5 implieﬁ that the mean water level of the

aguifer underwent a recovery of 8.6 Tt at the end of the

o

lesign period instead of declining. The explanation of +this

Phenomenon was found in the distributed nature of Maddoalk!

model, which was able to simulate the local cone of depression

°f & pumping well and to induce local stream to aguifer flow
even though the mean water level in the aguifer was above

the stream level.
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EXPLANATION
Maddock (1974) expected value constraint
(equivalent to A = 0.5)
X  Present study

X = 0.69
] 4
100% | A 0.79
PeE ,0)
50 4 Af—- 005
)
0 0.5 1.0

COEFFICIENT OF VARTATION, C_ = 0_/M

. R 2
Fig. 6.1 Graph of P( (¢ . , 0) versus Cv , as a function

of probability level A .
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Since the cone of depression dﬁe to pumping of only
two wells was the dominant effect on aquifer flow it was
difficult for our lumped model to manage problems of the
local flow type, even though a correction for the effect of
drawdown at the wells themselves was included. As a Consequence,
the values of the objective function differ in magnitude.
For a coefficient of variation of 0.458 and A~= 0.5 ,
Maddock's objective function was §3%606, while ih our case it
was $3976.

The advantage of our models in terms of computational
effort and simple structure is illustrated by the fact that
only 24 quantities, appear in the purping term of the
objective function compared to 600 c¢f Meddock. For instance
if we had 20 pumping wells, (insteéd of 2, as in the present
case), Maddock's objective function would show 6000 different
products of decision variables; while only 24 gquantities
would still appear in our case.

A management model such as Maddock's is very cumbersome
and almost impossible to solve when the number of pumping
wells is large. This is due to the lazrge number of terms in
the objective function, which is not only a consequence of
the distributed representaticn of the problem but also of
the structure of the physical model., To compute drawdown in
Maddock's management model all past pumping must be included
in the objective function.
| A discrete representation of the convoiution integral

is part of our lumped parameter model solution and is used
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to compute all past pumping outside of the management model
condensing the past information into the current aquifer
head. Hence, when the physical model and the manragement

nc el are brought together in the objective function many
complications are avoided and an it erative procedure arises
ag a natural procedure for solving the nonlinear optimization
problem. The iterative procedure used to solve Maddock's
problem is depicted in Figure 6.2 and a 1i$%ing of the
computer program is supplied in Appendix I. Phe inputs of

the models are: initisl assumvtions of the decision variables
and the mean aquifer water levels; and the model pavameters.
Normally distributed random numbers were used to simulate
random demand needed in the artificial recharge QAR
computation. As & computational simplification, mean water
levels instead of random water levels were used in the
pumping computation. To compute the variance of fhe systenm
input, ﬁ;} sy & time average wag used and staviconarity was
asgumed. The computation of the variance of the aguifer head
wag obtained from (4.6) and the wean water levels from (4.2),

b

The drawdown correction was computed using {(2.49).

sunmary of Model Testing

The gimple physical model was developed for regionsl

9]

tudies where the effect of many wellg produces a quagi-mean
water level change. The resulting operating rules compare
satisfactorily with Maddock's results., However under the

lecal flow situation herein tested, in which the pumping
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effect of two wells produced cones of depression dominating
the flow picture, the lumped model indicates a slightly
higher value of the objective function,

The stochastic management model, with the use of a
linear decision rule to define the decision variables, makes
the problem more dynamic since every future decision for
the system depends on a known present situztion. Furthermore
the use of a chance constraint representation of the demand
shows that situations such as Maddock's dealing with average
accomplishments (50% level of probability) are only special
cases of a more géneral problem, in which any desired level
of probability can be considered. Demands of water represented
as nonstationary process, can easily be managed by & chance

constraint, as used in the present work.

6.3 Application

Introduction

The objective of this part of the studyv was to illus-
trate the application of the present management scheme to
a complex and realistic field problem. A system able %o
- develop conjunctive use of surface water and groundwater
and a central managenent agency were used to test the
reliability and adaptability of the models to specific
situations. A basin in northwestern Mexico was chosen as
the study case. Inasmuch as not enough detailed field
information was avallable to represent the area accurately,

the results obtained from cur models should not be thought
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of as the ultimate policies applicable to that area. Realism
was important but not the most important criterion. The
practical objectives of the investigation were; to formulate

an optimal operational schedule for the system; and to
determine the size of a projected dam for control of the
stream. We especially considered uncertainties present in

the natural inputs, in future demands of water, in availability
of surface and groundwater facilities, and in the streém—

aquifer subsurface outflow constant.

Description of the Arez

The study area is crossed by the Rio Sinaloa which
flows into the Gulf of Baja Califorria. Two well fields
exist, one on each side of the river. They serve mainly
agriculiure. The boundaries of the system are shown in
Figure 6.3. Additional information on the area can be found

in Apperdix J.

Water Balance

To obtain the subsurface outflow constant a water

. balance of the studied area was carried out for the period
between September of 1969 to September of 1970, this portion
of the problem can be defined as the calibration part. The
following equation represents the water balance of the

aguifer

S av/dat = Q; + N, + Q4 + Qu + Qg ~ QP - ET (6.10)
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Fig. 6.3 Map of the Rio Sinaloa study area.
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where

o
o

1}
.

W
—~
ey

1
-
p

% = &y Qg

The variables are defined in Figure 6.4,
To visualize better the magnitude of the variables
equation 6.10 may be expresed in terms of water depthe

this is done by dividing by the aquifer area 4 .
S dh/dt = € - qp + a(H - h) (6.11)
in which

€= gy + 0o’ + &0 + By P+ agp) + 5 dgp = App
(6.12)
Information about the variables invelved in (6.11) and
(6.12) is presented next.
a) Irrigated Land. Irrigated land of 460 Km? and an
aquifer of 1744 Kn? were included in the aguifer
water balance.

b) Water demand. An average consumptive use of one



110

moT3 asyrnbe-~weai3g
gutdung

MOTF uInlal uorleldTiil
uoF3jelFdrosad woay 93avyoey
MOTJIUT 2deIANSqNg
uotleardsueijodeay
uoI3B3ITdIO|Iag

3sn aaTIdunsucy

38BUTRIP POBIING

SSOT 2JuBfoAuon)

PT2T3 =43
03 peotrdde asjem somjansg

NOILVNV'1dXH

9
e

oo

"o

¢s

*3T04D I33BM BOTRUIS OTY +°9 314

YAA1A0V

G--

TIOS NV dNVT HDVAE0S

Gmo

13 d ny ¥



111

meter was estimated. This estimate is based on
the consumptive use of the main crops and the
seasonal irrigation cyecles. Hence 1.7 mebevrs of
applied water was assumed reasonable.

6

Demend = 460 x 10° z 1.7 = 782 = 10® u?/yr

ap = 782/1744 = 0.448 n/yx (6.1%)

where Ay is the water depth required by the demand
and computed for the total area of the aguifer (as
opposed to the irrigated areca only).

¢) Subsurface Inflow, It is mainly due Lo the Arroyo
Cceoroni (Figure 6.%) and was estimated from water

table .aps.

_
25 x 10° n’/yr

&£
i

25/1'744 = 0.0143% m/yx (6.14)

el
;-ze
i

where g, 1is the depth of surface inflow, over
the total aguifer area.

d) Pumping. Figures for pumping can be seen in Avpendix

de
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Qp = 200 x 108 mg/yr
and

dp = 200/1744 = 0.115 m/yr (6.15)
where qP is the depth of pumped water over the

total aquifer area.

Precipitation. An average annual precipitation of
0.45 meters was estimated for the basin; 67 percent
of this precipitation falling over the irrigated
land was assumed to contribute to the demand. Then

p = 0.45 x 460/1744 = 0.118 m/yr

i

and

0.0793 m/yr (6.16)

il

;31 P = 0.67 x 0.118

where p 1g the depth of precipitation, referred

to the aquifer area.

