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ABSTRACT

A computer technique is presented for simulating the
two-dimensional motion of a two-fluid interface through a
porous medium. The technique is based on expressing the
stream function as the sum of two auxiliar;lr functions,

v - Tl + fé . Under the assumptions that the fluids are
incompressible and differ . only in their densitieé, and the
porous medium is nondeformable, 1?'1 satisfies a Poisson
equation throughout the Cartesian plane. The solutions for ‘yi

and the specific discharge components are expressed as line

integrals over the length of the interface. ¥

5 satisfies a

Laplace equation, as well as the physical boundary conditions.

Using this approach, the interface is treated as a line of
vortices which generates the fluid motion, rather than as a
moving boundary between two separate flow regimes.

The interface is approximated by a sequence of connected
line segments, which facilitates the evaluation of the line
integrals for ]F-l and the specific discharge components. '}P—Z‘
is determined numerically by the point successive ovir-relaxation
method. Values of -Ifz and the specific discharge components at

interface points are determined by an interpolation scheme. The

boundary conditions are treated, in part, by introducing image

ii




interfaces reflected in the impermeable boundaries.

A computer program has been written for simulating the
rotation of an initially vertical interface. The results of the
computer simulation are compared with published results of
analytical and parallel-plate model studies of the same problem.
Thé results of all three lines of investigation generally agree
quite Wéll, with the computer simulation following the analytical
results more closely than it follows the model results. The
computer model allows for simulation of the transient behavior
of the interface, while the exact analytical solution can only be
obtained at the initial instant.

The basic treatment pres.ented here can, in principle, be
extended to include radial flow, storage effects due to compres-
sibility of the fluids and the porous medium, and the motion of
a gradual transition zone between the fluids. Phenomena such as
anisotropy of the porous medium and viscosity differences
between the fluids cannot be treated by the vortex theory of inter-

face motion.
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TWO-FLUID INTERFACE MOTION IN POROUS MEDIA

CHAPTER 1. INTRODUCTION

1.1 General Considerations

The phenomenon of the simultaneous flow of two miscible
fluids through a porous medium occurs in many important prob-
lems of groundwater hydrology. Examples of such problems are
sea~water intrusion into a coastal fresh-water aquifer, and salt-
water coning toward a well producing from a fresh-water zone
underlain by salt water. Sea-water intrusion can occur wherever
a coastal aquifer encounters the sea. Fresh water flows to the
sea, and sea water invades-the aquifer in the general form of a
wedge at the base of the aquifer (Fig. 1.1). As water is produced
from the aquifer, the seaward flow of fresh water is decreased,
and the salt water intrudes further into the aquifer. Similarly, where
a body of fresh water is underlain by salt water, and production of
fresh water is taking place, the salt water will tend to rise toward
the producing well in the general form of a cone (Fig. 1.2).

Salt water and fresh water are completely miscible at the
microscopic scale of the pore space of the medium. Thus, at the
macroscopic sycale where Darcy's law holds, the contact between
fresh and salt water in an aquifer will be a transition zone across

which the relative salinity varies between zero and unity. For



this reason; a detailed description of flow phenomena involving
fresh and saline water often must be made in terms of the theory
of hydrodynamic dispersion. However, in many cases the width
of the transition zone is relatively small with respect to the over-
all dimensions of the flow problem, so that it can be assumed, at
least as a first approximation, to be a sharp interface between two
fluids of different properties. According to this interface approxi-
mation, the interface can be treated as a material surface within
the macroscopic flow regime, such that all fluid particles
originally on the interface remain on the interface for all time
(Muskat, 1937; Bear et al.. 1968). This interface approximation

will be adopted in the present work.



Figure 1.1. Diagrammatic sketch of an intruded sea-water

wedge.,

Figure 1.2. Diagrammatic sketch of salt-water coning toward

a producing well.
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1.2 Previous Investigations

General Theories of Two-Fluid Interfaces in Porous Media.

Probably the first attempts at the theoretical description of a
two-fluid interface in a porous medium were those of Ghyben and
Herzberg, who independently investigated the sea-water intrusion
problem around the turn of the century. Their work resulted in
the now-familiar Ghyben-Herzberg principle (Todd, 1959; De
Wiest, 1965), which relates the shape of the interface to the shape
of the water table or piezometric surface through a simple hydro-
static balance. This principle is limited by the fact that it assumes
a static condition, with no seaward flow of fresh water.

Muskat (1937) analyzed the conditions necessary for inter-
face motion, based on the assumption that the interface can be
treated as a material surface within a continuum. He also pre-
sented some solutions to simple problems, which will be con-
sidered below.

Hubbert (1940) presented a general theory of the interface
between two homogeneous fluids. His theory allows for'flow
within each fluid re'gion and gives the height and slope of the
interface in terms of the potentials within the two fluid regions.
This theory, which treats the interface as a boundary between two
regions in which the fluid properties are different, is the one
which has been most widely applied to the study of interface

problems.



De Josselin de Jong (1960) presented a theory of interface
motion somewhat different from the basic theories of Muskat and
Hubbert. Rather than considering separate potential and stream
functions for each of the fluids present, he defined a single stream
function and a single quasi-potential function defined throughout
the entire flow field; in essence, he assumed a single hypothetical
fluid with discontinuities in its properties at the interface. The
flow in both the fresh and salt water regions was then generated
by singularities, such as vortices, sources, and sinks, distri-
buted along the interface. Mathematically, the flow was described
by a Poisson equation for tlr stream function. Yih (1961) developed

the same Poisson equation for the stream function that de Josselin

function obeys a similar Poisson equation.

Lusczynski (1961) suggested several definitions of head func-
tions applicable to multiple fluid flow., One of these functions, the
"point water head', is directly related to de Josselin de Jong's
quasi-potential function.

Some basic considerations of the presence of fresh~water --
salt-water interfaces in porous media are given in the standard
textbooks by Todd {(1959) and De Wiest (1965). More detailed
examinations of interface problems, and the more general sub-
ject of multiple-fluid flow problems, are given by Muskat {1937),

de Jong had obtained, while Knuds-en (1962) showed that the pressure
Scheidegger (1960), Polubarinova-Kochina (1962), Bear et al. (1968),



and Bear (1972). The books by Scheidegger (1960) and Bear (1972)
are especially useful for their treatments of the flow of miscible
fluids by the theory of hydrodynamic dispersion, and the flow of
immiscible fluids by the multi-phase flow theory based on the con-

cepts of saturation, capillary pressure, and relative permeability.

Steady-State Flow of Fresh Water in the Presence of a

Static Salt-Water Body. Many of the interface problems that have

been studied in the past have involved the steady-state flow of fresh
water over a static body of salt water. This is due largely to the

fact that such problems can be much more easily analyzed than

and salt water. Most of this work has been done on the problems
of salt-water coning and sea-water intrusion mentioned in Section

1.1.

A. The Salt-Water Coning Problem

Muskat (1937) presented a graphical method for determining
the shape of a static salt-water cone beneath a steadily-producing
oil well. His coning model is based on the assumption that the
presence of the cone does not affect the pressure distribution
within the 0il zone, and thus must be limited to cases of rather
small cone rises.

Meyer and Garder {1954) applied Hubbert's theory to the

coning problem, assuming that the fluid within the cone was

problems involving motion of the interface bet ween frech w=ter I
static, They gave maximum rates of oil production for no gas or



water production, but did not give shapes of the gas or sélt—
water cones.

Kidder (1956a) presented a hodograph solution to the
related problem of the fingering of an oil-water interface toward
a well in an inclined reservoir. The hodograph is a specialized
technique of conformal mapping which is ideally suited to the
study of two-dimensional problems involving stationary inter-
faces.

Bear and Dagan (1962, 1963, 1964a) carried out a very ex-
tensive examination of many aspects of the sea-water intrusion
and coniv.ng problems. They presented many analytical =z model
studies of the basic intrusion problem, interface motion, and
upconing of the interface toward collector wells. Sorﬁe of their
results were also given in Bear and Dagan (1964b), where they con-
sidered the solutions to some intrusion and coning problems ob-
tained by the hodograph method.

De Josselin de Jong (1965) extended some of the hodograph
solutions of Bear and Dagan (1964b). He analyzed the problem of
sea-water intrusion with a drain withdrawing water from the
aquifer, again with steady flow of the fresh water over a static
salt-water wedge. His work included a consideration of mapping
a double-sheeted hodograph by means of the Schwarz-Christoffel
transformation.

Wang (1965) presented an approximate theory of salt-water



coning towaln*d a well partially penetrating an unconfined aquifer.
Her theory assumed static salt water, and applied the Ghyben-
Herzberg principle. The results of her study gave the maximum
rate of fresh-water production which can be maintained with no
salt water entering the well, with the fresh water assumed to be
flowing under steady-state conditions.

Bennett et al. (1968) reported on some electric-analog
model studies of salt-water coning, based on the graphical
procedure presented by Muskat (1937). Their work was limited
to static salt water and steady flow of fresh water, but they
found that by using electric analog models, it was not necessary
to employ Muskat's assumption that the fresh-water potential was
unaffected by the presence of the salt-water cone.

Strack (1972) presented a very complete examination of the
application of conformal mapping techniques to the solution of
interface problems. Of special interest is his extension of the
Schwarz-Christoffel integral to allow the treatment of multi-
sheeted mappings. This allows conformal mapping techniques to
be applied to problems of interface upconing toward multiple points

of fresh-water discharge.

B. The Sea-Water Intrusion Problem
Todd (1953) presented abstracts of a great many papers

dealing with the problem of sea-water intrusion, published thfough



1952. MOSt- of the papers abstracted cover field observations,
laboratory studies, and simple analytical solutions {mainly
based on the Ghyben-Herzberg Principle).

Henry (1959) applied the hodograph method to the solution
of the sea-water intfusion problem, assuming steady-state flow
of fresh water and static salt water.

Glover (1959) examined the steady-state flow of fresh water
over a static intruded salt-water wedge. He used the theory of
complex variables to study the fresh-water flow, and showed
that there must be a gap between the interface and the water-
table outcrop at the beach, in contrast to the Ghyben-Herzherg
result that the interface and the water table meet in a knife-edge
at the beach.

Cooper (1959) recognized the possibility that the salt water
within an intruded sea-water wedge could be in motion. He hypo-
thesized that the presence of a transition zone at the interface
could lead to a cyclic flow of salt water from the sea into the
transition zone and then back to the sea, and that this flow would
tend to lessen the extent of sea-water intrusion into the aquifer.
Kohout (1960) presented field observations from the Biscayne
aquifer in Florida supporting Cooper's hypothesis, and showed
that the interface had an inflection point and was concave down-

ward near its toe (Fig. 1. 3).



yigure 1. 3.

10

Observed shape of intruded sea-water wedge.
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As mentioned above, Bear and Dagan {1962, 1963, 1964a)
studied many aspects of the intrusion problem, including upconing
of the intruded sea-water wedge toward collector wells. Bear and
Dagan (1964b) also analyzed some intrusion problems by the hodo-
graph method, and their work was extended by de Josselin de Jong
(1965).

Columbus (1965) carried out a viscous model study of steady-
state sea-water intrusion. His analysis of the results was based
on the Ghyben-Herzberg principle and the Dupuit assumptions that
the flow is purely horizontal and uniform across a vertical section.
He concluded that the Ghyben-Herzberg principle gives a fairly
good prediction of the shape and position of the interface, although
he did notice sorme circulation within the salt-water zone,

Kashef (1968) presented a graphical method for determining
lthe steady interface in the sea-water intrusion problem, as well
as the influence of fresh-water pumpage on the interface. His
method was based on the work of Kashef and McDonald (1968),
who analyzed free-surface shapes under steady flow conditions
by considering the hydraulic forces acting within the system.
Their results compared favorably with those of other approaches
to steady free-surface problems, such as the hodograph method or
the numerical solution to Liaplace's equation by relaxation, but
they found their method to be faster and easier to use than othfer

approaches. Their method also eliminated the need to rely on
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the Dupuit aésumptions.

The conformal mapping techniques developed by Strack
(1972) can also be applied to certain intrusion problems. His
extension of the Schwarz-Christoffel integral is especially useful
in analyzing problems in which the shape of the intruded interface

is influenced by pumpage from the fresh-water zone.

Motion of the Interface Between Fresh Water and Salt Water.

Relatively little work has been done on problems involving motion
of two-fluid interfaces in porous media, largely because of the
mathematical difficulties involved in treating such problems. In
most of the studies that have been carried out, separate potential
functions have been defined in the fresh water and salt water
regions, and the interface has been treated as a moving boundary
between the two regions. In such a formulation, the boundary con-
ditions at the interface must be expressed as rather complex non-
linear functions of the two potentials (Bear et al., 1968; Bear, 1972),
thus limiting the mathematical tools available for treating the
problem. Nevertheless, some work has been done on moving-
interface problems.

Muskat (1937) analyzed the conditions necessary for interface
motion, based on the assumption that the interface is a material sur-
face within a continuum. He also presented analytical solutions to
some simple problems, such as the horizontal motion of a vertical

oil-water interface in linear and radial geometries.
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Kidder (1956b) presented an approximate method for determining

general interface motion, similar to the approach used in the linear
theory of water waves. However, his method is only valid if the
initial interface has low slope and small curvature.

As mentioned above, de Josselin de Jong{'1960), Yih (1961),
and Knudsen (1962) independently developed the equations necessary
to describe interface motion in porous media. Their work was
based on postulating a single hypothetical fluid with discontinuities
in its properties at the interface. By this theory, the interface no
longer had to be treated as a moving boundary. De Josselin de
Jong (1960) applied this theory to the problem of an initially vertical
interface rotating to a horizontal position under the influence of
gravity, and obtéined good agreement between theoretical pre-
dictions and the results of a pai‘allel—plate model experiment.

Bear and Dagan (1964c) presented an approximate solution for
the motion of the interface in an intrusion problem. Their solution
was based on applying the Dupuit assumptions and assuming a dis-
tribution of discharge along the interface.

Dagan and Bear (1968) obtained an approximate solution to
the problem of interface upconing by applying the method of small
perturbations, in which the solution is presented as a power series
in some appropriate small parameter. Their method has the advan-

tage that it takes into account the flow of the salt water as well as



14

the fresh water, but, by comparison with sandbox model
studies, they found that the theory was accurate only for small
interface rises.

Hantush (1968) obtained an approximate solution for the
motion of the interface between fresh and salt water in an uncon-
fined aquifer. His method was based on averaging the hydraulic
head over a vertical line between the water table and the inter-
face. He gave a detailed analysis of the growth of a fresh-water
lens under vertical percolation and well injection, and he also
briefly considered the application of his theory to the problems
o»f sea-water intrusion, decay of a fresh-water lens, and pumpage
from a fresh-water lens.

Very recently, as digital computers have become quite
widely used in analyzing problems of groundwater hydrology,
numerical methods have been applied to problems of interface
motion. Shamir and Dagan (1970, 1971) presented a numerical
solution for the motion of the interface in sea-water intrusion
problems. Their technique was based on applying the Dupuit
assumptions, so that they considered the essentially one-di-
mensional problem of determining the interface height as a func-
tion of horizontal distance. They employed fairly standard
finite-difference techniques, although they obtained a more

precise solution by redefining the grid spacing for each time .
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step. Kleinecke (1971) described a computer model for simula-
ting problems of intrusion and coning on a regional basis, in
which the interface was assumed to be a transition zone of
parallel salinity contours. Each salinity contour was treated

as a Ghyben-Herzberg interface, with their positions adjusted

to account for dispersion. He concluded that the technique
appeared to be feasible, but was not fast enough to be used for
operational simulation for aquifer management. Prickett and
Lonnquist (1972) described a similar computer model for sim-
ulating the problem of salt-water coning in the vicinity of a single
pumping well, in which the salinity contours were treated as grid
lines in a Lagrangian mesh. They reported difficulties in treating

the flow near the well face because of distortions of the mesh.
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1.3 Purpose and Scope

The present work is a report on the development of a
computer code for the analysis of two-fluid interface motion in
porous media. The techniques used in this code are based on the
theory of interface motion developed by de Josselin de Jong (1959,
1960). This theory was adopted because it does not require the
interface to be treated as a moving boundary. In most previous
studies of two-fluid interface motion, separate potential functions
were defined for each of the two fluids, with each function satis-
fying a Laplace equation within the region occupied by the corres-
ponding fluid. The interface thus had to be treated as a moving
boundary between the two flow regions, with the boundary condi-
tions being rather complex nonlinear relations between the two
potential functions (Bear et al., 1968; Bear, 1972). The non-
linearity of these boundary conditions made any treatment,
whether analytical or numerical, quite difficult. On the other
hand, the postulation of a single hypothetical fluid with discon-
tinuities in its properties at the interface allows the flow of both
fluids to be described by a single Poisson equation. After the
Poisson equation has been solved, the motion of the interface
is given by the local average velocity. This is a much simpler
procedure than the simultaneous solution of two Laplace equations

coupled by nonlinear boundary equations.
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This ;:omputer code is designed to treat two-dimensional
interface motion without relying on some of the simplifying
assumptions which have been made in the past. Thus, the code
is applicable to problems involving a moving interface between
two fluids, each of whichis allowed to flow. Furthermore, vertical
components of flow are allowed, so that the Dupuit assumptions need
not to be made. Nevertheless, a number of assumptions are
necessary regarding the nature of the fluids and the porous medium
involved. Throughout most of this paper, the folloving assumptions
will be made:

1) The porous medium is homogeneous, isotropic, and non-
deformable. This last assumption means that the storage capacity
of the medium is neglected.

2) Two homogeneous fluids are present in the porous medium,
and they are separated on the macroscopic scale by a sharp inter-
face, which is treated as a material surface. The transition zone
at the interface is neglected.

3) The fluids have the same viscosity. Thus the results of
this study can only be applied to problems involving fresh water
and sea water, and certain laboratory models, where the differ-
ences in viscosity of the fluids can usually be neglected.

4) The motion of the fluids through the porous medium

obeys Darcy's law.
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Some of these assumptions, such as assuming a homogeneous
medium, neglecting the viscosity difference of the fluids, and
neglecting the transition zone at the interface, are not inherent
in the theory of de Josselin de Jong, and can be relaxed some-
what. This subject will be considered in greater detail in a
later chapter.

Most of the work carried out here involves the study of a
specific problem of limited practical interest, which will be
called the basic check pfoblem. This problem is the rotation
of an initially vertical interface between two fluids of different
densities but equal viscosity. This has been chosen as the basic
check problem because the analytical solution exists for the
initial distribution of specific discharge in the system. This
problem has also been studied by means of a parallel plate
model, and an approximate analytical solution has been deter-
mined for the rate of rotation of the interface. The results of
the computer model can be checked against the results of this
previous work, and the degree of mass conservation maintained
by the code can also be easily determined for this simple prob-
lem. The application of the model to problems of more prac-

tical interest will be considered in a later chapter.
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CHAPTER 2. VORTEX THEORY OF INTERFACE MOTION

2.1 Introduction

De Josselin de Jong (1959, 1960, 1969) has presented a
very complete theory of the motion of the interface between
miscible fluids through porous media. His theory is based on
representing the interface by a region of singularities, such as
vortices, sources, and sinks, which generate thel flow in the two
different fluid regions, and hence the motion of the interface
itself.

The general theory or de Josselin de Jong takes into con-
sideration variations in the density and viscosity of the fluids
present, as well as variations in the permeability of the medium.
The general theory can also be applied to a transition zone of
finite width between the two fluids, as well as to a sharp interface.
For the development of the basic computer code for interface
motion, a simplified form of the theory will be used. Thus, we will
assume that the two fluids have different densities, but the same
viscosity. We will also assume that the porous medium is homo-
gencous and isotropic, and that a sharp interface is maintained
between the two fluids. We will also restrict our attention to two-
dimensional flows. Modifications of the code which will be

necessary to apply the more general theory will be discu‘ssed in




24

a later chapter. In the present chapter, we will briefly consider the

basic theory as restricted by the assumptions stated above.




25

2.2 Fundamental Theory

We begin by assuming that the specific discharge 7{ =
Tqxt+3 ¢, is given by Darcy's law. Under the assumptions
that the viscosity A of the fluid and the permeability k
of the porous medium are constant, while the density P of
the fluid is variable, Darcy's law is written in two dimensions

as

(M/k) Qe = = Fp/ax | (2.2.1a)

(m/k)qy = ~9p/2y = ¥, (2.2.1b)

where p 1is the fluid pressure, Y:/D 9§ is the specific weight
of the fluid, and the force of gravity acts in the negative y dir-
ection. In addition to Darcy's law, the flow must satisfy the

continuity equation:
veqd = 9% Px + 29, /oy = 0. (2.2.2)

Equation (2.2.2) results from assuming that the fluid is incom-
pressible and that the porous medium is nondeformable,

In order to study the motion of a two-fluid interface, we
must examine the specinc discharge vector ?(' . This is done most
conveniently by introducing the stream function YV, which is

defined by

PV /ox = Uy (2.2.3a)
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g'f/gy = - (2.2.3b)
Substituting equations (2.2.3) into equation (2.2.2), we get

-_ _ o7 chi'a
V'l E Ty 5yvsx = O -

By Young's Theorem, this implies that ¥ is a continuous, single-
valued function throughout the xy-plane. Substituting equation
(2.2.1a) into equation (2.2.3b), and differentiating with respect

to y, we get

2 2,
L‘E. ﬂ - _°2 P (2.2, 4a)
Iy 2y X
Similarly, from equations (2.2.1b) and (2.2.3a), we get

(differentiating with respect to x),

2 2
MYy _ PP PY (2.2.4b)
k Ix* 2X DY 72X

p 1is a physical scalar quantity, and the fluids are miscible so
there is no capillary pressure. Thus P must be single-valued
and continuous, so

cilli 2 p

—_ , = 0.
2y X X 2y

Then, adding equations (2.2.4a) and (2.2.4b), we get

v*Y = —(k%)(QY/QX). . (2.2.5)
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Equation (2.2.5) is a Poisson equation, which, from potential

theory, has the integral solution

V= - (k%)ff(!/—ur) Inr (3¥/2x) dA (2.2.6)
A

in two dimensions. The integration in equation (2.2.6) actually
extends over the entire plane, but only has a contribution from
the region A in which 2¥/axdoes not vanish. r is the distance
between the point at which V is to be evaluated and a point in the
region A.