Diverted Surface Water. Since no precise information
existed about surface water diverted from the strean,

tihis gquantity was obtained as follows

@+ agpt Pyr= g
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where qSD is the depth of diverted surface water,

over the total aquifer area. Therefore,

Qsp = 9p ~ I “/31 P

Substituting (6.13), (6.15) and (6.16) into above

equation produces

4gp = 0.2527 m/yr (6.17)

Irrigation Return Flow. 4 coefficient of infil-
tration of water applied to the irrigated land was

computed as:

water applied-consumptive use

a2=
water applied
or
K, = (1.7 = 1.0)/1.7 = 0.411

Then the depth of water infiltrated due to irri-

gation is
C&Z 4 = 0.185 m/yr

Since some of the water infiltrated returns to any

available surface drainage (such as the stream) it
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was assumed.that 55 percent of the amount of water
infiltrated returned to the surface drainage system

(Ci4) and therefore,
O, 0, ap = 0.45 x 0,185 = 0.0829 m/yr (6.18)

Infiltration from Precipitation. Here, the flow of
water infiltrated into the non-irrigated area is
célculated assuning a coefficient of infiltration,
CX1 y 0f 5 percent. The depth of precipitation

falling on non irrigated land is

p = (1744-460) x 0.45/1744 = 0.3%2 m/yr
and the depth of infilt?ated water is

p = 0.0166 m/yr (6.19)
Conveyance Losses. A coefficient of infiltration

CXB s 0f 10 percent, due To the conveyance losses

of canals was included in the lecsses as follows
05 agp = 0.0253 m/yr (6.20)

Evapotranspiration. This term includes losses from
evapotranspiration due to phreatophytes (mainly

cottonwoods along the Arroyo Ocoroni and Rio Sinaloa,
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see IFigure 6.3). An area 130 Km long and 250 m

wide was assumed to be affected by the phreatophytes,
Based on an approximgtion of the volume density

and the water consumption of cotbtonwoods (Robinson,
1958, p.61), a consumptive use of 1.55 meters was

estimated. Therefore,

Gun = (130 % 0,25 x 1.55)/1744 = 0.0289 n/yr
(6.21)

0N

where, Qqun 18 the depth of phreatorhyte consumption

referred to the acuifer area.

Making use of eguation 6,12 and the previous terms, we

>

obtain
€ = 0,1102 m/yr (6.22)

The mean water level change between Sepiember 1569 and

September 1970, & h was
A = =0.311 m (6.23%)

A mean water level for the entire aquifer of 19.969 meters
avove gea level was calculated from water table maps of the
studied area.

Two points should be keptv in mind when computing the

mcan gstream stage; firgt, downstream of the town of (uasave
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(Figure 6.3), the area to\the west of the river is not
considered in the analysis; second, some subsurface outflow
discharges to the sea. Therefore, in the computation of the
mean stream stage, the length of the stream above Guasave
was included twice; the length of coast was considered and
at datum level. The average stream stage elevation was then
20.6 meters.

With.the values of the system variables and the water
balance of (6.11) the subsurface outflow constant was computed

as follows

- 0.311 x 1072 = 0.110 - 0.116 + 0.63a (6.24)
and

a=4.29 x 1077 1/yr  (6.25)

The response time (see equation 2.54) can be obtained
as

ty = 1072 / (4.29 x 1077) = 2.3 years - (6.26)

A characteristic length of the aquifer can be computed
once the subsurface outflow constant is known (see Section
2.3). In this case, the characteristic length is 21 kxm. This
can easily be measured from a map of the area and is

strikingly the same as that obtained using the aguifer
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water balance equation. fhis example shows how simple it

is to obtain the subsurface outflow constant and to represent
the system by our physical model, provided we have a clear
picture of the field situation. A water balance will always
be recommended as a powerful and simple tool in checking the

behavior or characteristics of the physical model.

Management of the Systenm

Plans have been made for construction of a reservoir
on the Rio Sinaloa in order to control and have better use
of the river. However, for best use of available water
resources in the area, the conjunctive use of groundwater
and surface water appears to be an advantageous alternative,
and should be considered.

An aguifer, an underground reservoir built by nature
and able to store, transmit and supply water, is already
available., It is naturally connected to the stream, and
hydravlic head differences dominate the stream-aquifer
interaction. About 600 wells, approximately 120 with depth
greater than 50 meters, presently extract water frcm the
~agquifer. In drought periocds, the aquifer can be a reliable
source of water.

Both subsystems, stream and agquifer would be cperated
by a central agency, charged with satisfying an estimated
water demand in the "best" economic way, and with absorbing
the initial costs of the irrigation and pumping facilities.

No changesrin the unit operational cost of the facilities,
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~due to operation of the éystem, will be considered.

Optimal decisions concerning size of the dam and its
operation, diversion, and operational policies for pumping
will be determined. The inputs and characteristics of the
system such as the subsurface outflow constant and the
availability of pumping facilities are the uncertain guan-
tities.

In a deterministic treatment, the minimization of the
discounted operational cost of the system (see, e.g.,
egquation 3.1), including the fixed cost of the dam, is

represented by an objective function such as:

w:i% 171+ et o, Ko o+l
bt s/ {95, Pi-1%, * Or 'R,

+ CP. QP. (z - hi + DCi)) (6.27)
i i
See section 3.3 and the List of Symbols for description of

the variables. The decision varizbles are:

'Kc. ratio of water diverted from the stream at time
[ S

i
i, to water demand at time i-1 ;

’KR. size of the dam in 10% m°

(3

7 ratio of water pumped out of the aquifer at time
. i to amount of water stored in the aquifer at
tine i-1.

If the demand of water and inputs of the systems are

Tandom a stochastic representation of the objective function
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ig the discounted expected value of cost. Following an

anelysis similar to that presented in Section 5.% we obtain

Mininmize

. iy v , n ’
EW) = %, (1/(1 + =/8.)% o My ,}@s. ““/U"c 'ZE-R1
, e i R

+ /iﬁ 'S(Zfihi“1 “,ﬁih. jﬁh. +.fiDCijihiu1)‘§?i

P i-1 i
~ 2 i e | |
+‘}LCP {(~ ¢, /ZPH + 01 yf) &hi) _ (6.28)

The comstraints of the problem are given next (see
Section 9.4 for development of some of the constraints)o

1)} The demand consbtraint states that the water demand
in a given periocd 1 must be smaller than or egual to the
gsum of the expected amount of water diverted Ffrom the stream
and that pumped cut of the agquifer, with a level of proba-

bility }1.

'}iDihm'i’gSi * A‘D’Mhi_mq Zg]?i:;,/U“Di + Xy 6}5 (6.29)

2) The pumping capacity comstraint says that the
available pumping facilities at a time i , must be greater
than or equal to the expected amount of water pumped out of

the aguifer, with a given probability %\2 .

3
X

o 't < A a | -
Aojﬁ.hj"1QP ﬁlfAQé + X, Q}QP (6.30)
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3)

The diversion facilities constraint establishes

that the surface water capacity at a time i must be greater

than or equal to the expected amount of water diverted from

the stream, with a given level of probablility k'B .