We should note here that equation (2.2.6) defines ?- at
every point in the xy-plane, both inside and outside the region A.
In general, however, a problem of physical interest will be
defined within a bounded region containing A, and the value of
v given by equation (2.2.6) may not satisfy the appropriate
conditions on the boundary of that region. Thus ¥ must be
modified to account for the boundary conditions, as will be dis-
cussed in Section 2. 4.

In addition to giving the value of V™ atall points in the
xy-plane,equation (2.2.6) also allows a physical interpretation
of the region A in which 23Y/ 2 x does not vaniah. The stream

function due to a potential point vortex of strength [7 located
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at the origin of a two-dimensional Cartesian coordinate system
) 2 2 2 .
is ?" =(IM"/2%) 1n r, where r° = x° + v . The vortex motion
is counter-clockwise for N>o. Similarly, for potential

vortices of strength [ located within a differential area

dA, the stream function is

d¥ =(MdA/ 2T )1nr, or

YV =Q/2m) fAf Minr da; (2.2.7)

Y satisfies
V'Y = I’ within A (2.2.8a)
V¥ -0 ‘outsideA (2.2.8b)

Thus, from equation (2.2.6), we see that the region A can be
interpreted as a region containing potential vortices of strength
-(k //(A ) ( @Y /9x). The direction of the vortex at any point

in A is determined by the sign of 2Y/2 x at that point. This

view of equation (2.2.6) will prove to be quite useful in interpreting
some of the results of later chapters. For the case in which A
reduces to a sharp interface between the fluids, the vortices dis-
tributed along the interface produce a shear discontinuity in the
specific discharge at the inferface. This is discussed in more

detail in Section 3.3 and Appendix D.
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2.3 Solution for an Abrupt Interface

As seen in the preceding section, the stream function L/
has an integral representation, given by equation (2, 2.6), when-
ever the flow region has an area in which the horizontal density
gradient 'E)Y/DXdoes not vanish. In general, this area could con-
sist of a transition zone between two miscible fluids of different
densities. However, this area could also be an abrupt interface
between two such fluids; the stream function for this case can be
determined by applying equation (2.2.6), and considering the

behavior of 3¥/2Xat an abrupt interface.

two fluids of different densities (Fig. 2.3.1). Let the inclination
of the interface at P be X . Furthermore, let us introduce at

P an orthogonal éoordinate system (s, n), with the s-axis tangent
to the interface and the n-axis normal to it., The transformation

equations relating the (x, y) and (s, n) coordinate systems are

s =(x-x%5) cosk+ (y -y, sin¥

n=(y=~-yy)cosk- (x-x) sinX

Then

Y Y s Y ?n
—

= Sihokgy)
X T 5 X oh X an

since 9¥/9s =0. Now consider the interface to be the degeneration

|
Consider a point P(xgy, V) o1 an abrupt interface Lemrzen
of a transition zone between two fluids of specific weights Yz> Y’ .
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Let the thickness of the zone be dn. As dn—? 0, 2Y/2n-*@ in such a

way that
lim Y
dnao  om = - (vn-Y).

That is, for a very narrow transition zone we can assume that the

density gradient across the zone is linear, so that

Y w0
Sh clh = - ‘——d':‘—‘—‘dn = —()/-,_"37)4)

which ratio also holds in the limit as dn-+» 0 . Then

d¥ = -(k/'z_n/-u) In v (3¥v/2x) dA

= lim [(k/ape) Inr (= g—:;’ sina ) dn ds
dn=>0

—

1

(k/2nu) Invr - sing ds [ lim (3x/5n)dn]

enso

—-(k/iz[,u)(i’l*&’,) sink |hr ds

Hence va~t; (2.3.1)
T = - k( r)

177/(4 s

The integration extends over the length S of the interface. Finally,

sinx: [hr-ds

since sing = dyo/ds (Fig. 2.3.2), equation (2.3.1) can be written

Yo,
— k“’;.‘)/n) :
?{X,)’J‘ '—‘:“‘;&—‘-y [nr d)’a ) (2.3.2)
where 3

F = (x-X) + (y - y,,)v“

and yop and Yoo denote the endpoints of the interface.
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Figure 2.3.1. Definition sketch for the(s, n) coordinate

system.

Figure 2.3.2. Definition sketch for r and dy,
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Equations (2. 3.1) and (2. 3.2) are line integrals which must
be integrated over the length of the interface. Equation (2.3.1)
shows that the interface can be interpreted as a line of potential
vortices of strength -k( ¥ ~Y, ) sino\//u. The direction of motion
of the vortex located at a point P of the interface depends upon
the sign of sin O at that point. For §>2¥ ,and - w/2 ¢ X < 1/2,
the vortex motion is clockwise for ® > 0 and counter-clockwise
for X { 0. Egquation (2.3,2), which is equivalent to equation (2. 3.1),

is more convenient for numerical calculation.
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2.4 Solution of a Boundary-Value Problem

As noted in Section 2.2, the values of ¥ given by equa-
tion (2. 3.1) will not in general satisfy the appropriate conditions
at the boundaries of a physical problem. Thus, we can let
V- Tl + TZ’ where 17'2 satisfies Laplace's equation within

the region of physical interest. Then

vy o= v (% + )
V:\.}R— + Vz-g;
vy + 0 = = (kfu) (37 /2x).

H

Hence Tl is given by equation (2. 3.1) within the regiou I
physical interest (and on its boundaries), and represents the
contribution to ¥ due to the distribution of vortices along the
interface curve S Boundary conditions on -}Z_Z must be chosen
so that the function ‘_.‘_F': ?1 + ‘LP’Z satisfies the appropriate
conditions at the boundaries of the flow region. Y—Z thus repre-
sents the contribution to ¥ due to the boundary conditions.

In general, then, we have the following problem: v obeys

the equation

vEyY o= - (k;u) (e, 2x)
in a region R of the xy-plane, and satisfies the conditions

AY 1+ B(P¥/OV)=C
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on the boundary L of R, where V is the direction normal to L.

Let v ‘ZZ’-I + ?2 where
V"Y,‘ = “(k;u) (Y /3 X) in the xy-plane,
and V¥, = 0O in R.

From equation (2. 3.1), we can determine ?I—l and 9%/9 Y on
L, as well as Tl in R. Then the boundary conditions on —S_p_z

are given by
AV,+BV,/oV )=C-AW, -B3 T /3V) (2.4.1)

on L. Finally, 'SF—?_ can be determined throughout R by some appro-
priate technique. For some problems, —"Z—Z can be determined
analytically., In the present work, with a view toward making

the computer code as general as possible, '32—2 will be determined
by a standard numerical technique, such as successive over -

relaxation. ¥ is then given throughout R by

- W+ Tz (2.4.2)
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2.5 Interface Motion

Equation (2. 3.1), plus the solution for Tz described above,
gives the stream function v throughout the flow region. From
this, it is possible to determine the actual interface motion. The
interface will move with the local average velocity '"ci/é , where
‘a is the specific discharge, and € is the {constant) porosity
of the medium. Given the stream function ¥ , we can determine
the specific discharge at any point in the medium by applying
equations (2.2.3). The specific discharge at a point on the inter-
face can also be determined by means of equations (2.2.3), or by

means of the following equations:

2¥/9n

~4g (2.5.1a)

3V 9s

g (2.5.1b)

where n denotes the direction normal to the interface and s denotes
the direction tangential to the interface. The choice between
equations (2.2.3) and equations (Z.5.1) will depend upon the manner
in which the interface is represented, and the algorithms used to
evaluate equation (2.3.2) and the derivatives of ZF_

The specific discharge at a point on the interface has three
distinct components:

(a) a component q, normal to the interface, which must be
continuous in order to preserve the continuity of the fluid-in the

fluid region; if this component were discontinuous, there could
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be gaps in the fluid at the interface;

{b) a shear discontinuity tangent to the interface, produced
by the vortex at that point on the interface; and

(¢) a continuous component tangent to the interface, pro-
duced by the vortices at all other points of the interface.
We will see in a later chapter that the shear discontinuity can
be isolated in the expressions we will obtain for the specific
discharge at the interface, and the interface motion can then be
given by the other two components, which give a continuous but

not necessarily normal velocity at the interface.
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CHAPTER 3. DISCUSSION OF THE COMPUTER MODEL OF
INTERFACE MOTION

3.1 Introduction

The computer model which we will consider in this chapter
follows the general procedure for solving a boundary-value prob-
lem outlined in Chapter 2. It consists essentially of four parts:

(a) determination of an appropriate curve fit for the inter-
face;

{b) determination of 17"1 and its derivatives by evaluating
line integrals along the interface fit;

(c) determination of ?2 and its derivatives by appropriate
finite—difference‘techniques; and

(d) movement of interface points.

The first two parts of this approach must be considered
together. Some of the interface fitting techniques which we will
consider must be rejected because they produce difficulties in
evaluating the line integrals, particularly those for the derivatives

of ":F-l‘ From equation (2.3,2)
AN
Yo
Volxy)= - ["(Yx‘ﬁ)/ﬁy’]fy, In {(x-%Y +(y-%)] dy, (3.1.1a)

The integration in equation (3.1.1a) extends over the interface

curve f(x_, y,) = 0. The interface is represented basically by a
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finite numbér of points, referred to as interface points and
denoted by their coordinates (x 2 o Y g) , n=1,2,...,N(see
Fig. 3.1.1). The line integral in equation (3.1.1a) can thus
be expressed as a sum of line integrals evaluated along the

segments of the interface connecting successive interface

points. That is,
n+t

N=-1 YO
Volxy)=- [k(\:-)’,)/«’rr;u] > f In [(x%)"+ (y-%)"] dy, (3.1.1b)
n=y y‘n .

The derivatives of Y- with respect to the general coordinates
1
x and y can be determined by merely differentiating under the

integral sign in equations (3.1.1). Thus

N

Yo
Y, . k(n-n) (X-X,) & (3.1.2a)
ES 2T Syr (XY (Y ye)
: h+t
- _ k(x-~v) .i/ jy" (x~xo) d¥o (3.1.2b)
T £ (X~X,)* +(y~¥o)*
S
and
Ylll
2V, _ _ krh-X) (y-vs) dyo (3.1.3a)
Yy 2 Jy o (XoXa)  + (revo) ™ e
. ru-l
(y=-Yo) dyo (3
- (3.1, 3b)
zrr/»t Z f (X% )" +(y-¥Y) >

The evaluation of the integrals in equations (3.1.1) through

{3.1.3) will be considered in detail later.
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In orde'r to make the computer code aé general as possible,
we will determine '@'Z and its derivatives by finite-difference
methods. Thus we will have to define a finite-difference mesh
by means of orthogonal grid lines overlain on the physical flow
region. It will be most convenient for us to take the grid lines
as being parallel to the x and y coordinate axes (Fig. 3.1.1).

A general point P can be defined in terms of its x and y coor-
dinates in the physical plane, or its i and j ""coordinates' in
the finite-difference mesh., An interface point can be defined

n
in terms of its coordinates x & and y o in the physical plane,

o
or by an index n along the interface.

The general solution scheme then proceeds along the
followiﬁg steps:

(a) Determine ‘!P_l’ Q?i/g x, and D'TI/Q y at each
mesh point (i, j), and at each interface point (n). ”I'hese cal-
culations are carried out by evaluating the line integrals in
equations (3.1.1) through (3.1.3) along the interface.

(b) Determine appropriate expressions for the boundary
conditions on -'FZ by applying equation (2.4.1) at the boundary

mesh points.

(c) Calculate ?

5 at each mesh point by an appropriate

finite-difference technique.
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Figure 3.1.1. Finite-difference mesh and interface points.
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(d) Calculate finite-difference approximations to 9‘5?:2/9 x
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and 9?:—2/9 y at each mesh point.

face point by means of an interpolation scheme.

(e) Calculate T R ?‘.!'2;/ # x, and 9'%/ 9y at each inter-

The derivatives of TI and '!FZ' are needed to determine

the specific discharge at each mesh point and each interface point.

By equations (2.4.2) and (2.2.3), the components of the specific

discharge are

x

y

]

1

~3¥/9y = =¥ oy — 9%y

2V 2x =

AT /ax + 2% /ox

(3.1.4)

(3.1.

In the subsequent work, we will occasionally use the notations

u),

‘ly)‘

i

—

-2Y /oy
744
+ k(‘{tq",!) (Y"Yo) cl)f,,
ZTT/‘& YO' (x__x'))l +CY“)’0‘)1
K (Vi) ”"f”-"” (y-vo) dye
L vy Yh (X~X0)* + (y~yo)?
dVY, /X
Yo
k(¥~¥;) (X~X,) d Yo
2T Sy (XeXo) - Lyoy) T
- +{
_ ki) LT (xex,) dye
1."-/(A hzy y‘n (K~x,)’“ '{‘(Y"YD)L

(3.1.

(3.1.

{3.1.

5)

6a)

6b)

. 6c)

. 7a)

. 7b)

Tc)
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-
»
L
N
1

- Y, /9y / (3.1.8)
), = T /ox (3.1.9)

In this chapter we will consider the techniques used for
the computation of the various parts of the computer model,
as well as some approaches which were rejected for various
reasons. Greater detail of some of the analyses are given in

the appendices.
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3.2 Interface Fitting Technique

As noted in Section 3.1, the interface is répresented

n n
)s

basically by a finite number of interface points (x J, y o

n=1,2,...N. These points are chosen somewhat arbitrarily,
although they must lie on the initial configuration of the interface.
At the end of each time step in the calculations, each interface
point is moved to a new position according to the local average
velocity at that point. Subject to the limitations of the trunca-
tion and roundoff errors inherent in any computational scheme,
the new positions of these interface points lie on the true inter-
face at the new time. In order to proceed to the next time step
in the calculations, we must fit an appropriate curve through

the new positions of the interface points. The curve fit must

be a reasonably accurate representation of the true interface, but
it must also be simple enough to allow the line integrals to be
calculated quickly and easily.

The simplest way to fit the interface would be to connect
the interface points by straight line segments. As shown in
Figure 3.2.1, the resulting interface fit is a polygonal curve
with corners at the interface points. As we will see below,
this leads to infinite logarithmic singularities in the expressions
for the specific discharge components ‘(x)' and ‘ty)l at the inter-

face points.
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Figure 3.2.1. Line segment interface fit.
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A lineﬂ integral along this interface fit can be expressed as
the sum of integrals along each straight line segment, as in
equations (3.1.1b), (3.1.2b), and (3.1.3b). Applying the -
notation of Appendix A to equations (3.1.2b) and (3.1. 3b), we

can write

1

N~
%), = - 9% /3y [k(v~¥7) /2amu] g " (3.2.1a)

AN =1

= [ k(=¥ )/2m] ,% L" (3.2.1b)

h

Qy)l = DT/QX

We need consider only the integrals along one of these line segments

in order to demonstrate the infinite logarithmic singularirjee in U«

and 17’)!‘
The slope of the line segment connecting points (x 2, y 2 )
1 1
and (x;1+ , yr: ) is
n+t n+! n
o = (y, v /(X - X ) (3.2.2)

» c 1 . n n
Furthermore, this line segment passes through the point (x o' Yo ).

Thus the results of Appendix A apply to this case, with

m= 0 (3.2. 3a)
(Xn , Vo) = (X", Yo" ) (3.2.3b)
(x, v,) = (" %") (3.2.3¢)
(X1, ¥.) = (x,", v,"*") (3.2.3d)
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Applying equations (3.2.3) to equation (A.3.9), we get
yﬂfl
" f § (v=v0) /[ (xxa + (y-)]} e

S {("'Xo"")z*f[(wvo") T (X-X0) + T (%~ XWJJ} +
201+ 6a0) (X~ XY + (y-v.")*

6 fyp ")) )

lv Yo") ~ Tn (x~x,")
4G ) (XD ~x) = T [(y-yd") = TR (X~%s )J} (3.2.4)
Ly =%") ~ Tn (X -X,")
Applying equations (3.2.3) to equation (A.4.5), we get

"ts
n
L

fn’ {(x—xo)/[(x-—X.)" + (y~y,)"]} dy,

(]

l+0"‘

- tan™

Ht

f1

A 'ng(X‘xcﬂ‘H)z + [(y—yo")__ QTV(X'X:) + (X X '1-“)] 2}

T 20+0T) (x~xM)?* + (y=v.")*

R GAL AU (= x) = 0n [y -v") - Tm(x=Xx."}]
(Y’Yoh) - rl'.'—l(x"xo")

—tan-! (HENOEX) = R [(v~yS") - T (x-x)] (3.2.5)
C)’—YOH) - VF(X‘-Xo

Substituting equations (3.2.4) and (3.2.5) into equation (3.2.1),
we obtain qy), and q,), which are contributions to the discharge
components qx and 4y -We see from these equations that
the argument of the logarithm term becomes infinite at (x, y) =
(x g y v 2). Thus the specific discharge has an infinite logarithmic
singularity at that interface point and we must reject this interface
fitting scheme.

We can more thoroughly examine the nature of the infinite

logarithmic singularity in the specific discharge at ( x g . Y 27)
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by consider'ing the effect of integrating along both line segments
which meet at that point. For (x, y) lying on the nth line segment,
we havey - y g -, (x - x g ) = 0 (since this is the equation

of that line segment), so the logarithm term in equation (3.2.4)

becomes

2,
n 1 z x..,xon'“ b Y nﬂ)
L, = - Tn ln{ (1+T")( ) }:_ 7 !“2 (x~x f3-2~'6)

G+ a2 (X~xP) ™ 2060 " (x-x0Y

th
For the (n-1) line segment, we can let n = n-1 in equation {3.2.6)
to get
T

n-i T {x-x") "
: - 3-2.7
La 201+ ) '"{ (x~X" ') ( )

Summing equations (3.2.6) and (3.2.7), we get

L= Lo+ Lo T (x-x5)" g ex)
3 2 > - 1“_‘_0_;:) (x_x:-r)\ L1 +02) *\z (X"'X,")z‘
kS T

-— ,_'_ 0-:‘ dT\-*l ] " l U'; ~t
- l[|+0‘;\‘ I'i-ﬁ_':'_]!n(x Xo") W’h(x Xo )
N ) (3.2.8)
__......_._.__._‘ X - xh+1 L2,
201+ 03) (
Similarly, the logarithm terms for I, are
- Th _ PR~ Ry e oyt T -
L3" 1[|+q:1 ‘.’_ﬁ‘:.)h?(x XD) +2((+‘U‘Z_’,‘ }n(x Xo J
Tn h+:)7- (3.2.9)
~TCeaEy I (X %

Atx = x Iol , both Lo and L3 exhibit infinite logarithmic singularities,
However, we can see from equations (3.2.8) and (3. 2.9) that these
singularities would not occur if 0 = U’n_l , because:then the term

In (x - xg ) 2 would not appear. Thus it would seem that the
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logarithmic singularity in the specific discharge at (xg ,y v g )

might be due to the fact that this interface fit does not have
continuous slope at that point.

A polynomial spline {fit to the interface points will result in an
interface representation which exhibits continuity of slope at the
interface points. A cubic spline fit to a set of points is discussed
in most standard textbooks on numerical analysis. A parabolic
spline fit to the interface points is considered in Appendix B, and
the evaluation, along a parabolic arc, of the line integrals in
equations (3.1.1) through (3.1.3) is discussed in Appendix C.
However, because of the great deal of algebraic manipulai‘on
needed to evaluate equations (C. 3.5), (C.4.4), and (C. 5.4},
we will reject this approach and seek a more convenient inter-
face fit,

A combination of a parabolic spline fit and a line segment fit

results in an interface representation along which the line integrals

can be readily evaluated. In this approach, a parabolic spline fit
is first made to the interface points, according to the procedure
given in Appendix B. The parabolic spline fit is then used to
determine the slope of the curve at each interface point. A short
line segment is then constructed tangent to the parabolic spline
at each interface point, with the length of the segment being
inversely proportional to the curvature of the parabolic ”s_pline>

at that point. The endpoints of the tangent line segments are
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then connect.ed by additional line segments (Fig. 3.2.2)‘. The
resulting representation of the interface consists of connected
line segments, along which the line integrals can be easily
evaluated, and it also exhibits continuity of slope at the inter-
face points. However, after computational experimentation, we
must reject this approach because, as time progresses, the
resulting interface shape begins to show inflection points due to
the parabolic spline fit (Fig. 3.2.3).

The interface fit which we will use in the code is a modifi-
cation of the simplest approach of just connecting the interface
points by linear segments. For interface points which do rot
lie on the boundary of the flow region, we first take three
successive points and connect them directly by two straight
line segments (F'ig. 3.2.4). We then determine the angles of

inclination, «& and O(n , of these line segments. We next

n-1

calculate an average angle of inclination IB n = % ({ & n-1 + X n),

to be applied at interface point n. Wenow construct a short line

th '
segment, called the n tangent line segment, passing through

point (x g, N4 2) and having inclination 18 0 As can be seen from

Figure 3.2.4, this tangent line segment is the bisector of the

angle formed by the line segment between points (x 2, y 2) and

n+1 ntl . .
(x o VY ), and the extension of the line segment between
o]

1n n-1 n-l
o

points (x 2, Y ) and (x » Yo )+ After we have done this for

each interior interface point, we join the tangent line segments
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by additional connecting line segments (Fig. 3.2.5).

The nth

tangent line segment has the length 2§ , and is
bisected by the nth interface point. As will be shown in Section
3.3, we cannot allow the endpoints of this line segment to coin-
cide with a mesh point, because the specific discharge calculated
at that mesh point would then exhibit infinite logarithmic singulari-
ties. Thus § must be chosen so that neither endpoint of the
tangent line segment coincides with a mesh point. The choice of

S will be discussed in more detail in Chapter 4.

At interface points which lie on the boundary of the flow
region, we must construct the tangent line segments so that the
boundary conditions are satisfied. In this case, at the impermeable
boundaries, the tangent line segments are horizontal and half as
long as the interior line segments. This point will be discussed
in Chapter 4 in more detail.

The interface representation resulting from this procedure
exhibits a number of desirable features. It consists entirely of
straight line segments, so we can easily calculate the line
integrals to be evaluated along the interface. It exhibits con-
tinuity of slope at the interface points, so we can readily eval-
uate the derivatives of F-l (and hence the specific discharge
components) at those points. Finally, computational experi-
mentation shows that this interface representation resuy{lrt_:s in a

reasonably smooth curve, the motion of which follows theoretical
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and experirﬁental results quite closely. The interface does not
exhibit the oscillatory or ''zig-zag' shape which sometimes char-
acterizes the results of numerical calculations. The results

of the computational experimentation are discussed in more

detail in Chapter 5.
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Figure 3.2.2. Combined linear-parabolic interface fit.
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Figure 3.2.3. Inflection points in the combined

linear-parabolic interface fit.
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Figure 3.2.4. Definition of tangent line segment for

modified line segment interface fit.

Figure 3.2.5. Modified line segment interface fit.
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3.3 Calculation of Line Integrals

Once we have determined an appropriate representation
of the interface, we can proceed to determine the stream function

and the specific discharge. We will do this by following the

general procedure for solving a boundary-value problem out-

lined in Chapter 2 and in Section 3.1. In the present section, we

will consider only the evaluation of the line integrals needed to

determine ]_Vl, 2'@'1/ 2x, and 33{?1/ 2y at the mesh points
and interface points.

As noted in Section 3.2, the interface fit consists of a
sequence of connected tangent line segments and conneciiryg line
segments. Referring to Figure 3.3.1, let (x g , vV (r)l) denote

th . . n n
the n" interface point, let ( x 1 » Y1) denote the lower end-
point of the nth tangent line segment, and let ( x g , v r21 )
i

denote the upper endpoint. Furthermore, let 0'n denote the

slope of the nth tangent line segment, and let Tn denote the

slope of the line segment connecting points (x g s v 2 ) and

n+1l nt+1

(xl y Y1 ). Then equations (3.1.1), (3.1.6), and (3.1.7)

can be written

Y (x,y)= - f(k’:j’) In [ (x~%)"+ (Y"'Yo)\] dy, +

h+i
~t Y

+f
h=,

[(x-x)*+ (y-v)'] cly.,}

h
I.

|
|
(3.3.1)
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nt!
Nt T
g = 20 knw) " ) dye “ZJ %) Ayl 3.3.2)
Yh = 29X~ AL (x~x.,J +(y-y,)" ne (X% )+ (y-v)"
Yh

T

NI
) = - 7, _ k(xn)’){ f (Y ve) dyo Z (y-Ye)dy. 3(3.3.3)
X4 vy T i (KXo} ly=Ye) e | R X) (Y-

The integrals in equations (3.3.1) through (3. 3. 3) can be
evaluated according to the formulas in Appendix A. Along a

tangent line segment, we have

m= Tn (3.3.4a)
(X, %) = (X", ¥.) (3.3.4b)
(X, vy, = (x", ") (3. 3. 4c)
(X2, v2) = (6" v.") (3. 3. 4d)

while along a connecting line segment, we have

M= Te (3.3.5a)
(Xn, ¥n) = (X", ¥2) (3.3.5b)
(x,, Yi) = (x”, ") (3.3.5¢)
(xa, %) = (X' v") (3.3.5d)
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Figure 3.3.1. Definition of parameters in formulas for

the evaluation of the line integrals.
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Then, applying equations (3.3.4) and (3.3.5) to the formulas for

I, in Appendix A, we get

1
2% .
S dn [(x=x)" + ty- %)) dy, =
= ‘,-:ﬁ,;‘-:{(w GO =) = [y-y) =0 xx)} In foxx2 )+ [Uy-v,") -

2 £
~7n k) + G (X)) - [ +ra {(H"GT\‘)(X."‘X) -G [(y-v") -

-ﬁ(m("h)]} I Z(x-x,")‘ + [ly-vr) = Glx=x3) + &, (x~x.")]1} -

-2{x,"-x")m +

o™ Ly =Y, ) ~Tn (X~X6™)

—tan O+ (x"=-x) ~05 [(V-Yo")wi(bx,").]v} 0 1T < @ (3.3.6a)
ty=yo") = G (x~x,") !

= O} a“;‘.'_- 0 (3-3.6b)

= =ly-y,") In [(x—x:)"“f- (y- Y,.")"] +ly-y") In[(x-~ )+ (y~ y,")‘] -

-y " RV |
-un”-y.")-z(x~xo"){fan"(,f—:{~:-) - tan"/ﬁx—”',r)}, IT]=  (3.3.6c)

1]

),'W'H

Jon in [Cxoro™ + (r-v08] dy, =

? xfmw(x,"‘%x) = [y-va) =T xS U § (x-xm )+

-t

TI+T
T

[lrr2) -t Ceon) # 2 (o) e f X0 )+ T (- v

2[(y-n") -t (x- "]t x

xIn §(x~xl”)l+ -3 - 2 (X6 + e

g {tan" (e (5" x) = & [ly-yt) - Tarx8)]
ly-y") = G (x-x")

- h - &
rtgn KR+ T ly Y:)}) 04T <o (3.3.7a)

(Y*Y‘."_’ -~ 2—"‘ (X“th)

(3.3.7b)

- 0} ?;1:0”

2 [ly-vr) - (xx" )] o {fan" ()02 -0 (-0 )T (ex )}
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At

Y,
j- In[(x-2) + (v~ ¥.)"] dvo =

Y,"

= (Y"Yzh) ’fl [(K*X.:')L-f~(y— Ya.")?] "(}"‘ Y,HH) ,h [{X.'-X-.h)‘ + (Y"Y,"“)t] -

=20y yM) =2 (x-X )féan" Y- ”' ) tan -'/7 " )}, It l=w@ (3,3, 7¢)

We can now determine ¥, from equations (3.3.1), (3.3.6), and
(3.3.7), at any mesh point (x, y) = (x; , y; ) which does not lie
on the interface. At such a mesh point, applying the results for

I, from Appendix A to evaluate the integrals in equation (3. 3.2),

we get
h
SY\ (x~x.) dy, T (Xt )+ [(yyen) =05 (xx2) + 75 (X))
- < =~ —In
AR SRR 200D (0 (xox) 4 [y~ ) -0 (5% +65 (%, J)

% ita o RN (0 x) - [(y Yo' ) = Tn (x~x)]
ttoR? (y-¥,") = 0m (x~%")

o (et (X" x) =G ly-yo )~ (X=X )}} 0 LIra] < (3.3.8a)

- t3n
(y~Yo") ~ n (x~xJ")

=0, m=0 (3.3.8b)
- -/ y-y" af Y-y
S”,"n (x=Xo) dy, 1'\{ (R x") # [ly-nt) -t ) + 3, ("""M')]
yr (XE) T (y-y)? TS (x=6") + (y= ")t

w {ta Y eI x) = T [ (o) = Ta(x-x))
= em——— [}

I+ 5" (r-1") = ¥n (x~x")
+tap~t N £ % () } 0o clt]< @ 3.3.9a)
(Y"Y'a.h) - Th O‘"‘xtn)

=0 Hh=O (3.3.9b)

}

X~xg" X=Xy

- n _ nt!
.—_fah"()’ £ ) — fah"{-)—(_—z_’r) , It ] = 0:9 (3.3.9c¢)
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Similarly, applying the results for I2 from Appendix A, we get

for the integrals in equation (3. 3. 3)
(4]

n t 8
y"'\ ()(-X.)‘-f-(?’*)g)l 1((1'7;“-) (K‘x'n)l + [(r_)’ah) -~ (X_X:l) ’f’fr-a (x_x'h)]

. UF'1 fane (1T -x) ~0% [(7-y,") - 02 (x=x']]
I+ CY=-y,") =~ Th (x~X,")
v n_ VLI N
_taqt LHEIKT0) 0 [r7) -0 (ko J]} 0<[7y <@ (3.3.10a)
Ly~y,") = 0y (x~x1) )
=0, 7= 0  (3.3.10D)
k3 2
- ln[ (x~-xrV+ ()’*Y,")l } lthi =0  (3.3.10¢)
% (X=X + (y-y")
Y”\-H z

EY = 7 T
n(x-x‘,) + (yYo) 201+ 7%) (X~X)* + (y=vah)™

1A
n+! ~ -xD
+ T {i?nvn (+ TG o)) = 5 [y -y) ~ T (X=X%4 )]
L+ " (Y-—Y‘h) -~ Th (x~x")
h - "
ptan (XD + T (v-7a") ) 0l c@  (3.3.11a)
Cy~y") = Th (x~x")
= o, =0 (3.3.11b)
=:'T'”[(x X))+ (Y Yx)1 [T, 1= ®  (3.3.11¢)
(X=X 2+ (y-y, ")

Equations (3.3, 6) through (2. 3.11) can be used to calculate

Y’l and its derivatives at any mesh point (x, y) = (x; , Y;

Y which
does not lie on the interface. These results must be modified

slightly in order to calculate the integrals at a mesh point through

~ T
fy‘ (y-¥e) d¥s . _ 7R z’(mt‘) + [(r~v") =0 (x-x) +‘TZ(HJ‘JJ }+

5 (y-¥:) dve  _ N ln{(x-x,”*’)'»«[(r-y:‘)-??\(x-x:)n,,(x—x,"”)]}+



which the int‘erface passes. Note here that we cannot allow
(x, y) = (x ;1, lel) or (x, Y).= (sz1 , ¥ ; ), as these situations
give rise to infinite logarithmic singularities in some of the
formulas. Thus, in the interface rou£ine, the lengths of the
tangent line segments must be chosen so that the endpoints of
these segments do not coincide with the mesh points.

Let the point (x, y) lie on the connecting line segment of
slope T, The equation of this line segment is y - yg =

‘tn (x - XIZI), so that we have

(v -y5) - T (x-xF) =o. (3.3.12)

This quantity does not occur in the integrals evaluated along the
tangent line segments, so equations (3.3.6), (3.3.8), and (3. 3.10)

remain unchanged. Equation (3.3.7a) becomes
y,nH ’

_( In [(x~x) + (y=¥)"] dy, =

AN

= G x) In e x5 (et I [ea™) +
+ =) ] - 2T (), velTh] <@ (3 3 13

Equations (3. 3.7b) and (3. 3. 7¢), which cover the cases ’?_’n =0

and | T

! = w , remain unchanged. Equations (3. 3.9) become
n

n+!

’ (X*—XO! O’Yo - Th [ j(x'xdnﬂ)t}_ Th

i < - +7r) 0¢iT e (3. 3. 14a
y;h(x“xo) +(Y”Yo)‘ 201€1.") n (x-)({‘)l 11"?".1(.— ) " ( )

= o, 7 z0 (3.3.14b)
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n+!
Y,

j " (x-%) d Y

v (X~x )+ (y=v,)"
3

it
+
=)

1T ) =00 (3.3.14c)

Equation (3.3.11a) becomes

n+i

Y < nery®
J v dye B XK ) L & (ﬂ) (3.3.15)
| n xRy T % ) (x-xy) I+ T

T

Equations (3. 3.11b) and (3. 3.1lc) are unchanged. The t T

terms in equations (3. 3.14a), (3.3.14c), and (3.3.15) result

from a shear discontinuity in the specific discharge at the inter-
face, as discussed in Appendix D. In the present work, the

shear discontinuity will be omitted whenever it occurs; thus the
IW terms in equations (3.3.14) and (3. 3.15) do not appear in the
actual computer program. Omitting the shear discontinuity

should not be overly restrictive for two reasons. In the first
place, the interface will rarely, if ever, pass through a mesh
point. In the second place, we are primarily interested in
determining the specific discharge at the interface points, since
these values control the interface motion. The specific discharge
at a mesh point located on the interface plays no part in determining
the discharge at the N interface points unless it coincides with
one of these. Omitting e shear term in the discharge at such a
mesh point will not affect the interface motion. The values of ‘h)'
and 17)' at the mesh points are only calculated in order to obtain

a picture of the nature of the flow within the areas occupied by



the two diff;arent fluids.

The specific discharge components at a mesh point should
actually include the inverse tangent terms which produce the
T terms in equations (3.3.13) and (3. 3.14). The shear
discontinuity due to the inverse tangent terms occurs only when
the specific discharge is evaluated at a mesh point through
which the interface passes. However, the inverse tangent terms
can also produce difficulties in evaluating the specific discharge
at a mesh point which is very near the interface. In such a
case, the arguments of the inverse tangent terms can be very
large, exceeding the limits for the inverse tangent function in-
cluded in the library of a given computer system. Thus it might
be better to treat these terms by defining some minimum dis-
tance of approach., If the distance between the mesh point and
the interface is greater than this minimum distance of approach,
the inverse tangent terms are evaluated; otherwise, the t mw
terms are used, depending on which side of the interface the
mesh point lies. If a mesh point lies exactly on the interface
( a very rare occurrence), the + T term can be arbitrarily
chosen. in the present work, the interface was never s9 near
a mesh point that the inverse tangent terms could not be evalu -
ated. Nevertheless, the refinement in the evaluation of the

specific discharge components discussed in this paragraph
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will be included in future versions of the computer code.

Equations (3. 3.13) through (3.3.15) are for the case in which
a connecting line segment passes through a mesh point. A tangent
line segment can also pass through a mesh point. ILet the point
(%, y) lie on the tangent line segment of slope G"n, but not at the

interface point (x n n

0’ Yo ) (the calculations at the interface points

will be considered later). The equation of this segment is
n n '
(y-vo)- o,x-x_)=0. _ (3.3.16)

This quantity does not’occur in the integrals evaluated along the
connecting line segments, so equations (3.3.7), (3.3.9), and

(3.3.11) are unchanged for this case. Equations (3.3 6) become

jy: [n [(x%)" + (y-v,)*] dy, =

5}

T (%= x) In [(:HT,‘) (x-x2)] = x=x) In [(1+7) (x ")) -

=205 (X0 =X") oclTlc@ (3.3, 17a)

= 0, =0 (3.3.17b)

"

~ -y In[ly-vm )T+ -y In [Gr-wn)t] -
-2 "), 1Tn]= 9  (3.3.17¢)

Equations (3. 3. 8) become

Yn
S Y (k%) dyo
Y,P (K-X) ¢ (y-y,)*

T
(x~x")

SN - Tn” +7r) 0<107,J<é7r3.3.18a)
IOty (x=x,")? t+ 02 = ‘
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J (X‘xo)d)’a = 0 Th=0 (3.3.18h)
y.n (k) \* + Cy~y, ) J .
[

H
I+
=
-

i
8
[
(98]
—t
oo

KA

Equations (3.3.10) become

h

T
j (Y‘Ya) C{Yo -
yp (xx)*+ (y-ve)®

07.\1 (X"th)‘ a-'-'! +77 0(’0"4&)
s - 3.3.
XTI "écx—x,“)‘ +rras(tn), o (3.3-19a)
=0, =0  (3.3.19Db)
L (y»—y")z} lonl= @  (3.3.19c)
= — |n t nl = . N
2 i(y-y,'_h) ’

Again, in equations (3.3.18a), (3.3.18¢c), and (3.3.19a), the t T
terms result from the shear discontinuity in the specific discharge
at the mesh point (x, y) = (x; , v, ). These terms have been
omitted in the present version of the computer code.

Equations (3. 3. 6) through (3. 3.19) give us all the formulas
we need to calculate 15’1 and its derivatives at the mesh points.
We must finally determine the values of these quantities at the
interface points. Thus, let 'x, y) = (xg1 , v 2) , Or X = X 2 and
Y=Y, - Then, since (x,y) lies on the nth tangent line segment
of the interface, equations (3.3.7), (3.3.9), and (3. 3.11) are
unchanged, while equations (3.3.17) through (3. 3.19) apply with

n n : . .
Xx=x_andy=y o + However, in this case we must consider

further the effects of omitting the 7 terms due to the shear
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discontinuity in the specific discharge at the interface point

n n.
(X, v4)e

As we can see from Appendix D, the arctangent terms
which produce the t 7 terms in equations (3.3.18a), (3.3.18¢),
and (3.3.19a) produce a component of the specific discharge
which consists of a shear flow tangent to the interface. This
shear term, which has been omitted in the computer code, is
produced by the vortex located at the interface point (x n o
and is proportional to the vortex strength at that point. We
eventually seek to determine the total specific discharge at this
interface point, so that we can move the point, during a *i-=>
step 4At, to a new position according to its local average
velocity /€ at the beginning of the time step. In omitting
the shear term in the discharge, we are only omitting a
term which tends to move the interface points along the inter-
face. Thus, the new position of the interface point, determined
by omitting the shear term in the discharge, will still lie on the
true interface at the end of the time step. Furthermore, since
the total specific discharge consists of a summation of terms
over all tangent line segments and all connecting line segments,
as given in equations (3. 3.2) and (3. 3. 3), the terms which we
have omitted should be small in magnitude relative to the total

discharge.

Oiyio)!
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3.4 Solution of Laplace's Equation for ¥,

Since we have now determined 3[7'1 and its derivatives at
each mesh point, and specifically at the boundary mesh points,
we can proceed to determine ?P—Z at each mesh point. Note
first that since we have determined ‘J]F‘l /9 x and DTI/ dy

at each boundary mesh point, we immediately know

grad T, = T Q¥ /2x)+ T (3F /oy)

at those points. Thus, assuming we know the geometrical

configuration of the boundary, we can readily determine

PV /9v = R grad ¥’

P

——
where V 1is a unit vector normal to the boundary. Hence, by

applying equation (2.4.1), we can determine boundary values for

v

x Note here that if the boundary conditions require us to
specify Qw'z/’-)\} at the boundary, it will be convenient to
introduce a staggered finite-difference mesh, so that the boun-
dary lies midway between the last two mesh lines. However, we
will assume in this section that 7_?'2 satisfies a simple Dirichlet
problem (which is the case for the buric check problem to be
discussed in Chapter 4), so that the boundary condition results

in merely specifying the values of 1‘7'2 at the boundary mesh

points. Thus our problem reduces to solving

v Y, = 09, (3.4.1)



with ?2 specified at each boundary mesh point.
Equation (3.4.1) can be solved by the point successive
over-relaxation (PSOR) iterative scheme described in Appendix F.

From equations (F.1.6) and (F.1.7), we have

ke+1 Kk K
where
! K K+
R;E = iéyl[lp;);_,”- +3Z.);+,”.] + OX‘[}Z;:);JJ-_, *

C )

]~2(ox‘+oy‘) E),-;}/l(ax‘i-ay‘) (3.4.3)

i+
The subscripts (i, j) denote quantities evaluated at the mesh point
(x, , Y; ) , while the superscript k denotes the kth iterative

step. Equation (3.4.2) is applied at each mesh point in succession
for a given value of k. Then k is increased by unity and equation
(3.4.2) is again applied at each mesh point in succession. This
procedure continues until the maximum residual R il’(j is less
than some predefined small value. Brief analyses of the accuracy

and stability of this scheme, as well as an estimate of the optimum

relaxation parameter & , are given in Appendix F.



70

3.5 Finite-Difference Approximations for .qx)z and ¢4},

Having determined the value of '!F"z at each mesh point
by the PSOR scheme described above, we can now determine
approximate values for the specific discharge components at
each mesh point by applying equations (3.1.8) and (3.1.9).

This is necessary because just as "{Fl will in general not
satisfy the correct physical boundary conditions, neither will
its derivatives. Furthermore, the gradient of 'ip_z at each
mesh point will generate a component of specific discharge
at that point, which must be added to the value determined
from ?-l in order to give the total specific discharge u*
that point.

The values of Q'Qf”z/ ?x and 'D?é/ 2y in equations (3.1.8)
and (3.1.9) are approximated by standard second-order accurate
central finite differences at interior mesh points, and by first-
order accurate forward or backward differences at boundary
mesh points, according to the formulas given in Appendix E.

At interior mesh points,

QY)1 = Q'ﬁ/az’().‘“- 4 [Tl_),‘*,"; - K)l'—l’j] /2 aX (3-5-18.)