My ?rs.ééleéD + 23 0y

(6.31)
11 S% Usp

4) The dam freebcard constraint says that the freeboard

at time 1 must exceed fi with probability A‘4 o

’531 - XBi ;ri ()\4) + fi

(6.32)

where 1&}_k4) is the 100. )4_ percentile of the streanflow
QST and fi is the considered freeboard wvolunme,.

i
To obtain equation 6.32, a new decision variable IKH

i
(see Section 3.3) is introduced through a linear decision

rule (Revelle et.al., 19%9) which is

. . (6.33)
X 1

is expressed in terms of the reservoir storage during the

' a
Previous time pericd Si—1 « The continuity equation for the
reservoir is

S; = 5. _, - Q + 0
i i=-1 oui STi

(6.34)

Substituting (6.33) into (6.34) produces
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o
S. = B, + Qqp (6.%5)

and similarly

S;.4 = ‘XB

J—-

1

+ Q (6.36)
i-1 0 STy

Introducing (6.36) into (6.33), we obtain

%, = U

o8y i=1 i

which gives us an expression of the release from the dam

Qonz at time 1 , based on the stream flow Qgn at time i-1,

In a deterministic representation c¢f the freevoard

constraint

1
i
Substituting equation 6,35 into 6.38, we have
T. -1 - £, 2Q (6.39)
R1 Bi i= STi

If the streamflow is random, then equation €.39 can be

written in terms of a probability statement, as follows:

P(QSTi_S_IdR1 - ’b,B - fi) ___>__ A4 (6.40)

i

For mathematical programming it is better to represent it
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as a2 certainty equivalent (equation 6.32).
5) The stream requirement constraint, states that the
streamflow downstream of the studied region must be greater

than or equal to a given senior right K1 with a probability

A, -

"”’o,'KR1 - '6,'81 -/uD;JS.‘:): ad( My ‘}Jh1> + KTy (6.41)

is an equation for time i = 1 , and

,JBi-—'! -‘XBi “/LDi_;XSiZ: aA( 5 —}ihi) - I‘i_1‘\“|-A5') ,; K13;
(6.42

is a constraint for time i 2 2 where M%:KRW is the
initial storage of the reservoir.

6) The dam storage constraint is defined as the storage
at the dam which must be greater than a minimum storage with

a probability A6 .

wmIKR1 - ?gB.

i

A

ri(']— xb) (6.43%)

‘where M%JXE{ is the minimum storazge that the dam must
1

heve end z;(1- A,) is the 100.(1—)6) percentile of the

6)
stream-flow.

The deterministic constraint can be writien as

1

S :>: Smin

!
i
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Then, making use of equation 6.35, we obtain
g, 2 “’m?‘R1 - 1631 (6.44)

i —
§
where Smin wm’KR1

. Now, if QST is random, we have
i
P(Qgp_ 2 WmIKR

or
(wm'x --,6 ) 2._ >\ (6.45)

in which F is the cumulative distribution of the

Q
ST,

streamflow. Eguation 6.45 in its certainty representation
becomes'equation 6.4%,

At this point, it is coavenient to mention that the
levels of probability kﬁs are selected by the designer
according to available information and future estimations
about the system operating policy.

A well drawdown correction DC was included in the
| objective function to simulate the difference between the
average water level in the agquifer and the average water
level at the pumping wells. Equation 2.49, previously
developed, was applied to obtain the above correction. Well
losses were not included in the analysis.

A mean influence area of the wells of 1.45 hmz was

obtained from a map showing the locatiom of the wells in
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the studied area. This value is based on an average distance
between wells, the irrigated land area and the number of
wells significantly deep (depth greater than 25 meters).

The well drawdown correction based on (2.49) is

o
H
0]

=(Q / 27('11)(}?]) - .I?D) (6‘46)

where Q is an average instantaneous pumping, obtained
by assuning that two thirds of the number of pumping wells,
WN, were pumping.half of the year; it is related to the

annuval punmping of the area QP , as follows.
Qp = 2/3 x 1/2 x ¥ x Q, x 31.54 (6.47)

3tatistics

A gamma distribution was selected to represent the
streamflow because of its non-symmetry (Fiering, 1971,
P.35)., The gamma cumulative distribution (Food et.al.,

1963, p.128) or incomplete gamma function is given by

x
Px) = / ‘toL exp(—t/‘s )dt/o{,!pm'*'dx (6.48)

o}

which can be transformed *o

xR
P(a, X') = F(x) = 1/1 (a)/ ‘t1a"1 exp(ut1)dt1 (6.49)
o
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where, I'(a) = &l , = a=1 and x.:—./ﬁx_'

Equation 6.49 can be related to the chi-square distribution
if a is an integer (Abramowitz, et.al., 1964, p.9%41) as
follows,

Pa, x ) = ‘K(a, x')/ Ta) = P(Xa/v ) (6.50)

2 _
in which, Y = 2a and X = 2X‘ (chi-square distribution),

and

Fa, ')/ T =2q /) (6.51)

where
1.2 X%p) = O¥y) (6.52)

A table of Q(X?/y) cen be found in Abremowitz (1964, p.
978). Two parameters a and P define the shape ol the
gamma distribution and are related to the statistics of

the streamflow as follows:

e
T2 :pzae

The assumed values of /U_and 0 were 1334 x 106 mB/yr

and 544 x 106 mB/yr, respectively. Therefpre,
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; a= 6
B = 222.5
| V= 12

For a value of probability of F(x) = 0.75. we obtain
X2 = 14.85 from the tables of X2 . Since

K = eip
then

6 m”/yr

x = r{0.75) = 1650 x 10
where 1T(0.75) is the 75 g—}-‘percen'tile of the streamflow.
Repeating the procedure for F(x)} = 0,25, we have

x = 7(0.25) = 940 x 10° m?/yr

where r(0.25) is the 25 ﬂlpercentile of the streamflow.
The cross correlation function of pumping and the head

of the aguifer for zero lag(computed by egquation 4.28) was

-0.74.

Parameters Needed by the lMedels

The amount of information required by the models under
& stochastic formulation increases substantially compared

to a deterministic formulation. The values of the parameters
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required for the Rio Sinalosa problem are given in Table 6.3,
A flow chart depnicting the iterative Procedure for

golving the Rio Sinaloa management problem under razndom

co..ditions is shown in TFigure 6.5. The listing of the pProgram

is given in Appendix I.
Results

Figure 6.6 summarizes certain final results obtained
from the application of <the proposed models to the study
rea. These results are: the optimal operation of %the system,

the cptimal size of +the dam QﬁR and the expected value of

the operational cost of the syst;m (which includes the costh
of the dam). Dam, surface water diversion facilities and
punping facilities are those items optimelly operated. Algo
shown in Pigure 6.6 are: the exnpected water level in +the
aguifer, the stream-aquifer flow and the 75 @lpercentile
of the demand,

Examination of the results shows that pumping was
elways at its maximum capacity throughout the entire horizon,
slnce pumping was cheaver than diversion of water from the
streame Therefore, the amount of surface woter was enough
to satisfy the demand uwnfulfilled by pumping, and at the
Same time absorbed any trend or random fluctustion included
in the demand.

An average well drawdown correction of about 7.29 m

wWas found by using equation 2.49.

Because of the increasing water demand and the particular
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TABLE 6.3 Parameter Values for the Rio

Sinaloa Problen.

Design horizon

Number of seasons per year
Aquifer area

Transmigsivity

Storage coefficient
Dimensionless constant, used to
compute the subsurface outflow
constant

Characteristic length

| Ground surface level

Mean stream water level

Initial water level

Number of wells

Average well radius

Average influence area of a well
Downstream quota

Dam freeboard

Minimum dan storage fraction
Initial dam storage fraction
Fraction of precipitation that
actually reaches the water table
Fraction of water applied that

infiltrates

Fraction of water infiltrated that

- 0.45

actually recharges the aquifer

20 years
1

1744 Em?
0.02 mz/sec

0.01

3.0

21 Knm.
350 m.
338.6% m.,
338 m.
314
0.254 m.
1,45 Xm?
0.0

200 x 10°
0.4

0.6

0.1845

0.411
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TABLE 6.3 (Continued)

Fraction of precipitation that
helps to satisfy the demand
Expected value of evapotranspi-
ration

Expected value of precipitation
Expected value of subsurface
inflow

Autocorrelation function of the

inputs for lag 1

Cross correlation function of
pumping and head for lag O
Probability level to satisfy
the constraints

75 percentile of the streamflow
25 percentile of the streamilow
Expected value of capacity of
the pumping facilities

Expected value of capacity of
the surface water facilities
Standard deviation of the demand
Standard deviation of the
pumping facilities

Standard deviation of the
surface water facilities
Standard deviation of the

subsurface outflow constant

0.422

50.4 x 10® m° /vy
185 x 106 mS/yr

25 x 10° mB/yr

0-7

-0.74

0.75
1650 x 10 m3/yr
940 x 10° m2/yr

470 x 10° m?/yr

1500 x 10° mB/yr
200 x 106 mB/yr

70 x 106 ma/yr
300 x 10° m /yr

0,258,
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TABLE 6.3 (Continued)

Standard deviation of the input

Nominal rate of interest

Expected stream diversion costs

Bxpected dam unit cost

Expected pumping costs

Expected water demand in 10

(Ty

r

jics

P,

b,

Mo
i jLDi
1 800
2 850
3 900
4 950
5 950

oy

C w @ =~ O

11
12
13
14
15

o,
1050
1050
105Q
1050
1050

-

o

8.07 x 1072 m/yr
5%

$6000/10° m’
$24444/10° m?
$63.8/10° a*

Fo,
1050
1050
1050
1050
1050
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Objective function. OF = 3115,224,000
Reservoir volume ¥ = 1915 x 10° n®
Std. dev. of subsurface -
outflow constant. = 0.25 a
Probability level ¥ = 0.75

1500

/W_D“ x0) o 5

¥

1000 -

Surface water
f/ diversion

(10°m®)

VOLUME

500 A

// Pumping

Streamn—-aquifer flow

kExpected
water level

\ g

Dam Storage

decision var.

;%

0

10 1
TIME

|

[=¢
7

(years)

20

220

310

(m)

EXPECTED AQUIFER WATER LEVEL

Fig. 6.6 Operational scheduling and agquifer behavior

for probability level A = 0.75 .
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combination of physical aquifer properties, the aquifer
behaved such that the expected water levels experience a
fast drop in the first five years of operation of the system.
After this large initial decline of the water table, an
equilibrium is rapidly reached because irrigation return
flow and stream-aquifer flow increase. The amount of increase
depends on the demand and on the stream~aquifer head difference.
The results of several alternatives are summariged in
Table 6.4. Note that alternative B shows a 19% increase
of the objective function relative to the deterministic
case (alternative 4), when the coefficient of variation of
the demand is approximately 0.2 (sece Table 6.3), This increase
is comparable to that found in the Maddock problem under
gimilar conditions (see Figure 6.1). |
A graph of the variability of the water level h in the
aguifer is presented in Figure 6.7. Shown is the result when
the subsufface outflow constant a is a deterministic
quantity ( 6; = b) and the randomness is due to the inputs
to the system. Figure 6.7 also shows the variability of h
when a 1is treated as a random variable with a standard
~deviation of 0.258 . A sum of both variance 0%, (&) and
déiﬂa) produces the total variance of the system. From
Figure 6.7’it is seen that both cases behave in a similar
manner, increasing up to a steady state value. However,
d%ﬁa) has higher values than (75(5) and takes almost twice
the time to show its total effect. This implies that an

uncertainty in a due to inadequate field information and
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H T T

5 10 15 20

TIME {years)
Variability of aquifer water levels G’k@} represents
uncertainty when the gubsur faue OUbjlow coz:danr
ig deterministic, the mean 4. PJX1O vr )
dr (m) represents unagrtﬁintj wnan the subeurface
OUGLTOW comstant is considered a random variable
with ﬁa = 0.25a .

.‘-.
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+the random behavior of the system properties such as the
aquifer transmissivity, increases congsiderably the

wncertainty associated with water levels.

Sengitivity Analysis

In order to gee the effect of randomness on the
operation of the system, the deterministic cage was run
and its solution is presented as Pigure 6.8. Ve note that
both cases, deterministic and random, behave in a very
gimilar manner: but the system under fully known cénditions
is cheaper to operate and the size of the dam 1s almost
25% smaller than in the situation where uncertainties
dowinate the picture. |

The effect on the objective function caused DY
uncertainty in the subsurface outflow constant 1is shown

in Pigure 6.9. However, it should be noted that this behavior

Y

depends cn the parameters of the stream—aguifer system
through the coefficient part of the variance term in (6.28).
In this case the effect on the objective function which is
caused by uncertainty in the subsurface outflow conglant

is small (Figuve 6.9).

3

The nonlinear objective function (guadratic in pumping)

was solved by the proposed iterative procedure (see, Section
%.%), in which a standard linear programming package using
a simplex algorithm (Xuester and Mize, 1975, p.10) was used.

If resmsonable initizl conjectures of the value of the

variables were supplied to The models, only two or three
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Pig. 6.8 Operational scheduling and aguifer behavior

of the deterministic case.
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p 639.9

- 69

$10%)

L 68

OPERATTIONAL COST

o 66.2
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Variation of the objective function wvalue and
operational cost of the system as a function of
uncertainty in the subsurface cutflow constant
a for a level of probability A=0.75 .
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iterations in an IEM 360 model 44 were required to solve
the Rio Sinaloa management problem. Less than 150 k bytes
of main menmory were utilized.

Convergence problems were found when the cost of
diverting water from the stream QSD s and of pumping from
the aguifer QP were approximately equal. The above problems
are illustrated in Figure 6.10 and 6.11; Figure 6.10 shows
the resulits of two iterations (subindices 1 and 2); Figure
6.11 presents the average of iterations 1 and 2 (subindex 3)
as the initial assumption of the next iteration (subindex 4).
Even though both objective functions are almost identical
in Pigure 6.11, the policies appear very different. No
procedure was found to solve this convergence problem. The
application of any of the two schedulings found by the
models (Figure 6.11) would of course solve the management
problem, since their cost is the same. The actual selection
of a operational scheme would depend on factors other than

those economic factors introduced in this management model.
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1000 He.= $3000/10% n®
M= $106.5/10°m*?
Tr,= 1915 x 10°m>
o= 1871 x 10°nm®
900 | OFy= $95,621,000
OFe= $89,248,000
0o = 0.25a
0.75%
800 -
700 |
600
e
O
=3
500 |
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RN
"dD
-t

400 -
300 - QP
2
200
EXPLAWATION
! QSD : Surface water diversion
100 - 1 first iteration
QP : Groundwater withdrawal,
2 second iteration
0 5 10 15 20

TIME {years)
FPig. 6.10 Representation of the convergence problem when
cost of surface water diversion and pumping are
nearly the same.
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3
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CHAPTER 7 SUMMARY AND CONCLUSICNS

Summary

4 development of simple models to represent a stream-
aguifer system and its optimal operation under situations
involving uncertainties was the main concern of the study.
Only physical and economic variables were considered in
this work.

A lumped parameter model composed of an aquifer water
balance and a linear stream-agquifer flow relationship is
proposed for modeling the system. This model is not offered
as a substitute for distributed models but as a simple
reliable and economical alternative suitable for initial
evaluation of systems with only limited field data. The
strean-aquifer flow is govermed by the subsurface outflow
constant and a head difference between stream and aquifer.
The subsurface outflow constant was found to be dependent
on the average transmissivity of the aquifer, a character-
istic length of the aquifer and a dimensionless constant.

The effect of system properties and input characteristics
on the value of the dimensionless constant was studied.