1)()1 = - 9?{/9)’).‘}j X - [ﬁ)l‘,j{—: - ‘}F:)l‘,j-;] /2 Ay (35 1b)
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Along the left-hand boundary i=1,

Q) = T /ox),; ® K, -V ), ] Sex (3.5.2a)

and along the right-hand boundary i = I,

= DU/ ox); -~[?-) ‘K)r_,,j]/ox (3.5.2b)

Along the lower boundary j = 1,

ax), = - 2% oy}, —[?), . :),'),]/ay‘ (3.5.3a)

and along the upper boundary j = J,

)= =2V /oy )i - [ By 117;).',;-;] Soy (3.5. 3b)

Along the vertical boundaries, equation (3.5.1b) holds, while
along the horizontal boundaries, equation (3.5,1a) holds.
Equations (3.5.2) and 73.5.3) are designed‘for the boundaries
of a rectangular flow region, but an appropriate combination of
these formulas can be applied at any boundary segment which is
horizontal or vertical. More complicated formulas can be
derived for the derivatives at a curved boundary segment, but
curved boundaries rarely must be used. A flow region with
irregular boundaries can usually be adequately represented by
a region bounded by horizontal and vertical line segments. An
example is shown in Figure 3.5.1. In the basic problem used to

check the behavior of the code, the flow region is rectiﬁéﬁlar,
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and the above formulas can be used directly.
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Figure 3.5.1. Finite-difference mesh for approximatinyg a

o

flow region with irregular boundaries.
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3.6 Interpolation at the Interface Points

In the preceding section, we considered the determination
of ¥, ‘(x)z , and Ty}: at the mesh points by finite-difference
methods. However, since we wish to describe the actual inter-
face motion, we must determine at least ‘[‘,‘)1 and qy},at the
interface points. Given the values of 1[’:2, )y ,» and i)’)z. at
the mesh points, we can determine values of these quantities at
the interface points by interpolation.

The function -(-P-Z satisfies Laplace's equation at all
points within the flow region, with specified values along the

boundaries of the region. Furthermore, there are no sinzular-

ities within the domain of "P"Z.

Thus '}Fz and its first derivatives
are continuous throughout the flow region. For this reason,
determining the values of these quantities at the interface points
by interpolating between values at the mesh points should be
reasonably accurate.

The interpolating scheme used in this code is based on the

Taylor series expansion of S.F_Z(x, y) about the mesh point (%4, Yj)'

From equation (E.2) of Appendix E, we have

Cy) = By +x-x) % /ax)s,; +l-y;) (2% oy), ; +

+ +(x-x;) (T 17f';/9x"),-J3 + (x=X;)(y-;) (9135/%9)’),33 +

J_.-_‘t 1192.‘.’.._
+ilr-v;) (T ¥/ 7 )‘u L (3.6.1)
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At the interface point (x 2 , v 2 ), equation (3.6.1) gives us

?;(xoh) Yah)z ZF;.)QJJ +(X:*X;)(?:‘!:/9X);); +(YOh‘),J)(9K/37)' .+

f2)

+ 2= (T Hoxt); + (=X - Vi) (9 4 fox vy )y,

A D N VLY S I (3.6.2)

The mesh point (x; , y:

; ) is chosen as the nearest mesh point

to the interface point (ch;l , yg )} at which equation (3. 6.2) is
evaluated. The partial derivatives in equation (3.6.2) are
approximated by second-order accurate central finite differences;

from Appendix E, we have
(T /ox);, ¥ [T )iars ™ 3!2).‘-‘,3] /2 ox (3.6. 3a)
(Fov)iy = [ o~ Todiyia] /20y (3.6.3b)

“d

(D’ﬁ/ax‘),;j X [177;).'+.,; -2¥), .+ T{),'_,)J-]/AX"‘ (3.6.3¢)

(9“17;/9)");); = [’K)g;f, 2 %)t ﬁ),;;-«]/d)’l (3. 6. 3d)

Dtﬁ) -~ ’E’)i+'1;+'th;Jc‘~!J}+' - ﬁ)"‘“_}j‘” t E)l‘*,,}‘-l (3.6.36)
l\JJ ~

Xy 4 ox oy
If the nearest mesh point (x; , V5 ) happens to be a boundary
point, then equations (3.6.3) are centered about the point
(x i Y3 or (x; , Vi ), the first interior mesh point normal
to the boundary, If the interface point (x,vy) = (Xg , yg } lies on

the boundary, then simple linear interpolation along the ab%llmdary



76

is used; for- example, if (xg, yg ) lies between (x;,,, v, ) and

(x;, v, ) along the lower boundary of the flow region, then
‘EE_(X:) y;‘) ~ [(Xf-(»l-xo") E):‘,y + (Xch")(i) ’LF-:) fet, ,] /tﬂx (3.6.4)

We can use equations (3.6.3) and (3.6.4) to determine :@'2
at each interface point. We can now determine the values of l.
and Qy)l at the interface points in one of two possible ways. In
the first place, in the preceding section we determined finite-
difference approximations to {le and ct)’)-., at each mesh point.
Thus we can treat the values of ?X)z’ for example, as constitu-
ting a scalar field, so that values of gy}, at the interface points
can be determined by interpolating between the values of qy ),
given at the mesh point. Hence, replacing ?Z-Z by %), in

equation (3.6.2), we get
W), [%0, %] = [:Zx)z]c‘,j « 0-x:) [ Cb‘)‘/:’u]hi *
iy [ o) /ax]; + %(Xo"“)f-‘)l[él?x)l Saxt]; +
F OP=x Oy ) [T 9)s Soxay] e *

2 lynoy Y [ ) Zovrds; (3.6.5)

We can obtain approximations to the partial derivatives of qx Yo
in equation (3.6.5) by replacing 1{7'2 by 9x), in equations (3. 6. 3).
Replacing qx), by {y). in equation (3. 6.5), we obtain a formula
for determining {y) at each interface point by interpolating

between the values of {y), which are given at each mesh poin{'.
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Recall now that the values of %), 2nd ¢,),_ at each mesh
point have been given by finite-difference approximations involving
values of g"'z at the mesh points. For example, from equation

{(3.5.1Db), we have

7")1.‘,-',3 = = le:_/oy),\”-

2 [B)iju = %)isal /20y (3.6.6)

Then, in equation (3.6.5), we get

9tk ) /DX].‘“- =~ icf")z].‘«,,- ~ ‘th];_,ﬂ-}/:zax

g[ '+l,a-| - ’!p:.)l‘-fl,h.;_]/loy -
-[Z..ﬁ{);,,“‘_, ~'§Z:),‘-|);+,-]/2 07}/20)(

IE)"” i~ ”:{p‘)'*' J'H )-l (]~ * ﬁ)i‘—', fi—l] /4‘43)(0)/ (3.6.7)

We can obtain similar expressions for the other derivatives in

tion (3.6.5), so that =, v ] ltimately b d
equation (3.6.5), s ‘Z‘\)z X, s Y51 canultimately be expresse

entirely in terms of values of ?2 at mesh points.

From equations (3.6.2) and /3, 6. 3), the value of ?2 at an
interface point is defined by its values at the nine nearest mesh
points (Fig. 3.6.1). If the value of 1x), at an interface point is
determined by equation (3.6.5), then 1x), is given by the values of

v 2 at fifteen neighboring mesh points (Fig. 3.6.2). Similarly,
the value of ‘ly)-,_at an interface point is given by the valu"es of TZ

at fifteen neighboring mesh points.
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Figure 3.6.1. Mesh points used in interpolating '}P‘Z at ths

. n n
point (xo, yo).
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Figure 3.6.2. Mesh-point values of v s used in interpolating

n

%‘)1 at the point (xg, Vo)
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We cax'l also try a second scheme for determining ‘(")1 and
‘l)')z" This scheme is based on the fact that the interpolation
formula (3. 6.1) actually defines ?Fz(x, y) at every point in the
flow region, not just the interface points. Thus equation (3.6.1)
defines ?_2 as a continuous and differentiable function of x and

y. Differentiating equation (3.6.1), we get

YL /Sax T PW/ax); +K) G E/ox); + i) (3T fxar), (3. 6. 8a)

and

/oy x QW/oy),; + () (3B oxay), ; +(y -y} Bfoy™); . (3.6.8b)

Thus, since W= - D]Fz/ ?y and TYL: 3%/ 2%, we can use
equations (3.6.3), with equations (3. 6. 8) evaluated at (x,y) =
(x;1 , yg ), to determine qx), and ‘{yjz at the interface points.
In this manner, 9x), is given in terms of the values of 'LF'Z at
only seven neighboring mesh points (Fig. 3.6.3). Similarly,
{y); is given by the value of Zl/"z at seven neighboring mesh
points.

Although the alternate interpolation scheme for {x), and
{y)+ given by equations (3.6.8) is somewhat more intuitively
appealing than the preceding scheme, we must reject it because

the resulting interface shape exhibits an oscillatory of ''zig-zag"

nature. Referring to Figure 3.6.3, we see that this undesirable
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result is pr;)bably caused by the fact that this scheme, in cal-

culating qx ),,does not appropriately take into account the vari-
ation of 31_?2 in the x-direction. Similarly, the calculations for
1y). do not appropriately take into account the variation of ?FZ

in the y-direction.
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Figure 3.6.3. Mesh-point values of ’!@'-'2 used
in the alternate interpolation scheme

s n n
for qx), at the point (x_, y, )
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3.7 Movement of Interface Points

The final stage in the calculations gives the new position
of each interface point. Let (xn‘, yrf) denote the location of

the nth interface point at the end of time step 4 , with

£
+t2 =2 t, + 2 o™
M=y
-~
= ¢4 ¢ ot

L L]

We wish to determine the location (x [, vy, ) of the nJCh interface

!
peoint at time ’cH = t'e+ At“' . In the preceding sections, we have
. . . . n h n n
described the determination of ‘Ix}, s q,,)l , and %), » ?7)1 . where
the subscripts 1 and 2 refer, respectively, to values determined
from the vortex distribution along the interface and from the
boundary conditions on the flow region, and the superscriptn

t
refers to the n h interface point. The components of the local

average velocity at the interface point (x é , Y % ) are then

[‘(x),h + 'fx): 1 /€

X
J
N

-~
n

[‘(7),h + 77):] /e ,

where € is the porosity of the medium. Then
L
= X+ wt ot

2+
A O (AP
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CHAPTER 4. SPECIAL PROCEDURES NEEDED TO TREAT THE
BASIC CHECK PROBLEM

4.1 Introduction

The computer code combines both analytical and numerical
methods, so it is difficult to perform a theoretical analysis of the
accuracy of its results. Analyses of some of the individual parts
of the code are presented in the appendices, but the overall beh-
havior of the code can perhaps be best determined by comparing
its results with theoretical and experimental results for a specific
problem.

Consider the case of an initially vertical interface between
two fluids of different specific weights but the same viscosity in
a homogeneous porous medium (Fig 4.1.1). Such a configuration
is unstable, so that as time progresses the lighter fluid will
override the heavier fluid, until the interface attains a stable
horizontal shape. The results of parallel-plate model experi-
ments (de Josselin de Jong, 1959, 1960) indicate that, at least
relatively early in time, the interface has the general form of
an .S-shaped curve. The present computer model has been
initially formulated to treat this problem, using as input data
the same values of the physical parameters as were used in
the parallel-plate model of de’ Josselin de Jong. The following

sections describe some special features of the computer code
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needed to tr‘eat this problem, as well as a brief analysis of the
degree of mass conservation maintained by the code. Some of
the techniques introduced in this chapter were motivated by the
results of computational experimentation with the code; these

techniques will be discussed in greater detail in Chapter 5.
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Figure 4.1.1. Rotation of an initially vertical interfacea
between two fluids of different specific

weights.
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4,2 Boundary Conditions

Boundary conditions, in general, will vary from problem
to problem. In the present problem, the flow region is a rec-
tangular area with impermeable boundaries. Continuity requires
that the specific discharge be everywhere tangent to these boun-
daries, so that qv, the normal component of the discharge, must
be zero at the boundaries. Otherwise, the fluid would flow across
the boundary and out of the flow region, or it would flow away from
the boundary into the flow region, producing gaps in the fluid at the
boundary. Either of these situations is physically impossible. Thus

our boundary conditions have the form
G,=0, (4.2.1)
or, applying equation (2.5.1b) and the fact that = U+ Ty
PV, Jas + IV, /as =0, (4.2.2)

Since equation (4.2.2) applies along a portion of the boundary
where the normal coordinate is constant, we can integrate it

directly to obtain
v, o+ ]{7‘2:0. (4.2.3)

C is an arbitrary constant of integration; choosing it to be zero,

we obtain

V- -0 . (4.2.4)
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Once ¥ has been determined at all boundary mesh points,

1
equation (4.2.4) defines values of ?2 at those points, thus
giving us a simple Dirichlet problem for ]F—Z' ?FZ can then

be calculated directly by means of the formulas in Section 3. 4.

However, the treatment of the flow at the boundaries proves

to be somewhat more complicated than merely specifying boundary

values for ZE—Z' In the first place, the interface is of finite
length and terminates on the boundary. In order to describe
adequately the motion of the interface endpoints, these points
should be included in the basic set of interface points used to
determine the interface fit. Thus, let (xlgr, yON) denote tko
interface point lying on the upper btoundary of the flow region,
and let the Nth tangent line segment have slope G'N, with

0 < IG‘NI.{CU (Fig. 4.2.1). We seek to determine q, and q, at

(XS, y? ). Since the interface terminates at (XST, yE)N), the

integrals in equations (3.3.18) and (3. 3.19) must have ylj,

rather than ygr, as their upper limit. Thus we get

WY M oayE | T TG T

0'&1 [()(—Xo”.)t T~
5!

N

) =-2%,

(y-y~) >’

! ay I"( _ ”.lﬂ
:‘Tfn[ Ut )J n]=0 (4,2, 5m)

(trr)) 0¢|Taj<co (4.2.5a)
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Figure 4.2.1. Interface points at the upper end of the

interface, n = N.
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- I~ (x~x)* L
A(+q, ) " (K\;N)‘] 5 (l‘f‘f), 0|0, )ew (4.2, 62)
N QE 1
)= S
0) |05 |z @ (4.2.6D)

Evaluating equations (4.2.5) and (4.2.6) at x = xlj andy =y ON s

we obtain infinite logarithmic singularities in the specific discharge
components at this point. However, these logarithmic singularities
do not occur if 0" = 0, because then,from equations (3. 3.18b) and
N N -

(3.3.19b), CZX) ) and 1)')1 are both zero. Similar results apply at
the interface point (x o, , Vo! ) lying on the lower boundary.

In order to avoid these logarithmic singularities, the
slopes 0’1 and G“N of the tangent line segments passing through
the endpoints of the interface fit are taken to be zero, This is
equivalent to assuming that the interface is always horizontal at
a boundary of the flow region. This assumption is consistent with
the observed S-shaped nature of the interface curve, as well as
the fact that the final shape of the interface should be entirely
horizontal.

An additional refinement to the treatment at the boundaries
ismotivated by the results of computational experimentation using
the techniques described above. The values of the specific

discharge components at the boundary are given by

U = ‘(x). + C(x)z_ ) . (4.2.7a)

(4.2.7b)

I
~0
~
h—
+
o
~
A
Ind

Uy
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By equation -(4.2. 1), on the upper and lower boundaries of the
flow region, 1y should be zero. The results of computational
experimentation show that this is the case at each boundary mesh
point except the two points immediately adjacent to the interface
endpoint on each boundary, where the calculated values of ‘iy
are not zero. This discrepancy is probably due to the truncation
error invelved in the finite-difference approximations used to
determine qy),. Furthermore, by this approach, the interface
curve gradually develops inflection points near the boundaries,
so that the expected S-shaped nature of the curve is not seen
(Fig. 4.2.2).

Correct specific discharge components can be obtained at
all points of the boundary by making two modifications to the
basic approach outlined in Section 3.6. The first modification

is merely to set

‘ly)i = T c(.y)l

at each boundary mesh point, so that 9q y = 0 everywhere on the
boundary. This is done prior to the point in the computer program
at which values of yf’z » &), » and qy), are interpolated at the
interface points, so that the interpolation routine uses correct
values of 1x), and 17)2 at the boundary mesh points, In this

way, we obtain correct values of 1y at the boundary mesh points.

Furthermore, the interface points on the boundary move more
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rapidly along the boundary, so that the S-shaped nature of
the curve is maintained, although no significant change in
shape is seen for about the central third of the curve.

The second modification involves the introduction of image

interfaces reflected in the upper and lower boundaries (Fig. 4.2.3).

The vortices on the image interfaces have the opposite direction
from those on the true interface. The line integrals used to cal-
culate ?1, ‘L\), , and 'iy), are taken over the length of the inter-

face and both images. The algorithms used for calculating 17'2,

9x), , and {y), are not changed by this procedure.

An image vortex outside the flow region will produce = ~hange
in the value of 'lf'l calculated at a point inside the flow region, as
well as at each point on the boundary. The resultant change in the
boundary conditions for Tz gives a change in wz such that the
total stream function ¥ = 10‘1 + w'z at a point within the flow
region is not affected by the presence of vortices along the image
interfaces. Similarly, the specific discharge components at
points within the flow region are not affected by the image inter-
faces. The only net effect of the image interfaces is at each
boundary interface point, where the opposite directions of the true
interface vortices and the image vortices produces specific dis-
charge vectors which are strictly tangent to the boundaries. Thus,
it is not necessary that the images be reflections of the entire

interface ; only the first four or five interfacial line seg;hents
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need be reflected in the lower boundary, and the last four or

five segments reflected in the upper boundary.
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Figure 4.2.2. Interface shape at later times result'ing
from unmodified treatment of boundary

conditions.
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Figure 4.2.3. Definition of image interfaces introduced

to produce correct boundary conditions.




IMAGE

INTERFACE

. FLOW

S RESTON

C

DIRECTION OF
VORTEX ROTATION

IMAGE




96

4.3 Initial Conditions

Initially, the interface is a vertical straight line. However,
if we take the initial interface curve in the computer model to be
a vertical straight line, we cannot calculate the initial specific

discharge components at the boundary interface points (Xol , ¥ cl) )

N

N
o ) From equation (4.2.5b), we see that ‘(x)

N
and(Xo»Y 1’

and similarly ‘{x) 11 , have infinite logarithmic singularities in
such a case. We can get around this difficulty by starting the
computer model at some very small time §t after zero, such
that the boundary interface points have moved a very small dis-
tance along the boundary, while all the other interface prirts still

lie along the initial vertical interface (Fig. 4.3.1). In this way,

1 N N

1
we can take the tangent line segments at (x o+ Yo Jand(x , , v o )

to be horizontal at the initial time. Then we can apply the formulas

of Section 3.4 at the initial time, and we do not obtain the infinite

logarithmic singularities in the specific discharge.
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Figure 4.3.1. The initial interface configuration used

in the computer code.
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4.4 Length of the Tangent Interfacial Line Segments

In the present formulation of the-computer code, the lengths
of all the tangent line segments have been chosen to be equal.
Furthermore, the interface points are more closely spaced near
the ends of the interface, where the maximum curvature occurs,
than near the center. For this formulation, the shape and rate
of motion of the interface are rather sensitive to the half-length

S chosen for the tangent interfacial line segments. As discussed
in more detail in Chapter 5, computational experimentation indi-
cates that the optimum value of § is of the order of 0.01 cm,
approximately one percent of the mesh spacing &ox= oy ~ .5 cm.
For values of § . significantly less than 0,01 cm, round-off error
causes the interface to develop an oscillatory or ''zig-zag' shape,
which grows with time, although the rate of rotation of the central
portion of the interface remains close to the theoretical rate of
rotation. For values of § significantly greater than 0.0l cm,
the interface rapidly becomes highly unstable, with the interface
peoints moving in seemingly random directions, some of them .
actually leaving the flow region. This behavior is caused by the
fact that near the ends of the interface, where the interface points
are closely spaced, some of the points can move to within 2§
of each other, so that the tangent and connecting line segments
overlap. Such a configuration is physically impossible, and

is highly unstable.



Thesé problems can be lessened somewhat by making a
few changes in the present code. Some of the effects of round~off
error can be diminished by reprogramming certain statements in the
code. The half-length § of the tangent line segments can be
made a function of the spacing of the interface points, rather than
taken as a constant. Nevertheless, as seen in Chapter 5, the
present formulation of the code does a reasonably good job of

reproducing the interface motion for the basic check problem.
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4.5 Mass Conservation

For this basic check problem, we can quite simply deter-
mine the degree of mass conservation maintained by the code.
Since the flow region is finite, and since there should be no net
gain or loss of fluid by the system, the total mass of heavier fluid
in the system shogld remain constant. Furthermore, since the
specific weight of the heavier fluid is constant, the fluids are
assumed to be incompressible, and the medium is assumed to
be nondeformable, the total volume occupied by this fluid should
remain constant. Finally, since the porosity of the medium is
constant, and because of the two-dimensional symmetry o) tie
problem, the volume occupied by the heavier fluid is directly
proportional to the area of the flow region occupied by the fluid.
We can readily determine this area by merely integrating the
interface curve in order to find the area under the curve. The
difference between the initial area of the heavier fluid and the
area at any later time is generally less than 0.001%.

We should note, however, that this result only shows that
the computed interface exhibits symmetry with respect to a pivot
point Jocated at the center of the flow region. Such symmetry is
also demonstrated by computer plots of the interface at successive
times. This does not prove that the computed interface curve is
absolutely correct, but it does show that the code does not generate

any abaormal "drift'' of any of the interface points.
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CHAPTER 5. SOLUTION OF THE BASIC CHECK PROBLEM

5.1 Introduction

The basic check problem was described briefly in Chapter 4.
The flow region is a rectangle in the vertical x, y-plane, with its
sides aligned parallel to the x- and y-axes. The boundaries of
the flow region are impermeable, and the porous medium within
the flow region is isotropic and homogeneous. At the initial
instant, a vertical interface at the center of the rectangle separates
two fluids of different specific weights, with the lighter fluid to the
left of the interface. Because of the difference in the specific
weights of the two fluids, gravity causes the interface to rotate
in a clockwise direction, until the interface attains a stable hori-
zontal configuration. Parallel-pléte model experiments (de Josselin
de Jong, 1960) indicate that, at least early in time, the general form
of the interface is that of an S-shaped curve.

In the present chapter, we will consider some analytical
solutions to this problem, as well as the results of parallel-plate
model experiments. We will then consider the solution to this
problem by means of the computer technique which has been
discussed in previous chapters, and compare the computer
solution with the analytical and experimental studies. The dis-

cussion of the computer solution will include examination, of

some of the computational experimentation which led to modifications
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of the basic computer model.

e S i B
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5.2 Analytical Solutions

Initial distribution of specific discharge. Analytical solu-

tions have been determined for a.modified form of the basic
problem (de Josselin de iong, 1959, 1960). In the modified prob-
lem, the flow region is an infinite strip in the x, y-plane (Fig. 5.2.1),
rather than a rectangle. The strip has width 2c¢, and is symmetrical
with respect to the x-axis. An analytical solution for the initial
specific distribution can be obtained in closed form by applying
complex analysis. The x,y-plane can be interpreted as the complex
z-plane, with any point in the plane being uniquely determined by its
2

complex coordinate z = x + iy, where i” = -1. By means of the

transformation
t z=(2c/m7m)1ln 3, (5.2.1)

the infinite strip in the z-plane is mapped onto the right half of

the 3 = ¥ +iN. plane (Fig. 5.2.2). The boundaries of the flow
L region in the x-plane are mapped onto the M -axis of the 3 -plane,
and the interface is mapped onto the semicircle ]3] =1 in the
S -plane. The components of the specific discharge in the ¥ -plane

can be readily determined to be (de Josselin de Jong, 1959, 1960)

- * - r
A = - KaTh) [} +(n ')J (5.2.2a)

T I 4 (m) T

~N
~
—
H

k(Y‘L”K) - A
..__Tr_/T___(ylf ) - (5.2.2R)

i
i
£
4
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X (Y,
‘(7)7_ = - M('ZTT Vz) (5.2.2¢)

where ¥ = tan” [(n+1)/3] - tan~ [(n-1)/ 7],

with T £ V¥ <43m/2 and 3m/2 £ W L2

The subscripts 1 and 2 here refer to the y-components of the
specific discharge in the regions ofthe lighter and heavier fluids,
respectively. Applying the transformation (5.2.1), the compon-

ents in the z-plane become

- - k(r-%) cosh (1x/2¢) = Sin (my/2e)] (5.2.3a)

= 2 AL cosh (mrx/2¢) +s:‘h(Try/zC)J :
~NX/ 1

N (Yz r){ - sm(ku)+e ’”’“]_ -'[S""f"ﬂ“)‘c ] 5.2.3b

Qy), - tan cos(my/2c) tan Cos(y/ac) n )
~NX/ 2 ~TX/ ¢

_ k(n k) _,[ﬁn(wyhc)+e J 4 [sintnyrac) -& )

qy)z_" /oc tzn Cos(ﬂy/zc) +t&n : caj(rry/u.c) 5.2 30)

The initial specific-discharge vectors given by equations (5.2. 3)

are shown in Figure 5.2.3.

Initial displacement of the interface. In general, the dis-

placement of the interface can be given by the local average vel-
ocity normal to the interface. Since the initial position of the inter-
face is vertical, the velocity normal to the interface is given by
qx/€ , where q, is the x-component of the specific discharge,
given by equation (5.2.3a), and € is the porosity of the medium.,

Evaluating equation (5.2.3a) at x=0, and simplifying, we get

dxo _ k(¥-Y) v(c v, )
dt = e'rr/u. In { ]} (5.2.4)
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where the subscript o indicates a value at the interface. The
initial velocity dxo/d‘c as a function of y, is shown in Figure 5.2.4;
the S-shaped curve shown there is representative of the shape of

the interface at a small time after zero.

Approximate rate of rotation of the interface. An analytical

solution cannot be obtained for the shape of the interface at any time
greater than zero, so the general motion of the interface cannot be
determined exactly. However, an approximate solution for the rate
of motion of the interface can be determined under the assumpﬁon
that the interface maintains a linear shape (Fig. 5.2.5). Let the
inclination of the interface at any time t >0 be = cot -1 a, so

that the equation of the interface is

X, = Yo COtX = ay, - (5.2.5)

The rate of rotation of the linear interface is then given implicitly

by the equation (de Josselin de Jong, 1959)

n/x

[k(x;~af,)/e-,u¢]t = zf {l/[s:‘n‘x-smcw~,@)]}olx, (5.2.6)
®

-1
where p = cot [sinh (7 a/2c)] . A general solution to the inte-
gral in equation (5.2.6) cannot be obtained, but numerical step-by-
step evaluation of the integral gives the curve shown in Figure 5.2.6

for the inclination ™ of the interface as a function of time.
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Figure 5.2.1. Infinite confined aquifer in the
z-plane (de Josselin de Jong,

1959).

Figure 5.2.2. Transformed infinite confined
aquifer in the 3 -plane (de

Josselin de Jong, 1959).
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It
<

Figure 5.2.3. Discharge vectors at time t

(de Josselin de Jong, 1959).

Figure 5.2.4. Distribution of discharge normal to interface

(de Josselin de Jong, 1959).
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Figure 5.2.5. Approximate linear interface

(de Josselin de Jong, 1959).

Figure 5.2.6. Slope of linear interface as a function

of time (de Josselin de Jong, 1959).
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5.3 Parallel-Plate Model Study

The analytical results summarized above were verified
by de Josselin de Jong (1960) by means of parallel-plate model
experiments. The model waé a 15 x 60 cm Lucite rectangle,
with a slot width of d = 1 mm. The fluid to the left of the
initial interface was glycerine of density 1.23 g/cm3, or
specific weight )’l = 1205.4 dynes/cmS, and the fluid to the
right of the interface was a mixture of 60% glycerine and 40%
phosphoric acid of density 1.40 g/cm3, or specific weight

Y . = 1372.0 dynes/cm->. The viscosity of each fluid at 24°C
y v

2
was M =490 centipoises = 4.90 dyne sec/cmz. The porosity
of the parallel-plate model was € = 1, and the permeability was
k= d2/12 = 8.3 x 10-4 cmz. For these parameters, the coefficient
of t in equation '5.2.6) is k ( YZ - Yl)/ € c = 0.00376 sec_1

The fluids in the model contained suspended gold-leaf flakes;
because of their large surface-thickness ratio, the flakes had a
small settling velocity with respect to the velocity of the fluid
itself. The model was photographed for periods of 90 seconds,
so that the gold-leaf flakes appear as dark streaks on a lighter
background (Fig. 5.4.10). The length and orientation of each
streak reflects the average veioci’cy vector in that region during
the 90~second period of exposure, In the vicinity of the interface,

the streaks cross one another because of the shear flow at the

interface; these crossing paths are also shown in Figure 5.2.3.
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The crossin‘g paths of the particles lead to a dark band in the
photographs, representative of the average position of the inter-
face during the 90-second period of exposure.

Qualitatively, as can be seen from Figure 5.4.10 and the
phtographs presented by de Josselin de Jong (1960), the S-shaped
interface predicted by equation (5. 2. 4) is clearly visible in the
parallel-plate model. Quantitatively, the results of the model
experiment are more difficult to interpret. Since an analytical
solution was not obtained for the specific discharge distribution at
any time greater than zero, the discharge vectors reflected by the
particle streaks in photographs of the model cannot be verified.
However, the rate of rotation of the central portion of the model
interface can be compared with the theoretical rate of rotation
given by equation (5.2.6), as is done in Figure 5.3.1. From that
figure, it appears that the model interface rotates more rapidly
than would be expected from the theory, although the theoretical
slope is only about 10% greater than the observed slope at 165
seconds. This apparent discrepancy will be examined more
thoroughly in Section 5.4, where the results of the numerical

model can also be considered.
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Figure 5.3.1. Interface slope as a function of time.
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5.4 Computer Model Study

Introduction. The mathematical procedures for describing

interface motion which were discussed in Chapters 3 and 4 have
been programmed for numerical calculation by digital computer.
Descriptions of the program and its use, including data input

and output routines and formats, are given in Appendix G.
Appendix H is a listing of the FORTRAN digital computer
program.

Table 5.4.1 gives a list of the parameters occuring in the
mathematical formulation, their corresponding FORTRAN symbols,
and their values used in the computer code. Portions of the comp-
uter program, such as the treatment of initial and boundary con-
ditions, are problem-dependent; they are presently forrnulvated so
that the program is a direct simulation of the parallel-plate
experiment discussed in Section 5.3. The rectangular region
simulated is 15 c¢cm in height and 31.5 c¢m in length. Although
this is only about one half the length of the parallel-plate
experiment, the numerical model should give a reasonably accurate
reproduction of the physicai model for early time, before the
influence of the lateral boundaries is felt significantly; The
numerical values of all other parameters are the same as
those for the parallel-plate model.. Note here that the values

listed for the specific weights ¥; and YZ' are actually the

values of the densities of the two fluids used in the physical
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model, and' the value listed for the viscosity is actually A /g,
where g is the acceleration due to gravity. Since these parameters
always occur in the ratio ( YZ - Yl)//u_ , no problem is caused
by this convention. The values used here are those given by

de Josselin de Jong (1960).

Computational experimentation. The computational experi-

‘mentation consisted of running the computer program and observing
the results in order to test various parts of the formulation. The
results of the computer program were presented as values of the
coordinates of the interface points, values of the stream function
and specific discharge components at each mesh point and each
interface point, and computer-generated plots of the interface
shape. These results were computed for various times. The
results were interpreted according to the qualitative motion of

the plotted interface, as well as the computed rate of rotation

of the interface.

Some of the results of the computational experimentation
were discussed in Chapter 3. The combined linear-parabolic
interface fit was reje cted because of the observed motion of
the computed interface, which began to show inflectiou points
as time progressed (Sections 3.2 and Fig. 3.2.3). One of
the interpolation routines for determining {xJ,and ), was

tested by computational experimentation and was rejected



115

because the computed interface shape exhibited an oscillatory
or ''zig-zag'' nature (Section 3.6). In those cases, the compu-
tational experimentation resulted in the rejection of proposed
techniques, and thus will not be considered further. However,
computational experimentation also resulted in some techniques
which have become important parts of the computer model, and

those results will be considered further in this section.

A. Treatment of Boundary Conditions

The initial formulation of the computer program was based
entirely on the techniques outlined in Chapter 3. In particular, the
discharge at the boundary of the flow region was given by
q =1 +q,, where g, is the specific discharge vector arising
from the distribution of vortices along the interface, and g
is the discharge vector given by the boundary conditions.
According to the boundary condition(4.2.1), the discharge com-
ponent Ay should be zero at every point on the upper and lower
boundaries of the flow region. However, the results of computer
runs made with the basic treatment of the boundary conditions
indicated that the computed values of qy were zero at every mesh
point except the two mesh points on either side of the interface

endpoints (Fig. 5.4.1). This discrepancy can be attributed to

the truncation error inherent in the finite-difference approximations

used for calculating @), and ), -
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Figure 5.4.1. Specific discharge components along

horizontal boundaries.
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The first approach used to rectify this problem was a
rather artificial one, consisting of merely setting C{y)l = - q—v),
at all boundary mesh points, where qy denotes the component of
the specific discharge normal to the boundary. This was done
prior to interpolating values of f{_,‘).l and <[),)lat the interface points,
so that the interpolation routine made use of correct values of
Qy)t along the boundaries. This approach gave correct values of
qy = 0 along the horizontal boundaries of the flow region, while
producing no noticeable change in the values of 'gr, q. °r g
at interior mesh points. However, since this was a rather
artificial solution to the problem, a more realistic approach
was sought.

The boundary treatment adopted in the final version of the
code makes use of image interfaces, as discussed briefly in
Chapter 4. Using the image interfaces, correct values of
9y = 0 were again obtained at all mesh points on the upper and
lower boundaries of the flow region. However, since this
approach is based on physical principles rather than a compu-
tational artifice, it can be used with much more confidence.
Computational experimentation also indicated that the lengths
of the image interfaces had relatively little effect on the interface

motion. The values of the stream function and specific discharge

components differed by no more than 5% if the entire interface

was reflected in the upper and lower boundaries, or if only the first
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four or five interfacial line segments were reflected in the

boundaries.

B. Choice of Tangent Line Segment Length

In the present version of the computér code, the lengths
of all tangent line segments have been chosen to be equal. The
half-length of a tangent line segment is denoted by s . Compu-
tational experimentation indicated that the shape and motion of the
computed interface were rather sensitive to the value chosen for
$ , with the motion becoming unstable for § ¢ 0.01 cm and
§ > 0.05cm. For § < 0.0l cm, the interface began to exhibit
an oscillatory or"’zig—zag” shape which gradually grew as time
progressed, but which was symmetrical with respect to the mid-
point of the interface (Fig. 5.4.2). For §7 0.05 c¢m, the inter-
face rapidly became very ragged, with some interface points
moving in seemingly random directions (Fig. 5.4.3). This
section presents a summary of analyses used to determine the
causes of the observed anomalous behavior of the computed
interface.

The behavior of the computed interface for $§< 0.0l cm was
determined to have been caused by round-off error recnlting
from inefficient programming of certain statements in the code.
This was determined by examining a simple system consisting

of a single tangent line segment and two connecting line segments,

as shown in Figure 5.4.4. The velocity at the interface point
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(XZ’ YZ) has a contribution from the vortices distributed along

each of the three line segments:

VeV, o+ W +V

I

T(M""u{-"‘qz_)'{"j\(v,'f\/e*’yz_)

K[7(f+ug+ur) = 3w+ v+

where K= k( ¥, - ¥ )/(4 M € ) = 2.16 x 10" cm/sec for the
simulation of the parallel-plate model experiment. The sub-
scripts 1 and 2 refer to the lower and upper connecting line
segments, respectively, and the subscript t refers to the tangent
line segment. We confine our attention to the components Uy

and v, since, omitting the shear discontinuity inV as was done
in the code, u, and v, should theoretically be identically zero.

Values of ut*, vt*, u,, and v, were calculated for various

t
values of § , using the routine from the computer code for inter-
face motion. For small § , u.* and v * were both greater than
zero, and decreased as § increased. After the values of ut*
and v¢* had decreased to an order of 10"7, they were computed by
the computer as being identically zero., Similarly, the computed
values of u; and vy were greater than zero for small § , and
decreased as § increased. The values of u, and v; decreased to
an order of 10"7 for § approximately equal to 0.01 cm, which

is the order of § for which the computed interface motion is

stable.
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Figure 5.4.2. Interface motion for § - 0.005 cm.




Wwo “y
0zt 06 09 0°¢ 0 0e- 0°9- 0°6- 0°z1-
| _ 0'6-
. . Wwo 500°0 = 9
s B B e S ot
ove— {Oo@l
- —0-¢e-
| g =
(o]
=3
- —lo's
- —0'9
||||| R A < A
5% 288 6e2 801 0 =12 N'(5*/) INIT AUVANAOS
| | _ 06




123

Figure 5.4.3. Interface motion for § =0.1 cm.
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rigure 5.4.4. Simple interface fit for analysis of

effects of variable $
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The question remains why the computed values of u, and
v, were not all identically zero, This question can be answered
by examining the FORTRAN coding of the statements used to
compute those velocity components. Both u and Vv, are propor-

t

tional to the quantity

[x+ + §/Vivm>) = Xa] ~

N CERE VD NV

(5.4.1)

where m is the slope of the tangent line segment. In both the
numerator and denominator of (5.4.1), the expression is coded
so that the operation in parentheses is carried out before the
operation in brackets is carried out. When § is small, the
operations within the brackets in (5.4.1) consist of subtracting
two numbers which are nearly equal in value. This is the least
accurate operation which can be carried out, with regard to round-
off error, on the digital computer. The expression (5.4.1)
should be identically zero, because the argument of the logarithm
should be identically unity. However, when § is small, the
argument of the logarithm deviates slightly from unity because
of the round-off error, and thus the logarithm deviates slightly
from zero. Apparently, the expression (5.4.1) should have been
coded so that the order of the operations was reversed,

The cause of the behavior of the computed interface motion
for §> 0.05 cm was obscured during some of the computational

experimentation because of the manner in which the interface
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position was plotted. Rather than showing all tangent line
segments and all connecting line segments, the plotted interface
consisted only of straight line segments connecting the interface
points. A more detailed look at the computed interface immediately
reveals the problem. Figure 5.4.5 shows the complete interface
fit, including tangent line segments and connecting line segments,
for the lower four interface points at t = 5 seconds. For § = O'. 01
cm, the interface fit is fairly smooth and approximates the lower
end of an S-shaped curve. However, for § =0.1 cm, the tangent
line segments at the second and third interface points are too
long, so that their endpoints overlap and the interface fit attains
an unstable configuration. For $ = 0.05 c¢m, the second tangent
line segment does not appear to have a large enough slope, The
slope of the second tangent line segment was taken as the arithmetic
mean of the slopes of lines drawn between the first and second and
between the second and third interface points. In the present case,
because of the location of the first interface point (dictated by the
initial condition, see Section 4.3 ), the slope of the line between
it and the second point is too small; hence the average slope is
also too small.

Figure 5.4.6 shows the complete interface fit to four inter-
face points located near the center of the interface. In this case,
$ =0.1lcmandt= 239 seconds. Again, it is apparent that the

two central tangent line segments are too long. Furthermore,
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Figure 5.4.5. Complete interface fit to four lower

interface points at t = 5 seconds.
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Figure 5.4.6. Complete interface fit to four central
interface points. t = 239 seconds,

§ =0.1cm
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the two central interface points are not in correct positions
because of errors produced by the incorrect interface fits at
earlier times. From the information gained from this aspect

of the computational experimentation, the formulation of the
computer code can probably be improved by letting § be variable,
with its value dependent on the spacing of the interface points and
the slope of the tangent line segment.

Additional information can be obtained by comparing the
rates of interface rotation for various values of § with the
theoretical rate of rotation discussed in Section 5.2. Figure
5.4.7 shows such a comparison. The figure shows that the
computed rate of rotation is near the theoretical rate for

$ £ 0.05cm. However, for § = 0.1 cm, the computed
rate is extremely variable, again reflecting the instability
caused by the overlap of the tangent line segments discussed
above. Note that for § = 0.005 cm, the computed rate of
rotation appears to be reasonably accurate, although the shape
of the computed interface is less accurate than might be desired
(Fig. 5.4.2) because of the round-off error examined above.
Thus, in this case, the code simulates the motion, if not the

shape, of the interface with relative accuracy.

C. Iteration of Interface Position

Before the computer model was actually formulated, it was

felt that iteration might be needed to determine the change in
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Figure 5.4.7. Inclination of interface, X , as a

»

function of time.
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position of the interface during a given time step. For example,

at a given time t, the velocity Vo= Tu, + T v, at each interface

n
point (Xn’ yn) could be determined by the methods of Chapter 3.

Each interface point (x,, yn) would then be moved to a new

position (x,*, yn*) by

b

y," = ¥nt v, at,

1.

—
and the velocity V * could be determined at the new position of
each interface point. A second iteration for the new position

. * Fd
could be determined by applying the average velocity <Vn> =
1 [Vn+ V‘n*] =4 (un> + 7 (v,y at the average position

( <Xn> » KYp? ) with (xpp = %[Xn+ Xn%]and Ty = %[ynJr Yu* -

The second iteration (x %%, y,**) would be given by

x %k = (x ) 4 3 <u,) 4t

1

ya¥t = (>t 3 v At

This iterative procedure could be continued until successive
positions of each point coverged. The entire procedure would
then be repeated for the next time step, and so on.

However, the basic check problem was first run without

using such an iterative procedure. Thus, the position of each
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interface point at time t + At was given merely by
X ¥ = Xn + un At

o2

ynv’=yn+ vnAt)

and the calculations proceeded immediately to the next time step.

This simpler procedure simulated the interface motion quite
closely, so it was decided that the use of an iterative technique

to determine interface motion was not necessary for the basic

check problem. Nevertheless, it may prove necessary to employ

such an iterative approach in the simulation of more complex

interface problems.

Interface motion for optimum $ . The computational

experimentation considered above indicates that the optimum
choice for § is of the order of 0.0l cm. In this section, we
will consider in more detail the computed interface motion for

S = 0.01 cm.