The solution of the physical or lumped parameter model
is given by a convolution integral which accounts for past
inputs to the system. Since the lumped model provides an
average water level h , an improvement was made by

introducing a correction which allows the physical model
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to compute the head at the pumping wells. An important
concept included in the analysis is the response time of

the stream-aquifer systen th ; it is a measure of the time
required for the system to respond to inputs, and is related
to the subsurface outflow constant and an average storage
coefficient of the aguifer,

A management model was developed which minimizes the
discounted operational costs of a stream-aquifer system,

It is linked to the physical model by the average head of
the aquifer. 4 simplificatioﬁ of the objective function
was obtained by computing the average head of the aguifer
outside of the maragement model, not including any past
input to the system in the objective funcition., Taking
advantage of this link between the models, an iterative
procedure was developed for solving the gquadratic optimization
problem with a standard linear programming package. Linear
decision rule were used to define the decision variables.
By making present decisions based on previous information
the operation of thé system was made more dynamic.

A Turther step in the analysis was made by considering
‘random natural inputs and a random demand, A stochastic
differential equation with a random forcing function
represented the physical model. The ensemble average, the
variance, and the autocovariance of the aguifer head were
compuﬁed. Using a conditional probability approach, the
variance of the random subsurface outflow constant was

inclucded in the problem; a variance of the head as a
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function of the variance of the inputs and of the subsurface
outflow constant is computed. It was found that the pumping
cost depends on the interaction between the head and pumping.
Hence, spectral analysis was used to find z cross correlation
coefficient between these quantities. The minimization of |
the discounted expected value of cost is the representation
of the objective function in a stochastic system. Chance
constraints which allow for satisfaction of the constraints
with a2 given probability level were used in the stochastic
menagement model, Nonstationary demands of water are easily
represented by these types of constrainis.

To exanine the reliability of the proposed models =
comparative test was made with a study by Haddock (1974),
which includes a distributed aquifer model coupled with a
stochastic management model. From the comparison, similar
operating rules were found and a sensitivity analysis showed
that Maddock's results were a particular case of a more
general problem treated by our stochastic management model.
The increase in the objective function with increasing
variance of the demand was in agreement with that found by
- Maddock. However, some differences in the objective functions
were found because of the local effect on the water table
of only two pumping wells. The iterative procedure as well
as the link between the physical and management model proved
to work satisfacterily. An advantage of our models is the
small number of terms in the objective function producod

by computing the mean water level of the aquifer outside of
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the management model.

The proposed model was applied to a basin in northwestern
Mexico. The adaptability to a different situation was tested
and a sensitivity eanalysis performed. Optimal‘decisions
about the size and operation of a projected dam were made.

The operational scheduling of water diverted from the stream
and water pumped out of the aquifer were obtained to satisfy

a fandom demand. Since the groundwater costs less than sur-
face water, all random fluctuations in the demand of water
were absorbed by the surface water. The variance of the

random levels in the aguifer including a random or a deter-
ministic subsurface outflow constant, showed similar patterns;
it increased up to a steady state value. The variance of

the water levels was larger when affected by a random
subsurface outflow constant. Comparison of z deterministic

and a stochastic case showed that for a deterministic case
operational costs are less and a smaller dam is required.

The study of the sensitivity of the cbjective function to
uncertainties in the subsurface outflow coastant showed

that they had little effect on the discounted expected

value of cost. Convergence problems in the iterative procedure
were found only when the surface water ccst and pumping |
cost were similar. In this case two different policies
produced almost identical discounted cost. Otherwise, with
reasonable initial assunptions, only two or three iterations

where reguired to converge to 2 reasonably accurate solution.
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Conclusions

The following conclusions were obtained

In regional studies the physical model developed

in this work is very simple and reliable in its
usage; it 1s capable of accounting for local
drawdown at the wells, stream-agquifer interaction,
and can easily be coupled fo a managemnent model,
The subsurface outflow comstant is a very useful
concept in modeling a strear-aquifer system. It
groups parameters such as the transmissivity of

the aquifer, a characteristic length of the systen,
and a dimensionless constant which depends on several
system properties and input characteristics.

A simple link was made between a physical and a
management model a2llowing us to develop an iterative
procedure for solving a nonlinear optimigzation
problem with a standard linear programming package.
In the stochastic management model dynamics were
introduced with the use of linear decision rules

to define decision variables and more generality
was obtained with the use of chance constrainis.

A nonstationary water demand was easily represented
by ﬁsing chance constraints.

Good agreement was obtained between the results of

the proposed model and a previous study Ly Maddock
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(1974) Ttased on a distributed aquifer model and
gquadratic programming. The cperating rules and

the sensitivity to demand uncertainty were prac-
tically the same; The value of the objective
function obtained from the lumped parameter model
was slightly larger; the difference is thought to
be related to the interaction between the stream
and the local cones of depression of the two wellg,
The versatility of the developed model was demon-
strated by applying it in the Rio Sinaloa study
area in northwestern Mexico. This was a regional
study involving over 400 sz of land irrigated

by hundreds of wells and by diversion from a
strean. The optimal operational scheduling of
conjunctive use of surface water and groundwater
and the optimal size of a surface reservoly were
obtained under random ccnditions.

The effect of uncertainty on the management of &
stream-aguifer system is an important factor to

be considered; under random conditions Tthe size

of the gurface reservoir is larger aund the cost

of operation is greazbter than under a deterministic
gituvation. The choice of the level of_probability
in the chance constraints is an Important managerial
decision because the expected value of the discounted

2

cost ig gignificantly affected by the level of

)

probability. Uncertainty of the water demand
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produced'a larger increase in the operational
cost than uncértainty in aguifer parameters.
However, the effect of uncertainty on the aquifer
water levels was found to be dependent on the

system properties and input randomness.

Recommendations

Wofk remains to be done on the determination of

the subsurface outflow constant when the aguifer

is asymmetric with respect To the strean.

Different types of boundaries and shapes of well
influence areas need to be used and analysed,

In managerial studies of conjunctive use of ground-
water and surface water more emphasis should be
given to the statistics of the economic variables
than the statistics of the properties of the stream-
aguifer systen.

More study related to the convergence problem of

the iterative procedure is needed.

Another approach to include a random subsurface
outflow constant in the physical model, can be

used: it consists of solving a stochastic differential
equation with a random coefficient and a random

forcing function.
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APPENDIX A Computation of tThe Subsurface

Qutflow Constant for the Unsteady Case

The equation governing the flow is
X2 9%0/9x° + € = Pn/ Pt (A.1)

wheTe c&z = T/8 is the hydraulic diffusivity of the agquifer,

and

The initial and boundary conditions are

t €0 ; h - H = (2I-x) €4 x/2T (A.2)
x = 0 : h-H=0 ' (A.3)
X = L ; 9 -H)/9x =0 (A.4)

The method of separation of variables is used Tto solve
(A.1) satisfying the initial and boundary conditions. The

variable nh - H 1is used taroughout the analiysis.

Let
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h-H= X(x)T(t) (A.5)

Substituting the above expression ianto (A.1) produces

&’ x"/x= 1 /7
Now, let
ol x"/x = —p° (A.6)
and
7'/ o= p? (A7)

Solving (A.6) and (A.7) and substituting intoc (A.5) we have

h -H3= exp(-—pzt) (A cos px/ol + B sin px/0f ) (A.8)

where A and 3B

are constants of integration, which are

obtained by using (A.%3) and (L.4). Now (A.8) may be trans-
- formed into

h-H=238 exp((—ﬂrKUVQL)Qt) sin(m xx/2L)

(A.9)
In order to satisfy The initial comndition (A.2)
o0
h ~H = Z: Ay exp((—mwu/ZL)Zt) sin(m X x/2L) (A.10)
m=1,3,5,...
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where

2L
A, = 1/1 J/. f(x) sin(mwx/1L)dx

0

If

f(x) = (2L - x) €, x/2
then

A, = (1 = cos m M)8 €4 L/T m5 ﬂ‘3 (A.11)
Equations A.10 and A.11 are the solutions of (A.1) satisfying

the initial and boundary condition.