A. Initial Distribution of Specific Discharge
Figure 5.4.8 shows the initial distribution of the specific

discharge vectors. A comparison of Figure 5.4.8 witu Figure

5.2.3, which are both drawn to the same scale, shows that there

is no apparent difference between the theoretical and computed

values of the specific discharge. A comparison between
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Figure 5.4.8. Initial specific discharge vectors given

by computer model.
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theoretical and computed values of the specific discharge compon-
ents can better be carried out in tabular form. Table 5.4.2 gives
values of the discharge components along various representative
sections through the flow region. The comparisons in Table 5.4.2
indicate an excellent agreement between theoretical and computed
components of specific discharge at time t = 0. The only major

differences occur near the lateral boundaries of the computer

1+

model, which are at x = T 15.75 ¢cm. The flow must be tangent to

n

those boundaries, so dy = 0 there in the comﬁuter model. However,
|dy) > 0 at those lines in the theoretical solution because that

solution assumes an infinite flow region. Similarly, the y-component

of the specific discharge near those boundaries is slightly larger in

magnitude in the computer model than in the theoretical solution.

However, these effects of the lateral boundaries are seen only

in the immediate vicinity of the bounaries; there is practically no

difference between the theoretical and computed specific discharge

in the interior of the flow region.

B. Initial Displacement of the Interface

As noted in Section 5.2, the initial displacement of the
interface is given by the velocity normal to the interface. Table
5.4.3 gives a comparison between the theoretical initial interface
velocity, given by equation (5.2.4), and the initial interface ve10c'1tyl

predicted by the computer model. The values given in the table have
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Table 5.4.3. Initial velocity normal to the interface.

dx,/dt, cm/sec

Yo, €M ' Theory Model
7.5 + @ 0.0586
T.37 0.0372 0.0372
7.23 0.0322 0.0311
6.70 0.0225 0.0216
6.16 0.0176 0.0171
5.625 0.01455 - 0.0141
5.09 0.0122 0.0118
4.55 0.0103 0.0100
4.02 0.0088 0.0084
3.48 0.0072 0.0071
2.95 0.0059 0.0058
2.41 0.0042 0.0047
1.875 0.0039 0.0036
1.34 0.0026 0.0025
0.80 0.0015 0.0015
0.27 0. 0005 0.0005

-0.27 -0.0005 -0.0005

-0.80 -0.0015 -0.0015

-1.34 -0.0026 -0. 0025

-1.875 -0.0039 -0.0035

-2.41 ' -0.0042 -0. 0046

~2.95 -0.0059 -0.0058

-3.48 -0.0072 -0.0070

-4.02 -0.0088 -0.0084

-4,55 -0.0103 -0.0100

-5.09 -0.0122 -0.0119

-5.625 -0.01455 -0.0141

-6.16 ~0.0176 -0.0171

-6.70 -0.0225 -0.0216

-7.23 -0.0322 -0.0312

-7.37 -0.0372 -0.0373

-7.50 - -0.0587
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been calculated at the initial positions of the interface points.

Table 5.4.3 also indicates excellent agreement between the theoret-

ical velocities and the velocities given by the computer model. How-

ever, the vel ocities given by the code are in general. slightly less
than those given by the theory.  This difference is due to the fact
that the velocities given by the code are actually those at a very

small time $t after zero, as discussed in Chapter 4, and thus

would be expected to be slightly less than the velocities at time zero.

C. Comparison Between Computer Model and Parallel-Plate
Model for t > 0

It is difficult to determine the accuracy of the computer-gen-
erated interface motion at times greater than zero because of
the lack of an analytical solution at such times. However, the
computed interface position can be compared with photographs
of the parallel-plate model, and the specific discharge vectors
generated by the computer code can be compared with the
traces of the gold-leaf flakes in the photograph of the model.
Figure 5.4.9 shows the interface position, the specific discharge
vectors at the mesh points, and the velocity vectors at the
interface points, at t = 165 seconds. These guantities can be
compared with Figure 5.4.10, which shows a photograph of
the parallel-plate model for the exposure interval of 120 seconds

to 210 seconds. Both figures are to the same scale, with the



138

lengths of the vectors plotted in Figure 5.4.9 being given by

the velocity at t = 165 seconds multiplied by the time interval

Ot = 90 seconds. Thus the vectérs in both Figures 5.4.9 and
5.4.10 can be directly compared because the length of a particle
streak in Figure 5.4.10 should be approximately equal to the average
velocity of the particle during the 90-second exposure period, mul-
tiplied by the length of the period. As can be seen by comparing
the two figures, the computer-generated velocity vectors reproduce
the particle paths quite well. However, the upper end of the model
interface has progressed further along the boundary than the upper
end of the computed interface. This difference can probably be
attributed to experimental procedures which were not accounted for
in the computer program. This point will be treated in greater

detail below.

D. Rate of Rotation of the Interface

A final test which can be applied to the accuracy of the com-
puter model is based on the rate of rotation of the interface. Figure
5.4.11 shows the theoretical rate of interface rotation based on the
assumption that the interface retains its initial (straight line) shape,
the rate of interface rotation given by the computer code, and the
rate of interface rotation observed in the parallel-plate model. The
figure indicates that the computed rate of rotation is slightly faster

than the theoretical rate. In contrast, the interface in the parallel-

plate model appears to rotate more rapidly than would be predicted
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Figure 5.4.9. Computer-generated interface position
and specific discharge vectors at

t = 165 seconds.

Figure 5.4.10. Photograph of parallel-plate model

for 120 <t ¢ 210 seconds (de Josselin

de Jong, 1960).
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by either the approximate analytical theory or the computer
program. The difference could have a number of possible
causes:

(1) The theoretical interface might rotate more slowly
because the theoretical model is unbounded laterally, while
the physical model and the computer model both have lateral
boundaries. However, if this were the cause of the observed
differences in the rates of rotation, the interface in the computer
model should rotate more rapidly than that in the physical model,
because the computer model is shorter than the parallel-plate
r~odel.

(2) The theoretical rate of rotation might be retarded some-
what by the assumption that the interface is linear. However, the
computed interface rotation (where the linear assumption was
not made) follows the theoretical rotation more closely than it
follows the experimental rotation. Furthermore, as will be
seen below, the computed interface gradually approaches a
linear shape, and at all times has a significant central linear
portion. Thus, the more rapid rate of rotation observed in the
parallel-plate model is probably due to some physical effect
which appears in the parallel-plate model but which is not

accounted for in the theoretical or computer calculations.
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Figure 5.4.11. Comparison of rates of interface rotation.
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(3) The rate of interface rotation in the parallel-plate model

might be affected by the miscibility of the fluids involved. Since
the two fluids used in the model were glycerine and a mixture of
glycerine and phosphoric acid, the fluids are probably miscible
to some extent, and the mixing of the two fluids could well affect
the observed rate of rotation of the interface between them.
Experiments with sand-box models (Kumar and Kimbler, 1970;
Gelhar et al., 1972), which dealt in part with the influence of
dispersion on interface motion, indicated that mixing of the
fluids actually retards the rate of interface rotation in both
linear and radial flow systems. In those experiments, however,
the flow velocities were much higher than in the present case
because those systems included injection of the lighter fluid

into a body of heavier fluid. Since the coefficient of dispersion
in a porous medium is proportional to the velocity (Bear, 1972),
mixing .of the fluids would influence the models of Kumar and
Kimbler and Gelhar et al. much more strongly than it would
influence the present parallel~plate model. Thus the retarding
of the interface rotation due to mixing of the fluids is relatively
small in the present case, and can probably be neglected. (The
effects of dispersion can be included in the computer model, as

will be discussed in Chapter 6.)
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Two other p'ossibilities exist for the higher rate of rotation observed
in the parallel-plate model, both involving the actual set-up and use
of the model.

(4) Although the gold-leaf flakes used in the model to trace
flow lines were assumed to have negligible settling velocity com-
pared with the actual motion of the fluid, it is possible that their
settling velocity was actually significant. If this were the case,
the settling of particles in the upper half of the model would tend
to indicate an additional clockwise rotation of the upper end of
the interface. However, the settling of particles in the lower
half of the modél would tend to indicate an additional counter-
clockwise rotation of the lower end of the interface. Since the
lower end of the interface is not clearly visible in the photo-
graphs of the model, it is not possible to test this hypothesis, so
it must be left as only a suggestion, and by no means the explan-
ation of the observed discrepancy between the theoretical and
experimental interface motion.

(5) Another possible suggestion of the observed behavior lies
in the manner in which the model was set up to produce the desired
initial conditions. The parallel-plate model was first placed on
one end, filled halfway with the heavier fluid, and then filled with
the lighter fluid. The model was then rotated to a horizontal

position so that the initial condition was a vertical interface
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between the two fluids (G. de Josselin de Jong, personal commun-

ication, 1972). Although this process was carried out very
carefully so as to minimize experimental error, it is neverthe-
less possible that the filling and then the rotation of the model
could have imparted an initial motion to the body of fluid, which
was not considered in either the theoretical or the computer
solution to the problem, but which caused the interface to

rotate more rapidly than predicted.

E. Computed Interface Shape and Motion

Figure 5.4.12 shows the computed interface at various
times. The predicted S-shaped nature of the curve is clearly
evident at early times, and gradually becomes more pronounced
at intermediate times. However, at later times the curve
gradually approaches a iinear shape. This is due to the fact
that as the ends of the interface approach the lateral boundaries,
the horizontal velocity components approach zero; at those
impermeable boundaries, the horizontal velocity must be
identically zero. Furthermore, at all times, there is a signifi-
cant central portion of the interface which remains linear.
These observations are consistent with the fact that the final

interface configuration should be a horizontal straight line.
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Figure 5.4.12. Computed interface position at various times.
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5.5 Discussion

The results of the study presented above indicate that
there is generally good agreement among the results of the
computer model, analytical solutions, and the parallel-plate model
experiment for the basic check problem. The differences which
do appear among these three lines of investigation can be explained
in a satisfactory manner, and many of them could be rectified by
means of minor modifications in the computer model. This study
has also indicated a few ways in which the computer model could
be improved, such as by reprogramming some statements in the
TORTRAN code, and letting the lengths of the tangent line seg-
ments be dependent upon the spacing of the interface points and
the slopes of the tangent line segments. This study shows that
the present computer model for interface motion can potentially
be a useful tool for the study of practical problems of fwo-fluid
interface motion in porous media.

The motion of the interface shown in Figure 5.4.12 shows
that the interface always has a significant central linear portion,
and the total interface gradually approaches a linear shape. This
indicates that theories of interface motion based on the assumptionr
that the interface always maintains a linear shape, such as those
presented by Kumar and Kimbler (1970) and Gardner et al. (1962),
should give reasonably accurate representations of the interface

motion.
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FOR STUDYING INTERFACE MOTION

6,1 Introduction

In the previous chapters, we have considered the development
of a computer technique for solving a certain class of problems
involving the motion of a two-fluid interface through . a porous
medium. The present computer code is limited té problems
involving the flow of incompressible fluids through a nondeformable
medium, with the fluids differing only in their densities at a
sharp interface between them. However, in practical problems
of multiple-fluid flow, a number of additional phenomena can be
important. Under the assumption of a sharp interface between
the fluids, we can also consider

(1) storage effects produced by compressibility of the fluids
and/or deformation of the porous medium;

(2) a difference in the viscosities of the two fluids; and

(3) anisotropy and inhomogeneity of the porous medium.
Furthermore, the assumption of a sharp interface may not apply.
Either or both fluids may exhibit continuous variationr in density
and/or viscosity, caused by hydrodynamic dispersion or natural
variations in the properties of the fluids. In this chapter, we
will consider some ways in which these phenomena can be

incorporated into the present computer code for simulating
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interface motion.
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6.2 Extensions of the Vortex Theory of Interface Motion

The vortex theory of interface motion discussed in Chapter 2
is limited to problems involving only a density difference between
the two fluids. However, the theory presented there can be
extended somewhat to include storage effects of the fluid-medium
system and the effect of a gradual transition zone between the
fluids, across which the density varies. In addition, the flow
equations can be formulated in terms of the fluid pressure rather
than the stream function, and in geometries other than the two-

dimensional Cartesian geometry considered previously.

Knudsen's Fquation. For some applications, it may be

convenient to formulate the .flow equations in terms of the fluid
pressure rather than the stream function. Such applications
would generally include problems of deep subsurface flow, such
as disposal of liquid wastes and secondary recovery of petroleum,
in which only the fluid pressure. at isolated points can be measured
economically.

The flow equations can be formulated in terms of the fluid
pressure by again applying Darcy's law and the continuity equation.

Darcy's law can be written in the form

G= -k u)yp+pE) . (6.2.1)

where g is the gravitational acceleration. Under the assumptions

that the fluids are incompressible and the medium is nondeformable,
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the continuity equation is

w3 = 0. (6.2.2)

Combining equations (6.2.1) and (6.2.2), and assuming that the

permeability k and viscosity/u are constant, we get

Vzp—--(a)’/az), (6.2.3)

Equation (6.2, 3), which was first presented by Knudsen (1962),

is a Poisson equation with the integral solution
p=-(1/21 ) {‘{o (?¥/ 9 2),InRdA, (6.2.4)

in two dimensions. The integratio_n in equation (6.2.4) extends
over the entire plane., but only haé a contributién from the region
A, in which 2%/ 2 z does not vanish. R is the distance between
the point at which p is to be evaluated and a point in the region Age
The subscript o denotes a quantity evaluated at a point within Ay
The evaluation of equation (6.2.4), and the incorporation of
initial and boundary conditions, can be carried out by techniques
quite similar to those presented in Chapters 3 and 4. The specific
discharge is given by equation (6.2.1), and can also be‘ evaluated

by the procedures of Chapter 3.

Radial Symmetry. Problems of interface motion involving flow

in the vicinity of a discharging or recharging well can best be
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analyzed in a systemn of cylindrical geometry exhibiting radial
symmetry. Such a system is essentially three-dimensional, so
the concept of the stream function is difficult to apply. Thus the
flow can most easily be described in terms of the fluid pressure,
using the formulas presented above.
The pressure distribution is given by equation (6.2.3), in
which the Laplacian of p in cylindrical coordinates (r, 8, z) is
VZP = (1/r) 2(xrap/ax)/2r+ (1/r3)(9%p/267%) + 9%p/ 92°
(6.2.5)
The integral solution of the Poisson equation {6.2.3) in cylindrical
g=2ometry is
p(r, 8,2 )=(1/4T) f.,\f/_f (L/R)( ¥ /P z)grdr d6 do_
e (6.2.6)
where the subscript o denotes a quantity evaluated at a point
within the region v, where 2¥/2 z does not vanish. R is the
distance between the point (r, 8 , z) at which the pressure is to
be evaluated, and a general point (ry, 6 o! Zo) within the region
V,+ Under the assumption of radial symmetry, p is independent

o

of 8 and equation (6.2.6) becomes

p(r,z) = 1 fASO (L/R)Y(DY /3 2)grodrydz, (6.2.7)

where A, is the region in the vertical (r, z)-plane in which

2 Y /9 z does not vanish. In equation (6.2.7),
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R.Zz(r--ro)2+(z-zo)2 .

Again, the evaluation of equation (6.2.7), the incorporation
of initial and boundary conditions, and the determination of the
specific discharge distribution, can be carried out by procedures

similar to those presented in Chapters 3 and 4.

Storage Effects. When the fluids are slightly compressible

liquids and the medium undergoes vertical deformation (e.g.,
be cause of the constant load of overburden rocks), the flow
equations become rather complex because of the nonlinear terms
which arise (Jacob, 1950; Bear, 1972). These effects are
usually ir_zcorporated into the flow equations by way of the
specific storativity, which is an empirically-determined parameter
of the fluid-medium system.

An approximate form of the contipuity equation which involves
the specific storativity has been presented by Holley and Saylor
(1973). The general continuity equation for a compressible fluid

flowing through a deformable porous medium is
-
Ve(p q)z-?(/:e)/at . . (6.2.8)

In the formulation of Holley and Saylor, the change in density
9P /2t is assumed to result from either of two effects:
(1) If spatial density gradients exist, the density at a point

can change when fluid of different density is convected to that
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point. This change in density is denoted by (9p /2 t),.

(2) If the fluid is compressible, the density changes when
the fluid compresses or expands due to pressure changes. This
change in density is denoted by (3f£ /2 t).-

Then, assuming that 2P /3 t = (’alo/‘a t), + ( Qf-’/ 2 t)., the

continuity equation (6.2.8) may be written
V,(P'a) = -6(9[—’ /3ty - [e(af/a t)e +/o 96_/’9 t] . {6.2.9)

Introducing the specific storativity So (Bear, 1972), we may write

the bracketed terms in equation (6.2.9) as
€(Rp/ot) + pIe/at=8, 9p/dt, (6.2.10)

so that the continuity equation becomes

v-(,o‘q)=-e(9(0/at)a -5, ap/ 2 t. (6.2.11)

Since all the effects of compressibility are now included in the
specific storativity, the subscript a may be dropped in the first
term on the right side of equation (6.2.11).

We may now treat the problem as one involving liquids
which are incompressible but of variable density, flowing through
a porous medium of specific storativity So' The continuity

equation for such a system is

v-d=-(5,/p )op/at). (6.2.12)
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Subtracting equation (6.2.12) from equation (6. 2. 11), we get
qevp=-€(3p/2t) . (6.2.13)

We may now proceed by taking equation (6.2.12) as the continuity
equation, and letting equation (6.2.13) describe the convection of
density in the system. In addition to these equations, we must
apply Darcy's law, equaAtion (6.2.1). In considering only the
motion of a sharp interface through a medium of specific
storativity S, we may omit equation (6.2.13). If we wish to
consider the effects of dispersion, equation (6. 2. 13) must be
veplaced by an equation describing the dispersion of tracer
concentration, and an equation relating tracer concentration to
fluid density.

For the case of a sharp interface, we can combine equations

(6.2.12) and (6.2.1) to get
Vzp: =¥/ D2+ (S, pA/kp ) Ip/BH). (6.2.14)

A solution to equation (6.2.14) can be attempted by letting
P =Py * py , with

V2p1=-'9)’/9 z. (6.2.15)

A solution to equation (6.2.15) can be obtained in integral form, as

outlined previously. Subtracting equation (6. 2. 15) from equation
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(6.2.14), we get

2
Vi, = (So Mk pIBPa/ ) + (S, /kp) 9D /It (6.2.16)

Equation (6.2.16) can now be interpreted as a diffusion equation for
p with a source term (So/l/l/k‘D W2 pl/Q t), for which a numerical
solution can be readily obtained by standard methods.

Equation (6.2.14) could also be treated directly as a
diffusion equation with a source term (- 2¥/ @z). However, for
the case of interface motion, 9%/ 9 z vanishes throughout the
flow region except at the interface. Since the inferface will not
in general pass through mesh points of a finite-difference grid,
the determination of the pressure and specific discharge at the
interface will require some kind of averaging of fluid properties
at interface points. Such a procedure is not desirable, because
it can lead to numerical ""smearing'’ of the interface position. On
the other hand, the numerical solution of equation (6.2.16) does not
require any averaging techniques, because the source term is

uniquely defined at each mesh point.

Gradual Transition Zone. The interface between two homo -

geneous fluids can be replaced by a transition zone across which
the fluid density varies gradually from that of the first fluid to
that of the second. In this case, the stream function or pressure

distribution can be obtained by methods considered previously,



156

but additional equations must be introduced to determine the
density distribution within the transition zone. These could

be the dispersion equations, discussed in Section 6.3, or

equation (6.2.13) if dispersion can be neglected. For problems

of this class, it may prove to be quite difficult to solve numerically
the equations describing the density distribution, because of their

hyperbolic nature.

A. Cartesian Symmetry
In two-dimensional Cartesian symmetry, the stream func-

tion is given by the Poisson equation (2.2.5)

vET = - (k)Y /3w,

which has the integral solution (2. 2. 6)

]p-z-(k/zw/u) ng InR (3¢/9x) dA . (6.2.17)

In the case of a sharp interface, the integral in equation (6.2.17)
reduces to a line integral along the length of the interfacé, as
discussed in Section 2.3. In the present case, the integral in
equation (6.2.17) remains a double integral which must be
evaluated over the region A where J¥ /9 x does not vanish,
which is the transition zone. The integration can be simplified

by letting the boundaries of Al be approximated by linear segments

(Fig. 6.2.1). The density distribution within the transition zone

could perhaps be determined numerically at mesh points of a
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Lagrangian finite-difference grid overlain on the principal 'grid
(Fig. 6.2.2). ¥ could then be approximated by a piecewise-
continuous curve along a horizontal mesh line , so that 2V /2 x
is constant between adjacent vertical mesh lines (Fig. 6.2. 3).
The integral in equation (6.2.17) could then be expressed as

the sum of integrals evaluated over the polygons delimited by
mesh lines of the Lagrangian grid, and the linear segments
bounding the transition zone. Within each polygon, ¥V /2 x
could be taken as a constant given by an appropriate average of

the values along the bounding horizontal mesh lines.

B. Cylindrical Symmetry
In cylindrical symmetry, the pressure is given by the

Poisson equation (6. 2. 3)
2
V p=- 9Y/3z,
which has the integral solution (6.2.7)

p(r,zy=1 {J (1/R)(2r /2 2z

&, rodrodzo . (6.2,18)

o]

In the case of a sharp interface, equation (6.2.18) also reduces
to a line integral along the length of the interface. In the case of
a transition zone between the two fluids, the integral in equation
(6.2.18) could be evaluated by techniques similar to those dis-

cussed above. In this case, however, ¥ would have to he
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approximated by a piecewise-continuous cur.ve along a vertical
mesh line, with 9¥ /9 z constant between adjacent horizontal
mesh lines.

We should note that the techniques discussed in this
section are merely suggested approaches to the solution of
two-fluid motion with a gradual transition zone. These techniques,
and alternate approaches to the problem, must be subjected to
additional study before they can be used in the computer model

for simulating interface motion.
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Figure 6.2.1. Approximation of the boundaries of
a gradual transition zone by linear

segments.

Figure 6.2.2. Values of { at mesh points of
the Lagrangian finite-difference

grid.
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Figure 6.2.3. Piecewise-continuous approximation of the
density distribution along the mesh line M=5

of Figure 6.2.2.
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6.3 Further Extensions

In addition to the phenomena discussed in Section 6.2, we
can also consider the effects on interface motion of anisotropy and
heterogeneity of the porous medium, viscosity differences between
the fluids, and hydrodynamic dispersion. However, when these
phenomena are considered, the flow equations can no longer be
interpreted according to the vortex thebry discussed in previous
chapters. Instead, except for very simple problems, the flow

equations can only be solved by completely numerical techniques.

Anisotropy of the Porous Medium. When the axes of a

Cartesian coordinate system coincide with the principal axes

of anisotropy, Darcy's law may be written in two dimensions as

ax = -(k/ ) 9 p/ @ %), (6.3.1a)

It

q,=~k,/m)3p/2z+ ¥). (6.3.1b)
Applying the continuity equation V'—C‘l = 0, we get

k, 9%p/9x% + k_3%p/azt = -k, 9¥/Dz.  (6.3.2)

Since equation (6.3.2) is not a Poisson equation, its solution cann-t
be expressed in integral form as can the solution of Knudsen's equa-

tion.
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Introducing the stream function ¥ » defined by
¥/ I x = q, (6.3.3a)

¥ /22 = -q, (6.3.3b)

into equations (6.3.1), we get

2V /9= =(k /p)dp/ox. (6.3.4b)

Differentiating equation (6. 3.4a) by x, equation (6. 3.4b) by z,

and adding, we get

92?/9x2+9217/9z2 = -(kz//u)(c'?zp/?x@z + 2¥/ 3 %)

> :
+ (kM) 9°p/ 9z 9x. (6. 3. 5)
Although p is again single-valued and continuous, so that
2 2
2 p/9z3x- 3/ 9x3z=0,

p cannot be eliminated from equation (6. 3. 5). Thus, since p
and ¥ are related through equations (6.3.4), equation (6. 3. 5)
cannot be interpreted as a Poisson equation. In fact, for an

anisotropic medium, no advantage is gained by introducing the

stream function.

¥ /Ix= -(k,/uu)(9p/dz+ Y ) and (6.3. 4a)
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Viscosity Variation. In a homogeneous, isotropic medium,

Darcy's law is given by

A= (k) (VP +PT) . (6.3.6)

For incompressible fluids and nondeformable medium, the contin-

uity equation is
veg=20. , (6.3.7)

However, if we assume that the fluids differ in both density and
viscosity, then the substitution of equation (6. 3.6) into equation

(6.3.7) gives us
vip= - ov/9z - mV (1) (vpHpE) - (6. 3. 8)
Introducing the stream function through equations (6. 3.3), we get
92T /ox% + 32U/ 9 2% =(k/ue)(2°p/ D zox - 9°p/9x37)

+k[(9p/3x9(1/w)/ 22 - (9p/92) D(1 ) /D x]
ARSIV RS (6.3.9)

The first term on the right of equation (6.3.9) is zero because

p is single -valued and continuous, so we finally get

VAL ko ¥ )/ x4 k[(ap/ox)2 (1 /4) /2 2

~(9p/92)(1 [}/ 9] .  (6.3.10)
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Since the right sides of both equations (6.3.8) and (6.3.10) contain the

unknown variable p, neither of these equations can be interpreted
as a Poisson equation, so that advantage cannot be taken of an

integral solution for the dependent variable.

Continuous Variations in Fluid and Medium Properties. In

general, the parameters k, P and/oc can vary continuously
throughout the flow region. Assuming that the fluid is incom-
pressible and the porous medium is isotropic and nondeformable,
Darcy's law is given by equation (6. 3. 6) and continuity is

given by equation (6. 3. 7). Combining these equations, we get

V= - /95 - (/)Y (kKju)e (wp tp D). (6.3.11)

Equation (6.3.11) cannot be interpreted as a Poisson equation
because p occurs in the right side of the equation. Thus the
singularity theory of interface motion cannot be applied to this
general case. Obviously, if we also consider storage effects

and anisotropy of the medium, the flow equations become even
more complicated. Analytical solutions to equation (6.3.11), or
more complicated forms of the flow equation, can probably not

be determined. However, the flow equations are generally of
elliptic or parabolic type, for which numerical solutions employing
finite difference or finite element techniques should be relatively

easy to obtain.
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Hydrodynamic Dispersion. The phenomenon of hydrodynamic

dispersion occurs when the fluid flowing through a porous medium
contains a variable concentration C of some tracer, such as
dissolved salt. The tracer concentration can vary with space and
time because of molecular diffusion as well as convection of the
tracer through the irregular pore space of the medium. As a
result of dispersion, a gradual transition zone will occur at the
interface between two fluids of different tracer concentrations Cy
and CZ’ across which the relative concentration (C - Cl)/(CZ— Cl)
will vary between zero and unity. The fluid density can be related
tc the tracer concentration by an expression such as (Pinder and

Cooper, 1970)
P :/)0 +(1-E) C, (6.3.12)

so that the fluid density also varies continuously across the
transition zone. Thus the pressure distribution, and then the
specific discharge distribution, can be determined by methods
similar to those presented in Section 6. 2.

The tracer concentration C is given by the dispersion

equation, which can be written (Bear, 1972)

DVZC—(’C‘I/G)cVCx?)C/Qt (6.3.13)
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under the assumption that the dispersion coefficient D is a scalar
which is constant in space and time. Because of the relationship
(6.3.12) between the tracer concentration and the fluid density,
equation (6.3.13) must be solved simultaneously with the appropriate
flow equation. Note that if dispersion is neglected, D = 0 and
equation (6.3.13) reduces to equation (6.2, 13), which describes
the convection of density in a flow system of continuous density
variation in space. Pinder and Cooper (1970) have noted that
equation (6.3.13) behaves somewhat as a hyperbolic equation when
the convective term is relatively large (equation (6.2.13) is
parely a first-order hyperbolic equation). Although numerical
solutions of hyperbolic equations are subject to numerical insta-
bilities, Pinder and Cooper (1970) have presented a solution to
equation (6.3.13) based on the introduction of marker particles
of variable tracer concentration, and the use of the method of
characteristics to follow the motion of the marker particles.

In general, the dispersion coefficient is not a scalar,
but a tensor related to the tortuosity tensor of the porous medium.

The general dispersion equation can then be written (Bear, 1972)
IC/I t=Ve(DVC) - (3/e ) VC, (6.3.14)

where the double underscore on the dispersion coefficient D

denotes a tensor quantity., Furthermore, as shown by Bear (1972),
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the dispersién coefficient D is a function of the average pore vel-
ocity q/€ . Although equation (6. 3.14) is somewhat more compli-
cated than equation (6.3.13), it should in principle be possible to

solve both equations by the same numerical techniques.
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CHAPTER 7. CONCLUSIONS AND RECOMMENDATIONS

7.1 Summary

This report describes a computer technique for simulating
the motion of an interface between two fluids of different densities
in a porous medium. The computer technique is based on the
vortex theory of interface motion outlined in Chapter 2. The
vortex theory has an advantage over other approaches to the
simulation of interface motion because the interface is not
treated as a moving boundary. Instead, the interface is inter-
preted as a line of vortices which generate the fluid motion. The
stream function satisfies a Poisson equation, whose solution can
be written as a line integral over the length of the interface. The
specific discharge components are also given as line integrals
derived from the stream function. The evaluation of the line
integrals gives the stream function and specific discharge .at each
point of the flow region. Boundary conditions are introduced by
means of an auxiliary stream function which satisfies a Laplace
equation. The position of the interface must be determined in
order to evaluate the line integrals, but the interface does not
have to be treated as a boundary because the stream function is
continuous and single-valued throughout the flow region.

The computer model employing the vortex theory is out-

lined in Chapter 3. The model is based on approximating the
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interface shape in order to provide for numerical evaluation

of the line integrals. The interface is basically determined by

a set of interface points, connected by linear segments. At the
end of a finite time step, the interface points are moved to new
positions according to the local fluid velocity, and connected
line segments are fit to the new positions of the interface points.
The Laplace equation for the auxiliary stream function is solved
numerically by the standard point successive over-relaxation
method.

The computer model has been formulated to simulate the
rotation of an initially vertical interface between two fluids of
different densities, which is referred to as the basic check prob-
lem. Chapter 4 presents some special techniques needed to
treat the initial and boundary conditions for this problem. Theor-
etically, the initial interface is a vertical straight line. In the
computer model, the initial instant has been chosen as a small
time §t after zero, such that the endpoints of the interface
have moved a very small distance along the horizontal boundaries.
This is done in order to avoid infinite logarithmic singularities in
the values of the specific discharge at the interface endpoints.
The requirement that the fluid flow be strictly tangent to the
horizontal boundaries is assured by introducing image interfaces

reflected in the upper and lower boundaries of the flow region.
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7.2 General Conclusions

Chapter 5 presents the results of the computer simulation
of the basic check problem, and comparisons of those results
with analytical and parallel-plate model studies of the same
problem. There is generally very good agreement among the
results of all three lines of investigation, with the computer
model agreeing more closely with the analytical solutions than
with the physical model. The discrepancies which do occur
among the results of the three solution techniques can generally
be explained on the basis of minor differences in the physical
rhenomena being modeled, and do not appear to indicate any
serious inaccuracies in the results of the computer model.

A number of conclusions can be drawn from the results of
this study:

(1) When the vortex theory of interface motion can be applied,
it is preferable to other methods of simulating interface motion
because the interface does not have to be treated as a moving
boundary.

(2) The computer technique discussed in this report provides
for study of the transient motion of an interface betweén two fluide
in a porous medium. The technigque has been used to simulate
interface motion in the basic check problem, for which a complete

analytical solution has only been obtained at the initial instant.
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(3) The computer technique closely simulates the interface
motion in the basic check problem. The applicability of the
technique to problems of greater practical interest must await
further investigation. However, the technique can potentially
be a valuable tool for the study of problems of interface motion
in porous media.

(4) The specific technique presented here is limited to sim-
ulation of the motion of a sharp interface between two in compressible
fluids which differ only in their densities. The porous medium must
be homogeneous, isotropic, and nondeformable, and the flow must
exhibit two-dimensional Cartesian symmetry. However, the
computer method based on the vortex theory can in principle be
~extended to include radially-symmetric flow in cylindrical coordi-
‘nates, storage effects due to compressibility of the fluids and the
‘Medium, and motion of a gradual transition zone between the fluids.
(5) Such important effects as anisotropy and inhomogeneity of
the porous medium, and differences in the viscosities of the fluids,
’?&nnot be treated by the vortex theory. Thus the advantage of an

Integra; solution is lost in the study of problems involving these

(6) In general, a numerical solution to the flow equation seems
3sible, regardless of variations in the physical parameters. Such

®olution can probably be carried out by either the finite-difference

fmite~elemen1: method. However, because of their hyperbolic
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nature, the equations of mass convection or dispersion may prove

to be more difficult to solve.
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7.3 Recommendations for Further Study

The present study represents a first step in the development
of a general interface code based on the vortex theory of interface
motion in a porous medium. Further development of such a general
code will require additional study in the areas of improvement of
the code, extensions of the theory, and applications.

The present formulation of the code can be improved in a
number of ways:

(1) Certain statements in the code should be reprogrammed to
minimize the effects of roundoff error.

(2) The lengths of the tangent line segments used in the inter-
face fit should be made dependent upon the spacing of the interface
points and the slopes of the tangent line segments.

(3) In the present version of the computer code, the routines
for treating initial and bounary conditions are problem-dependent,
and have been formulated only for the basic check problem. These
routines should be generalized as much as possible, so that the
code can be used to simulate other problems with a minimum of
set-up effort,

Further study is needed to devise convenient methods for accemp
lishing these improvements,

The present version of the interface code is limited in some
respects, but can be extended to include phenomena not considered

in the basic theory.
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(1) The vortex theory of interface motion can be extended
to include radial flow, storage effects due to compressibility of
the fluids and the medium, and a gradual transition zone between
the fluids. However, the inclusion of these phenomena in the
computer code has yet to be done. Preliminary investigation
indicates that the integrals needed to determine the fluid pressure
in radial symmetry cannot be evaluated in closed form, although
it should be possible to evaluate them by an approximate numerical
method.

(2) The vortex theory cannot be applied if the porous medium is
anisotropic or inhomogeneous, or if the viscosities of the fluids
differ. Because of the importance of these phenomena in practical
problems, methods for solving the flow equations incorporating
them must be developed. Since the general flow equations are of
either elliptic or parabolic form, there do not appear to be any
major difficulties involved in their solution by standard numerical
methods. However, further work is needed in the development of
solution techniques for such problems.

(3) In addition to a flow equation, the description of the
motion of an inhomogeneous fluid through a porous medium
requires an equation of mass convection orhydrodynamic dis -
persion. Such equations can be.difficult to solve because of

their hyperbolic nature, although some success has been reported
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in the numerical solution of the dispersion equation. Further
study is needed into the numerical solution of such equations.
Ultimately, it is hoped that the computer model discussed
in this report can be used in the study of practical problems of
multiple-fluid flow in porous media. As mentioned previously,
the vortex theory can only be applied to problems in which the
viscosity difference between the fluids can be neglected. However,
the assumption may not be valid unless the fluids involved are
fresh water and sea water, such as in the problems of sea-water
intrusion into a coastal fresh-water aquifer, and salt-water
coning below an oceanic island. Significant differences in
viscosity can occur between fresh and saline waters in contin-
ental aquifers, especially in deep, thick aquifers, where the
effect of temperature on brine viscosity can be considerable.
The present model is contemplated as a possible mode of investi-
gation of liquid waste disposal into deep saline aquifers of the’
Illinois Basin, but its use may be precluded by the viscosity and
temperature gradients observed in those aguifers. The computer
model based on the vortex theory of interface motion should,
however, be investigated further for its applicability ro interfece
problems in coastal environments, where the viscosity differences

can be neglected with greater confidence.
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APPENDIX A, EVALUATION OF LINE INTEGRALS ALONG A
LINEAR SEGMENT

’

its derivatives along the line segment connecting the points (X, , %)

and (X;, Yz)- The slope of this line segment is

m=(y,-Y)/ (Xa = X)), (A.1.1)

Let the point (X, , Yn )} lie on this line segment. Then the equation

cf the segment is

Yo = Yn - -
xo"xh
or
Yo = Yn + M (Xo = Xua), (A.1.2)

where (X, , Yo ) are the coordinates of any point lying on the line

segment. From equation (A.1.2),

dy, = m dx, , (A.1.3)

and

Y— yh "h’\(Xo" KH)

~
1

~

°
I

n

Y“}’“ 'f"mxh'_'me

]

|
|
1
1
A.1 Introduction
Suppose we wish to evaluate the line integrals for ¥ and
A — m Xg ) {A.1.4)
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with
XE Y~ Yn +MmXy. (A.1.5)

Furthermore, by equation (A.l.4),

Fr = (X=X )" + {y- Yo)©

I

(x = %) + (K= mX,)"

I

(x* + 0 —2(X+mK)YX, + {1+ mY)X,

= a 4+ bX, + cxo") (A.1.6)
with
a= Xr 4+ T (A.1.7a)
= -2(X + mx) (A.1.7b)
c= |+ m* (A.1.7¢c)

The above expressions are valid for 0¢iml<oe. For Imj= oo,

the equation of the line segment is X ®=Xn. Then, defining

A= X--Xn) (A.1.8)
we have

X =X, = A (A.1.9)

and
FY* = (x~%) + (y~y.)"

ra
AT+ (y - v, )?, (A.1.10)

i
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) Yo
A.2 Evaluation of th [(X"XO)i + (V“y")ij d)"’
7

Let

14

I =

Y

lh[(x~x.,)"'+ (y- yo)’“] dy, (A.2.1)

By equations (A.1l.3) and (A.1.6), we have
Xa

I,=f b In(a3a+bx, +ex") dx, (A.2.2)

X,

Now, by equations (A.1.7),

b'~42c¢ = 4(xtma) = 4(1+m*) (x* + «)
= ~4(&k-mx) < 0 (A.2.3)

Then, from any standard table of integrals (such as Selby, 1964),

we find
49¢~ 4" X, +b Xa
b kY o~ -1 2¢&
=4 (X, + = FhX, +EX)) ~2Xg + —— B papt 270
I, {( :.c) lh(a ) ] < tan 43¢—b"‘}

Xo:':)(,
vy
=MZ(xz+-1-§-) In(3 +bXy +c X2 = (% + £ [n (T +bx +<x*)
2@-m¥y) <2 cxtb | _2(X=mX)  rocx, 4+ p]{(A-2.4)
~2Xy +X, + 5 tan L(o{-:nx) = tan o] |

applying equation (A. 2. 3).
From equations (A.1.7), we find

b =2(x+mX) X + m&

-—

e 2 (1 +m?) t +m*

]
{

Then, applying equation (A.1.5), we get

Xa+ b/2¢ = Xy = (x+m&)/ (14+m>)

= ,7;:1;;;*: {(: +m*)(X~x) - '“[(Y-Yn) -t (x-xh)]} (A.2.5a)
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Similarly, -

X, +b/ze = a_-e—'r;_zgf’*”"‘)("'”") ~m[ly-ye) ~m (X-Xn)]} (A.2.5b)

Also,

N
Qe bXy + Xy = XY e —2(X+ma)Xy + (1+mP)Xe

= (x=X)" 4+ (&~ mXx )"

2 kS
= (X=X +[(y=yn) “(x-Xa) +m(x-%2)] (A.2.6a)
applying equation (A.1.5). Similarly,
a T
d+bx, +ecx= (x-%) +[(y-y.,) ~m(X~Xn)+m (x—x,)] . (A.2.6Db)

By equation (A.l.5),

]

2(x~mx) = Z[{y-yn +mxi) - mx]

Z[(y->’h)—l—n(x—x,,)]

Then

2¢X ¥ b 2 (14mY) Xy~ 2(X+mx)

2(k=mx) T 2y~ ) ~m(X-Xn)]
= (+m¥)(Xe-X) =m [(Y-yn) ~m (X~ Xn]] (A.2.7a)
(Y =¥n) = m{X=Xn)
Similarly,
2eX b _ U+mAX=x) = [ (Y-} - (x~Xn)] | (A.2.7b)
Z(K"MX) (y_y") _m(x-_x“)
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Finally, applying equations (A.2.5) through (A.2.7), we get

m
II T t+m

{(f-.-m‘-)(x,_-x) - rn[(y-)f..) - rn(x~x,,)]} [n {(x-xg}z+[(y- Vo) —

-t (X-Xn) +m(x-xt)]1} - e 2(1+m‘)(x,-><) =m[ly=ym) -

= m(xixh).-,} ,h Z(}(..X,)-L.(_[(y-yh) ~n (x"xh) -+ ""(X"Xl)]l} '1(11‘X¢)m +
4 2Lly-yn) -m (x-xa)]m {(.Zh-, (1+m*) (Xa~x) ~m [{y~yn) = (x-Xn)]

Lm™ (Y=Yn)~m{x-Xg)
—tan=t (M (X=X ~m [ (y-yn) = (X ~Xa)] }
(Y =7n)= m (X ~Xy)
Equation (A.2.8) applies for 04 Im/<w. For m=0, we get

(A.2.8)

11=0. For imk= o0, applying equation (A.1.10), we get

Y
11=J In [A"+(y-y,,)‘]dyo (A.2.9)
)

Transforming the variable of integration in equation {A.2.9) by

usy -y, (A.2.10)

we get dy, = -du and then

Y=Y~
I, = -.J (A +u™) du
Y
Y-rv
= [-w In (A +ut) $2u =2 Atan (wa)],

= =y In [Oxa )+ T+ Gron) In [(xx0)* # (7-1)*] -

Y - (A.2.11)
"20’1 Y) -2(x~ Xh)Z'(‘&hq ;’_; - tan”’ Y=Y }j

X~ Xn

applying equation (A.1l. 8).
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Ya
A.3 FEvaluation of J (Y~ ¥o) dy.
i (X-X)* + (y-vo)*

et

Y2
- [} d o

12=J (v Y-,_) y_ =. (A.3.1)

Y, (x=X)* * Ly -%)

By equations (A.1.3), (A.l.4), and (A.1.6), we have

X
Yo~ o) m dXe

IZ:'S, 2 + bxo'f'c—xol
X+
o dx, i Xo dXe (A.3.2)
= KJ - TEE <
xla*’bxo-f—cx,, X, X + € X,
From a standard table of integrals, we find
x'&. X X+
b dx A.3.3
(ot L L e At a5
8 +bXe +EXS c y, &) d*bXx,tcx,
X, 0 ' X, _
Then equation (A. 3.2) becomes
MY abX, ekt h
C
L =71 In R +(mo(+""6)f dxe (A.3.4)
d+bX, +ex® 2e /A @t bx, ekt
t
From equation (A.2.3), 4ac - b2 = 4(X -mX)2 >0, so
X
5 1‘“. _ 2 fan 2¢x, + b | X2
x3+ b Xy 4+ X T V&I~ T yEac —p~ ¥
t !
= _! +2n~ 28X, +6 tan-t 20X+ b - (A.3.5)
X ~mx 2(o~mx) 2 (%~ mx)
Then equation (A.3.4) becomes
2 m® b
L=l 3tk ¥k & + < 2 28Xy + b
2 26 d+ b, +oX? tan -
+ +<X X ~ m x 2(x~mx)
(A.3.6)

—tan- 2¢X +b
2(x~mx)
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|
From equations (A.1.7), we have j
!
|

m*/ae = M/ [201+m)] (A.3.7)
K~ mx h L (H~mx)
~ _m(&~-mx) - m (A.3.8)
(+m2) (-~ mx) [+ mt

Thus, applying equations (A.3.7) and (A.3.8), as well as equations

(A.2.6) and (A.2.7), equation (A.3.6) becomes

I =~ m* =X\ [y =Ya) =~ (x-x2 )+ (x-x)1° +
S Ty (X=X # [(y~vn) =t (x=xn) + m (X~%)]
e {f o (M) (X ~x) = m[{y-vh) ~m (X~Xn)]
I+m (Y~¥n) ~ m (X~Xu)
— tan! (rxmr)(X,-x) —rn[(V-Yn)'-’n(X'-Xn)] } (A.3.9)
(Y ~Yn) ~m{Xx-~Xn)

For m = 0, equation (A.3.9) gives I2 = 0.