The average head in the agquifer can be obtained by

21,
= 1/2L j[ h dx (A.12)

o

Substituting (A.10) into (4.12) we get
[« a)
BE-H= 2, A exp((-nmn/2L)°1t/5) (1-cos m %)/m

=1 (A.13)

since

e =%/L(3R/ 3x)| __ 4 (A.14)

we can find that
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- <]
a= ¥, A, exp((-mw/21)%Tt/s) (Tmm/21°) (A.15)
m=1
Both Venetis (1969) and Kraijenhoft Van de Leur (1958)
show that the terms in the series in (A.13) for m 1
become very small relative to the first harmonic when time

increases. Retalning only the m =1 term

Q= 4y exp(- 7 208/48) (T TM/2L°) (A.16)
and

B -H= (4 2/W) exp(- T 27t/45) (A17)
Since

g=a (h -~ H) (A.18)
then

a =TT /41° (4.19)

which is the subsurface outflow constant for the unsteady
case, with an initial condition equal To the steady state

head solution.
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APPENDIX B Computation of the Subsurface

Outflow Constant for a Clogged Stream

The differential equation that governs the flow under

steady flow conditilions is
T a%h/dx® = 0 (B.1)

with boundary conditions

x = 0 ; dh/dx = 0
x = L : ho=h,

The solution of the boundary problen is
ho= (1% - x°) €/20 + b (B.2)

Since the flow is steady and the averase water level is
located at 2/3 of the maximum water level differvence, because

-the shape of the water table is parabolic,

where a = 3T7/1°, Analogous %o (8.3), we find an expression
for the flow passing through the semipermeable layer (see

o

Fig, 2.v)
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q = ac (E"”H) (B'4)

where aC is the subsurface outflow constant which includes

the clogging effect. Therefore

- -1 ,
a, = 4 (h - ho + A h) (B.5)

where, A4h = ho - H . Applying Darcy's law at x = L

- 7 dh/dx = E, (hy + H) Ah/2d = €1

= (B.6)
If

(b, + H)/2 = H
and if trne flow 1s steady, we obitain

Ah 2 qId/¥E, | (B.7)
Substituting (B.3) and (B.7) into (3.5), produces

a, = 30/I°(1 + 3Td/HK_L) (B.8)

orTr

a, = a/{1 + 3T4/HK L) (5.9)
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A further simplification gives

a_ = /(1 + 3B°/HL) (2.10)

where B is the leakage factor (Davis and De Wiest, 13967,

P-225) .
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APPENDIX C Details on the Computation of
the Subsurface Cutflow Constant for

Converging Flow

The equation governing the flow under steady conditicns

and as shown in Figure 2.6 1is

1/r (&(?r dh/dr)/ér) = - € | (C.1)
where I 1is a constant. The boundaries conditions are
dh/dr = O

and

The solution of (C.1) is
T . 2 2 e 2 (
(h ~H) = (R; - T JE/4 + (In &I’/ho))ERZ /2 (¢.2)

The mean water level in the aquifer is

*vg)ﬂ/ (h = T) 2%r ar  {

=1
§
jai]
il
—
~
-
=
RO NAS]
i
s
@)
AN
—

Tet

dr© = 2rdr (C.4)
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and

2

T 1n(r/Ro)dr = 1/4 ln(r/Ro)zdr (C.5)

Making use of (C.4) and (€.5) and substituting (C.2) into

(C.3), we obtain
T (B -u) = €(R/4 - (R5 + RZ)/8
5 ' i}
+ R} In(R5/RZ )/4 (85 ~ 8%) - 8%/4) (C.6)

if &= R /R, << 1, we obtain

(B -H) = ((1+28)(=1n 8§)/2 - 3(1+2 §)/8) € 15/1
(C.7)

Since
q = = a(-ﬁ - ) (C.8)
- substitute (C.7) irto (C.8), to get

a = (1/(1+28) ((-1nb)/2 - 3/8))1/1° (G.9)
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APPENDIX D Effect of Different Aquifer
Properties in Individual Segments of

a Stream=-Aquifer System

Let us start by trying to compute a subsurface cutflow
constant of an aquifer divided into two parts by a stream.
The equations governing the flow at each aquifer cell

(see Section 2.2) are:

S1dh1/db + ahy = ¥, : (D.1)
and

Szdhz/dt +ah, = ¥, (D.2)
Multiplying both sides of (D.1) and (D.2) by the aquifer
cell areas A1 and A2 , respectively and rearranging the
eguztions, we chtain

A1(dh1/dt + h1/th1) = y1_A_1/s1 (D.3)

and

Az(dhz/dt + hz/thg) = y2A2/82 \D.4)

where the response time of cell 1 is %, = S1/a1 and the
] {

response time of cell 2 is t,. = S,/a Adding (D.%) and
n2 2 T2 :
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(D.4) and dividing by A = Ay + Ao s

a/dt (A1h1 + Azhg)/A + {A1h1/th + Azhz/thr)/A

1 2

An equation for the entire équifer might be
d b/dt + B/t =7 (D.6)

wnere the overbars mean weighted averages with respect To
the areas. However, (D.6) is rnot be found unless

th1 = thz = th and 81 = 82 y l.€., ay = 2,5 . Thnis last
t

case might represent an aguifer symmetric to the st

=
o
)
O
=

a combination of tne Transmissivity T and characteristic
length 1L , such that the T/L2 ratioc were the same (see
equation 2.15;. Therefore in order to represent the stream-—
aguifer system by only one subsurface outflow constant a ,
The response times of each cell must be equal as well the
storage coefficient S . The reason for this restriction is

- the nonlinear relationship between the aquifer head and the
response time. If the parameter a and 2 are significantly
different it may be necessary to use rore than one cell to

represent Tthe physical nodel.



160

APPENDIX E Proof that the Use of Average

Heads in the Outflow Equation is Valid

To demonstrate that tl.e use of average heads is correct
in the outflow equation, we shall show that the average of
any departure from the mean head in the aquifer and in the
aquifer outlet is zero.

Let us consider an aquifer consisting of a sector of
a circle bounded externally by a stream, as shown in Figure
E.1 and with wniform recharge € . For simplicity, steady
flow is assumed. The equation of continuity in polar coor-

dinates (Davis and De Wiest, 1966, p.245) is

(7/r) d(ron/dzr)/ dr + (T/x°) 82 b/ 0°6 = -¢€
Since equation E.1 is a2 non homogeneous partial differential

equation,

h = hp + h1 (r,0) (E.2)
where hp is the particular integral and solution of
veh = =€ | | (E.3)

and h1 is the complementary function and solution of

Veh =0 (E.4)
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(R,
p) h = £(6)

(stream stage)

NN OO OO YN
0 (R, 0)

NANNNN

Imperveous boundary

Fig. E.1 Boundaries of the aguifer.
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Next the solution of (E.>) will be found. The boundary

conditions are:

h = h1 =f(8) : =R (E.5)

h.p = 0 H r = K (E-6)
and

dhp/dr =0 i =0 (E.T)

Thus hn refers to the sverage outlet head and (g )

v

is the departure from the average outlet head.

Tntegrating (E.3) twice and using (T.6) and (Z.7) we
find the solution of (E.3) which is
L2 2 ] -
h_ = (R - r%) € /47 (B.8)

b

The soluticn of (E.4) will be found by using the method

of separation of variables. VWith the boundary conditions
r =0 ; h is finite

1

8=u0 ;  0h,/20

]
<
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we find that

(= ~]

hy = ao/2 + 2: aﬁ cos (mTKS/p,) i R/Pl (E.9)

=1

Equation E.S satisfies (E.5) if

(= =]
£(8) =a /2 + X, a cos (muE/B) (B.10)
m="1
Since the above equation is a Fourier seriesg,
B
a, = 2/p 7(9)d@ =0 (E.11)
o}
because I () =0 , and
P
a, = (2/pRm“/P) / £{@) cos mM"9/p a8 (E.12)
o _
Therefore
L= v
h, = Z: a, ©oS (nTe/p ) rmﬂ/ﬁ (B.13)

m="1

is the solution of (E.4) with the proper boundary conditions.

The outflow equation is
€ =alh -H )

Let
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1
R B

1/A // n(r, @)r dr 4 @ (E.14)
o} (o) .

1/A //hp rdr 40 + 1/A /1111‘ dr 4@ (Z.15)

where A = /3R2/2 . Then

st
I

orTr

=1
1

R .
E, = € /4TR? (R® - r2) ar® = € r%/81 (.16)
o)
and
R,.p '
"h'1 = ’I/A// 2. rm“/ﬁcos(m‘ns//&) r dr 49
o o Iﬂ=1 :
But
p
/ cos(mT\'Q//S) a8 =0
(s}
Then
h1 = 0

This shows that the use of average hneads in the
outflow equation is correct for any head distribution at
the outlet. Since the average of the aquifer nead pertur-
bation produced by The departure at the boundary head from
its average is‘zero, it follows that the average boundary

head can be used in the outflow expression for i .
I =
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APPENDIX F Analytical Solution of
the Lumped Model

Let us transfern equation 2.4 which represents the

lumped model To

dn/dt + ah/s = y/S | (F.1)
Solving the homogeneous equation, we find

h = h(to) exp(—-alt =- to)/s) (F.2)

- which represents a decay curve from an initial condition

h(to) . IFrom {(F.2) we have

h(to; = h exp(a(t - t_)/5)
Differentigting with respect to time,

a/dt (h exp(a(t—to)/s)) =0 (F.3)
or

(dh/dt + ah/s) explal(t - to)/S) = 0

where eXpLat/S), is the integration factor, Mulitiplyving

both sides of (F.1) by the integration facter and maliing
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use of (F.3), wevobtain

d/dt (h exp(at/S)) = vy explat/S)/s (F.4)
Integrating the above equation produces

h(t) = h(t,) exp(-a(t - t,)/8)

. |
+ 1/8 )/ y(T) exp(-alt-T)/5)aT (F.5)
tO

Then if

.t
h(t) = h exp(-at/3) + 1/5 | y(7) expl-a(t-7)/5)d7
o (F.06)
The above integral is called a convolution integral.

A somewhat different and perhaps more illustrative
procedure for Ffinding the solution of (2.4) or (F.1) is
given next.

Let us represent the rate of recharge y , as a
Dirac delta function or impulse function (see Pigure I.1)

defined as
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) when 1t = t
’ o)
S(t—to) z{ |
o when t #'to
and
Qo
(t - t,) at = 1
- 0D

Using the above definition, y(t) is given by
0o _
y(t) = / (t -7) v(7) a7
-
Let us represent (F.1) by
S dh/dt + 2 = ¥y

For a unit input in (F.7),

S dh/dt + ah

I
O

—~
t

i
ot

O

"

At # T

S dh/dt + ah :

li
C

whose solution is

h = ¢ exp(-at/S)



When t 2t
Lot )2
(S dh/at +
to~ A2

1085

ah - §(t - t)) at = 0

where A is a small time increment. Integrating gives

t.td/2

S (h(to+) - h(t,7)) + a h(t) ¢t - 1= 0

and 1f &0

to- B/2

h(to+) - 1/8 (F.9)
Substituting (¥.9) into (F.8), we get
h = (1/8) exo(-a/5{(t - to)) = /u (t - to) (F.10)

a function called unit

response or welghtirg function;

jl{t - to) is the output of the svstem to a delta function

invut (Dooge, 197%, p.21).

If y(t) chenges

we can follow the next

where T is a point

arbitrarily =zs shown in Figure F.Z2,

analysis,

between t and 1L,
k K-
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1/o

1{,—Area = 1 meter

y(t)

ALMMEIN

O
o

t

Fig. F.1 Dirac delta function representstion of

natural recharge 7 .

y(t)

-

P NNANNNRNNANY

ct
W
[
-

I

N}
e

Fig. F.2 Hepresentation of the natural recharge Yy .
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(Y( Tk)ATk) S(t - tk)

represents the shaded area in Figure F.2. The natural

recharge is represented by

n
v 2 N w7 §¢v -t AT,
k=1 '

Since the response of the system to S(t -'Tk) is

)l(t - 'Tk) , we have

n
n(t) = /s L, y(Ty M -T) (T.11)
lt=1

Substituting (F.10) into (F.11) and teking the limit when
AT tends to zero, we obtain
t
n(t) = 1/5 y(T) exp(-a(t -T)/s}a”T F.12)
0
the convolution integral for a lumped model, which reprecents
2 time-invariant system,
Observe that the initial condition efiect (see equation

F.2) 1is
h (t) = b xp(-at/s) (F.13)

Inasmuch as tne system 1s linear, Tthe superpocition

principle can be applied and equations ¥.12 and F.15 can

be addcd together to produce the total output of the
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- system,

h(t) = h_ exp(-at/s) + 1/S/ y(T) expl-al(t-T)/5)dT
° (F.14)
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APPENDIX G Discussion on the Probability Level of
Constraints Involving Random Quantities and

Constraints Related to the Expected Values

Consider the deterministic representation of the demand

chance constraint to be

< _
Moy * % Ty :}LQSD. Mo T /U'ch. (6. 1)
i 1 i

where x corresponds to a probability level of k,1 .
To get a lower bound for

Ty

where k*1 is the actual probvability associated with the
constraint stated in terms of random gquantities, assume that:
(1) Dy - QT. and D; are rormal random variables; (2) the
correlation %etween QT and D 1is positive. Hence, Di— QT

has mean - and wvariliance
Mo, = Moy

i

0’;+0’Q2T«-2/°0(D Cme s Where
2 2 ¢ 2 2
0y + JQT-2f0’DJQT=0’D+ 6QT | (C.3)

if f;O .

Let
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P(D; - QTiéo) = P((Dy=Qp ~{My —/-LQT N/ a o,
' i

1 1
£ (Pg, -}*Di)/o’D_QT) | (G.4)
i

Now, if we satisfy (G.1}, then

Fo -Mp 220y (6.5)

T, i

and
P(X &£a) 2 P(X £D) (G.6)

if a > b . Therefore, by using (G.4) and (G.5) in - (G.6),

we get

B((D; - “p. T %i _}'LQT )/ —Qmé W‘Di “/‘LQT )/(D-QT)
- R i

1

i

oxr

1

B(D; = @ £0) 220Dy = & ~(iy ‘/(LQT?)/'O’ ~Q
1

£ x 0 /O’D_QT) (G.7)

2 A
1r ¢ = 0 and lP:O , we have
D Q0
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a, / O’D_QT,--, 147 = 0.707
where (G.7) is transformed into

P(D; - Qp £0) 2 B(N(0O,1) £ 0.707 x) (G.8)
. i= = | =
where N(0,1) i1s a normal random number with mean zero and
variance one. Using (G.8) we can easily find the actual

probability level, A, .

For A, = 0.95 , ‘then B(D, - Oy £0) 2 0.877 =X,
(202

and
)\ = 0.7 ’ then P(Di-— Qnm £0)20.644 = .>\*1
TS

As we can nobte the difference between the procbability
levels is not very large; the above procedure can be used
.
to estimate the actual probability level >\1 which is

implicit in an assumed value of >\1 .
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APPENDIX H Input Data Used in

the Comparative Study

Design horizon

Number of seasons per year
Aquifer aresa

Transmigsivity

Storage coefficient
Dimensionless constant
Characteristic length

Ground surface level

Mean stream water level

Initial water level

Average initial 1ift

Average well radius

Average influence area of a well
Fraction of developed water for
return to stream

Fraction of developed water for
spreading

Autocorrelation coefficient of
the inputs

Cross correlation coefficient of
punping and head (from eq. 4.28)
Expected water demands per season
Standard deviation of water

demands per season

4 years
6

8172.635 acres

0.031 £t2/5

0.01

3.0

4900 1t
20 ft

20 v

20 ft
26.25 ft
1 £%

1.78 x 10° £t

0.8

0.5

0.7

_0092

131 ac %

60 ac Tt

2
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Nominal rate of interest

Expected stream diversion costs

Expected operating cost of

pumpning

Expected return to stream costs

Expected recharging costs

Expected available streamflow

Season

1s 7, 13,
2, 8, 14,
35 9, 15,
4,10, 16,
5,11, 17,
6,12, 18,

19
20
21
22
23
24

Qgm

193

115
89

96

165
198

5%
$3.4/acft

$0.024/actt
$0.105/acft
$0.085/acft

ac=ft/season

2
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APPENDIX I Iisting of the Computer

Program

The Fortran IV program used iﬁ this work is composed
of: (1) a control program which controls the number of
iterations either by a mean square error test of the aquifer
heads or a maximum number of iterations; (2) a Main 1
program which prepares data for linear programming; (3)

a linear programming program (see, Kuester and lize, 19¢3,
p.10).

A phase overlay computer software technique in which
Main 1 and Linear Programming share main computer core is
used. This listing is for the particular case of Maddock's
problem consisting of inputs, program listing,and outputs

of the first iteration.
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KizNien

£2=9,ull

CLURTTNUE

CALL LUAD I‘HAINl ¢)

Call HAIND (HL}

JaJsl

CALL LOAD L9t ')

Catt (P (vs.vu VP VR

Rivi {90 3 ] .
WRITe (MA4404]1 (AALT)el=L1,13)

FURMAT (1A4y]3AG

WPT e (A ao%) (BB11),1=L,2)

FUHMAT [2A%)

KRITE [MA,405%) (CCCTyi=1,2)

ot L Nt T R N L G2 TR T )
FURMAT (2R, L1AgE LLa%)

WL Ik {MA,400) ({FLUL)s1=LeldEELD
FURMAT (Ah, LoX,b1(.4)

WETFE (MAgaUul (UGLILYeRNI(TD (RNCTD, 1=1,K2)
FURKMAT (LLXoALslZyibgal)

WRUTE (MagaUld LOLuMI{ I h CUNMZ U1, RNKLLTY JRNM2E L), T=1 4K 3)
FORMAT (fXyhuphlylryha,all

WRITE (MA,402) (#ML{T1eRMZLID pi=14KL)
FaRMAT (13X 4a%eAL)

wilTE (MAS530) {CIRD oK=1,H2)

FAKMAT [dF1lU.5)

WRETEL (MAGSGL), LENE1),1=L,N)

wAITE (1355000 (wrilL1),I=1,N}

RRITE (maaoul) (ool (i [=lpn)

WRIVE (4845000 4Vsti)ai=1,0

WKITE (M4,500) (VUEL}, (=L.N)

WRITE (Ma,501) (Vell)el=1,N)

WHITE (Mass81) (vetllel=LsN]

WRITE (MA,500) (hi(l)s0=1,N}

FURMAT (TFLCa6)

MEAN SJYUARE ERROR HEAD TEST

820.0

G=N~]

D3 % K=2;N

H=0r(H2 (R]=HL(K} IS (H2(K)-H1{K])
CONTINGE

E=SORT(B/G}

WRITE {6410}

FORMAT (1H pLlOX,730LH=11

WRITE (uelal (dsE ) . B
FORMAT (LM 514X, ITERATION =%,15,94¢ SURT{H.A,5,E.) =*,E13.6)
WRITE (6,40}

FAKMAT (1 g10X2T3(LH=272717)

W2 ITE {6410}

IF(E<24) 20520011

IF{JeGELNDIGO TU 20

REWIND 2

REWIND 3

GJ TO 12

STap

END
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J#INPUTY EXEC FORTRAN 00:00:%3

@001 SUBKUUTINE INPUTY (N,AR,AL)

t.‘t"tt"‘tt“ttktlts#.f.u#--ﬁ:cn#t..;‘wtt‘ttt.tvtﬁ.'l!tl"F‘!#Qtt(‘"#"‘ti
INPUT TO TiE PHYSTICAL MUDEL

FERPREFLCHLEAT I AT VL L VBEBNE T LACLENBE R RS EE O F AN SR RS TCF P S URTRAIAFIRLEEXI KT RANE S
AL=DNUTELIW CONSTANT IN L/SEASON

AL=LEAKAGE

ALE=CHAR LENGTH -

LUPHAL=RETURN FLOA COEFF

AlPHAz-LRI HECH CUEFF

c
:
[
;
c .
[ AR=AnE
[ AthkANSP!RATlUN
[ O=UFMAN
E Ha-vutv:uus HEAN H(L)
P=PRFCIPITATICN
[« QAR=wATER [ral ACTUALLY RECHARGES FHE AQUIFER
[ QAL=WAT EP THAT ACTUALLY KEACHES THE STHKEAM
c Ql=SUBSURFACE INFILUa
[+ QST S TREAMFLUY
[ KN(J) =N JUMAL KAHCUA NUMBEKS (041)
[ S5z M3ER HF SFASth PER YEAR
[ T=TRAKSMISS IVITY
4 Yyl d)=STREAN Ul VERSTUN u&c VAR
[« VULJ)=SETURNED wATER DBEC
E VEB(J)=PUMPING NEC VAR
VR{J)=APT RECHARGE UtC VAR
4 WH= STREAR STAGE
[4 Y(JI=EXPECTED VALUE NF [NPUT {L/7)
[ YIS =127 {L/T}
Qo002 CORMORZSAS/ DI30) 4unl{S2) ;08 TL501,230(50) » AU 501 ,AP (531 »QARIS0),
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APPENDIX J Basic Information on

Rio Sinaloa Study Area

Population of the wvalley in
which the study area is
located:

Area of the irrigated land:
Area of the aquifer:

Main aquifer:

Irrigation cycles and average

consumptive use:

Main crops:

Climate:

Rainy season:

Average precipitation:
Monthly mean temperature:
‘Annual mean evaporation:

Topography of the study area:

150,000 inhabitants
160 Xm®
1744 ¥n®

Quaternary alluviun

Spring (46.8 cm), summer

(77.7 cm) and winter (42 cm)
Cotton, wheat, bastard saffron,
gorghum, corn, soybean and
cantaloupe.

Semiarid

July to October and sometimes
is extended to January

A50 mm.

29°C maximum and 17°C minimum
Avout 2300 mm

The area to the west of tThe
river slopes to the southwest
and descend from 45 m above
sea Jevel to 20 m above sea
The area to the east of

level.

the river slopes to the south-
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west and descends from 65 m
above sea level to sea level.

Pumping figures: East side of the river, 300
wells extracting 149x10%n°/yr
(in 1971); west side of the
river 240 wells extracting
50 x 10° ms/yr

Well depth distribution: About 68 wells with a depth
greater than 50 m are located
at the east side of the river;
about 22 wells with a depth
-greater than 5C m are located
at the west side of the river

Averzge aquifer

transmissivity: 0.02 mz/s

Average aguifer storage

coefficient: 0.01
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