For Im) = o0 , applying equation (A.1.10), we get

Y2
1= J (y~Y,) dyo : (A.3.10)
Y, Al + (}""Yo)z

Letting u =y = y,, we get

Y~ra Y-Ya

1. = - u_du - __Lj 2 . de
AT ¥t 2

Y-, ey

A* +u™

(A.3.11)

n

ry, =X)Ly )

P~

]
I
i
and
m&k +m*b /2 m (26X + mb) |
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Y2
A.4 Evaluation of f (X~X,) d}’o
Y, (X=x0)* + (Y~Yo)

T

Let

Ya

= j (X=Xo) dy, (A.4.1)
y, (X=Xo)* +(y-vo)™

I

3

From equations (A.l. 3} and (A.1.6), we get
X
_ (X~Xo) m dXe
I3 - S
x, 4 + bXs + X,

X Xs
T dxe _mj X, dXo (A.4.2)

3+ bXe +C X5 d+ bXy + X,

] 1

= mX

From equation (A. 3.3), we get

I- jxx CIXo f ar+b6X +CX1 b
T mx - | — 3 ha
3 d+ bXg + Xyt [ In

X, .
L W
€ Xt
= oM @t bXy e +{nx + mb) dx, 1 (A.4.3)
2c 2+ bX, +cX>™ 2e /) e+ bx, +cX,
xl

From equation (A. 3.5), this becomes

kS
1‘3_:___3?_7“ a+ bXy X, + m(x+{>/2:){tah_, 22X, + b _

2C U b, f Xt K~ mx

I 2¢X, +b (A.4.4)

— b & s Rkl
tan 2(X~mx)

From equations (A.1.5) and (A.1.7),

(X +b/ac) _ m (2ex +b)
K~ mx 2C(K~mx)
—m* (d=mx) ' (A.4.5)
e
(I+mr) (K~ mx) A A

Noting that the expressions in equation (A.4.4) are the same as
those in equation (A.3.6), except for their coefficients, we get,

from equation (A.3.9),

R ad +bx, +cx* "Cx&+b)(,,+c_x
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~ S
I R l(al CX-X\.‘ +[(Y‘Yn)~m(x-.xn)+m(x._x_‘)] _
3 10 +m™) (R-X\)* + [ (y=Yn) =t (X=X )+ (x~X,)]

m2 Jean 2md0e D ) mOene)]
I+m? (F~Yn) — m (X~%xn)

_ 't‘_ah-’ (""h‘\.t)(xv"x)" h—,[(y-)f.‘)~rh()(~xh)] (A.4.5)
(y~Yn) ~m(x=-Xn)

For m = 0, equation (A.4.5) gives I3 = 0.

For Iml = 00, equations (A.1.9) and (A.1.10) give

Y~

- A dy, (A.4.6)
= X, AT + (y-v,)*

Letting u= y-yo, we get

(A.4.7)
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APPENDIX B. PARABOLIC SPLINE INTERFACE FIT

Consider the set of interface points (Xoh, y;' ), n=1,2,...N
(Fig. B.1). A polynomial spline fit to the interface points will re-
sult in an interface representation which exhibits continuity of slope
at the interface points. We will consider a parabolic spline fit in
this appendix; such a fit is quite easy to det.ermine, “and it might be
possible to readily evaluate the line integrals along parabolic arcs
(although this proves not to be the case, as seen in Appendix C). A
cubic spline fit to a set of points is discussed in most standard texts
cn numerical analysis (for example, Gerald, 1970).

n+d

Let the points (Xon, y:) and (X, y:"") be connected by the

parabola

h

Yo = @n (Xo0-Xo )+ by (Xq = Xo') + Cn (B.1)

Each successive pair of points can be connected by such a parabola.
Our problem is to determine the coefficients 8n, by, and ¢y, n=1,2,
..., N-1, subject to the condition that the two parabolic arcs meeting
at the point (XQH . yJ‘) must have the same slope at that point.
The parabola (B.1) passes through the point (Xo" , yo“) , so tliat
9 o
YO = 3n (XX + by (XPEXD) + € = (B.2)

7 n+!

(B.1) also passes through the point (X "' ,y, "), so
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’ <
>/onikl: an(xohﬂ"xo") "Lbn (x.,""'~x.,") + Ch
T
= 3 hy + by h, + %", (B.3)
with
(B.4)

Equation (B. 2) gives

en = Y, (B.5)

while equation (B. 3} gives
‘ 2
bh=(yoh+'"'>,(3h“anhn )/L‘n |
= k"\/lﬁh - ”\h ah ) (B'é)
with
| i

kn = YT - Yo . (B.7)

From equation (B.1), we find
v, = dy, /dx, = 23n (X,=X;) +bp (B.8)

For segment n, yo'-.: 24, (xo-xg‘)i- bn , while for segment n-1, Yo':
R
Zah-' (X~ X, ') 1"5,,_, . Equating these slopes at (Ko" ,Yo'), where

these two segments meet, we get

0
2.0 (XPEXD) + by = 23, (X" =X"") + by,
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or

bn = 2 3, hh—l + bn-: (B.9)
Expressing b, and bh;, in equation (B. 9) by equation (B. 6), we get

kh/"\r\ - h"\ ah = 1ah-l hn.., +‘rh-l /hﬂ'—l _hh-i a’\“ )

or

huo @ney +hadn =kn/hn ~ Kooy /hue (B.10)

Equation (B.10) applies at each interior interface point,
n=2,3,...,N-1, giving N-2 equations for N-1 unknowns: dp,
n=1,2,...,N-1. To obtain an additional equation, let the slope
)’o,), at (3(0' ’ yo' ) be given by linear extrapolation from the slopes at

kS

(X, y2) and (x&, v3):

yo,)3 - >,a,)'i. X?,)l - yO’)I
xoz - xol xot - XD’

]

S0
(23, hy +b, ~b)/h, = (28 h, +b, ~b,)/h,,

or

a, = a, (B.11)

The equations (B.10) and (B.11) can now be readily solved for

all of the coefficients d,. For n= 2, (B.10) gives



Applying equation (B.1l), this becomes

(h,+ h)a, = k/hy = ki/h,,

or

189
h,a + h, 3, = ky/hy — K /h, .
&= (ka/hy=ki/h)/Cht+ ha ) (B.12)

Then 4. = q,, and, from equation (B.10),

2y = (kn/hn=Kny Moo =Py 300 ) b | 23, 4, -l (BL13)

Once the set of values of 4, have been determined, the values of
bn are given by equation (B.9). The values of € are given by
equation (B.5). The values of all of the coefficients can be ex-

- pressed in terms of the coordinates of the interface points {Xo" , yoh)

by applying equations (B.4) and (B. 7).
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Figure B.1l. Parabolic spline interface fit.
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APPENDIX C. EVALUATION OF LINE INTEGRALS ALONG A
PARABOLIC ARC

C.1 Introduction

Suppose we wish to evaluate the line integrals for '!P' and

its derivatives along the curve

Yo=Y, = dp (Xo“)(u")1 + bn (X~ X&) (C.1.1)

"y, The coefficients

connecting the points (Xoh , y;) and (xoh” Y

an and bn in equation (C.1.1) are presumed to be known from the

parabolic spline fit described in Appendix B. From equation (C.1. 1),

we have
dy, = [2 2, (x,~%") +bn]dxo (C.1.2)
and
n n) e by (= X1
Y=Y = ¥~ —an(KrXo) n (X=X ), (C.1.3)
Then

rFrs (X-X)" +(y¥ Yo)
= L0 = (=, 3]+ [ (0™ = n ()= by Gy V]
=[x 4y =%")"] = 2 LX)+ bn ()] o) +
+[1+ by -22,0y- v o= XY +2an by, (X0~ X&)° +

.t.ah’-[xob)(o")‘% (C.1.4)
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Now, define

A= (x- x,")l + (y- )foh)l (C.1.5a)
= -2 [(x~X") + bn (y- \/O")] | (C.1.5b)
2z
Cz 1+ b, ~22,(y-%") (C.1.5¢)
D= 2dn bn (C.1.5d)
kN
F= a, (C.1.5e)

to get
' x i3 ¢+
Frz A+ B~ X))+ CX) + D (XY + Flre~%")" (C.1.6)

Applying equations (C.1.2), (C.1.3), and (C.1.6), we get

Yn-H

T LE[" Inrt dy,
yox:t'H
i ,&n IR[A+B(ox") + C(%emX0) + Dlxom7) +
+E(x,,-xo")*][zah(xo-xo") +l>,,](1x‘, (C.1.7)

Yh'l"'
Ay = I F fy: [Cy-vo)/v*] e
X o ) 2 h n (C.1.8)
-.._.J [(Y'Yoh)‘ah(xo‘xoh) -bn (%% )][ZZH (X=X, )‘f’[b,,jd-xo
vt AT BOGXN) FC (X=X ]S + DO x™)3 + E (X, =X %
We can write x-yx,= X-X! -—(XO-X,h), so that
nt}

[(X‘Xo)/r"'] C!Yo

Y
PV /oax X I, = S

Yoh
n¥l

X
_-_-S ’ [(x'xbh) h(xo- th ):{ {_2 a") (Xo"xoh) + bi"l ] JKO
n AT BUoX) + C (X=X + D (xp~X") >+ E(X,-x") T

0
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Finally, by the change of variable u-.-(xv-x,"), equations (C.1.7)

through (C. 1. 9) become

n+l_x°h
I.:j (23, +ba) In(A+Bu +cu D>+ Eut)du  (C.1.10)
(¢}

I,- J (zahbwb YIly-v) -byu -2nu] du (C.111)
A+ Bu+ Cu™ +Du + £Lfu+
XO""""’XG" .
l;zj [(x-xr)-ul[23u +b,] di (C.1.12)
o AtTBu+ Cu* +Duld + Eut
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C.2 Linear Factors of A 4+ Bu + Cu2‘+' Du3 + Eu4

We can evaluate equations (C.1.10) through (C.1.12) if we
know the linear factors of the quartic polynomial A + Bu + CuZ+
Du® + Eu?. The factors of a general quartic polynomial can be
determined from formulas given in most standard books of mathe-

matical formulas and tables. Let

A+Bu + Cu* + Du*+EFut= ;[u"+ (0/E) > + (€/E)u+ (B/E)u +(A/E)]
:E[(H'“,)(u‘“z)(““dl)z“‘0(4)]} (C.2.1)
where the ®; are the roots of the equation
w* + (D7) + (c/e)u+ (B/E)w + A/E = 0. (C.2.2)

In equation (C.2.2), let u= v - (D/4E), to obtain the reduced

equation

PBEp S TEL
" (54A53~/éeo;*;:cng—zo‘*) -\ (2.3
or
visavi+ by +¢ =0 (C.2.4)
where
7= (CE~-6D*)/E™ (C.2.5a)

= (ItBE*~gcpE +2D%) /14 E3 (C.2.5b)
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c= {6+AE3—/GBDEI++CD‘E-304)/64 £* (C.2.5¢c)

The resolvent cubic equation associated with (C.2.4) is

w3+ @) wr +[(a-4)/ 1] w ~ b/e =0, (C.2.6)

We now seek to determine the roots of the resolvent cubic

equation (C.2.6). In equation (C.2.6), let

w = t -~ arsé ) ) (C.
to obtain the normal form
3 d -
t7 + d¢ + e = O) (C.

where

4= 352 - L .

and

3 2 c 2
LT -] e

The solutions to equation (C.2.8) are

t,= F+ G | (C.
t=-(F+6)/2 + IV3 (F-6)/2 (C.

ty= ~(F+G&)/2 ~ V3 (F-¢&)/2 (C.

.9a)

. 9b)

cida)

. 10b)

.10¢)
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where
' (29 1/3

e e?. d3)'
N o c.2.11
F [ 1#(4 + = ( a)

/27172

e e* 4% ]
e |- 2 of = C.2.11b
G [ -+ + 5 ( )

From equations (C.2.7) and (C. 2.10), the roots of the resolvent

cubic equation (C.2.6) are

w, = ¢, - 2/¢ (C.2.12a)
wy = £, = d/6 (C.2.12b)
wy =ty - 376 (C.2.12¢)

Then the roots of the reduced quartic equation (C.2.4) are

v, = VW +Vw, + Vw, (C.2.13a)
v, =W, - Vvw, - Vw, (C.2.13b)
V, =-fw, + VYwe - Vg, (C.2.13c)

V= -l = VW, +Yws (C.2.13d)

where the signs of the radicals Yw, , Yw,, and Vwy must be

be chosen such that

YW, Vw. Vwy = — b/% (C.2.14)

|
|
and
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Finally, the roots of the equation (C. 2.2) are

o, =V, = (D/4E) (C.2.15a)
Ky = Vo ~ (D/4E) (C.2.15b)
Ky = ¥y = (D/4E) | (C.2.15¢)

Xe = Vg ~ (D/4E) (C.2.15d)
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n+t

Yo

C.3 Evaluation of I’ .':'f lh ¥? dy.
AL

From equations (C.1.10) and (C.2.1), we have
Hf, X I3

17’] (22, Utby) In[E(u=5,) (u~8) (u~% ) (u~ %) | duc

nfl x n

:f (220 +hy, )[IHE + Z In (U~ a()] du
nfl___ n ﬂf' xh (C.3_1)
X
= l’) Ef (23n0(+bn)du +if(2¢7,,btf'bh)lh(u o()dbt
Now
‘11" X X‘"H—_X‘,"
j (23,,0; +bn)du = (ahuj"-{— b“ u)}o
0
= B (X x0)T + b (4T %) (C.3.2)
x:!'!'_xon
(g, ctbn) In(u-%)du =
'H-L.Xa X*H‘ -X, .53

~23njul»\(u x;)du + b, f (n(u~8) de
In equation (C.3.3), letv=u-&X; toget

X H-
J (26‘.,(4.1‘-!9.1) /n(u X)du\ =

XAt xh~«; PAGLRSE'SE ¢
=22 (vexi)lavdv +baf Iny dv
=X -&;
Xc.‘*"‘"\’o"‘ Kl’

XS -x
2«7.,] Viny dv +(2L?H0(,‘+b.,)j [n v dy
- X; - &,

n

X, e -

n

243, {vz[, v~;]} +(2Zibc + by, )gv[lnv ]}

= (Xt x zx)[ah(x"*txo) (T Ky +ba)] In (XS ToX -K;) +
+&; (3 & +b,\) In (%) ~ L2, (o xs ) [ X ) -2xi] -
(C.3.4)

= (XM= x0) (22, X+ ba)

Combining equations (C. 3.1), (C.3.2), and (C. 3.4), we get
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I, =InE {(xq"""—xo")[a',. (xF-x") +b,,]}+
+
# 2 O s) [0 () ot )] I (7 ) ¢
[
8 (3K +ha ) n(~%;) = £ T (%" V[0 X") -2 ] -

- (" -x) (22 + by )] (C.3.5)
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n+l!

Yo
C.4 Evaluation of Iz .:_'j [()h-ya)/rzj c/y,
)Gn

From equations (C.1.1]1) and (C.2.1), we have

ntl P
X, = Xo

r =J d(lanbu +bh)[(>’~>’oh/\-bhu "'auul] d"‘-
‘ o E(u~K)(u-u2)(U=&K3) (u-&a)

(C.4.1)

Equation (C.4.1) can be evaluated by applying the method of partial

fractions. Let

(o rb) [ baw-da W] Ry Ry Ry Ry
(U~ ) (u-, J(U-X3 ) (n-%y ) U~&, U~y U~X w-Ky
or

(27t H bn ) [ Y=y ) = bate= 2,6 = R, (u-xa) (% )(u-%a) +
+ Ry (u=-%,) (u~%3 )(u~-Ke) + Ry(u~XJ{u~&jU~Kgj +

+ R3 (u"xl)(u *0(1)(““0(3) (C.4.2)

Letting u take on the values &, , i=1,2,3,4, in equation (C. 4.2),

we get

R, = (22 X, ’HD*\)[(Y‘YQH) ~b, & ~dy K11J
t (K ~Ka ) (K~ Ky Y (K ~Xa )
(2 dn Mo + bh)[(Y"YOn) = bn Xy - 8" K;.]

Ry = (Ky~ 0 ) (0y =8y} %~ Ky ) (C.4.3b)

t

(C.4.3a)

= (2 q Ky +ba )[(Y-Y") = b Xy ~an %]
(0(3"30)(0(3-0(‘.)(“3- 0(4.)

R, - (22, % +bn) [(y-%") ~buke - 3 Ke ]

(g -, ) (Kg = %) (% ~ %3)

(C.4.2c)

(C.4.34d)

Then we can write equation (C.4.1) in the form
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HO

S .
i uwm

E g

>
rIJO
o
YINT

(C.4.4)

)

™
v

K,’ - (xoh'H_ X
X

R; In[

- _E
It
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ntt
Yo

C.5 Evalua‘tion of I3 Ej " [()(-—X,)/rzj d}’o
Y

o

From equations {C.1.12) and (C.2.1), we have

"
n ""__ xu

L. = f o[(x—x‘,")—bx][;za_‘u + b..:( du
: o] EK”"K‘)(“ "NL)(“"'X})(U‘*X.Q)J

(C.5.1)

Equation (C.5.1) can also be evaluated by the method of partial

fractions. Let

[(X-xa")_u][la’.,b(-!- b"J _ S' Sl S} 5"
(=& ) (U~ K ) (U - Ky J(UKe) UK, T U ~¥y M UKy ’
or
[(X~¥o")-u][1a,,u+b.,] = S5, (U~ ){uU%3)(u-%q) +
+ Su () (uty ) (u=%g ) + Sy () (U] (u~tg) +
(C.5.2)

+ S (U= ) (w~%y ) (u-Ky )

Letting u take on the values ¥; , i=1,2, 3,4, in equation (C.5.2), we

get

S = [(X‘Xoh) - 0(1] [23»‘ &, th

(C.5.3
! K ~Ba J (K~ X3 ) (&, ~%s) ( K
o - LOex) = %:1[2 duky +ba] (C.5.3D)
2 (Ml““t)(xt“a(;)("(!——a‘*) o
s, = [(x-%") ~%3][23n%; + bu] (C.5.3c)
(0 ~ 0, ) (& ~ &) (¥y ~®g) |
<5 - [(x-x) —%aJ[2 Qn0tq + bnJ (C.5.3d)

(Re~% ) {Kg ) (X g ~%a)

Then we can write equation (C.5.1) in the form



(C.5.4)
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APPENDIX D. THE SHEAR DISCONTINUITY IN THE SPECIFIC
DISCHARGE AT A POINT ON THE INTERFACE
From equations (3.1.6) and (3.1.7), we can write the
specific discharge components resulting from the line iritegrals

along a straight line segment as

Ya
%x) _ k(v-Y) (y-Yo) dvo (D.1)
' 2 Ay (ke )y ve) T '
Ya
—~—dy ~Xo d o
4,) = - KU HJ SESLIN .2
! 2 T An (X=X} H{y~Vs)

where y, and Y, denote the y-coordinates of the endpoints of the
line segment. As in Appendix A, we will assume that the line seg-
ment connects the points (X, , ¥, ) and {(X,, , Ya.), passes through

the point (Xn , ¥n ), and has slope m. Then, from Appendix A,

we get
W) = k(-Y) §  mt xexa )+ (W)~ xxa) + i (xxa)]
T 2(1+m*) (X~X,)* + [(y~Ya )~ (x~X0) e (xex, )
T {fa a0 (A (Ka =) = [(y=yn) =M (X~X4)]
1+ = n ( _ -
Y=Ynl) =m(x~x.)
~ tan™ CtmA(K %)~ [(y=¥n ) =m (x~ xh)]}
: (Y=-Yn)~m(xX~xn)
and
<‘.y) - ){ (X-X:.)L‘f'[()"'yn)"m(x"xn)+'7')(K'-X1)Jz
i X 'n/u l(lﬂn‘-) (X=X) [Cy-¥a)~m (X~ +m(X—X,)]1

- {t ot (AmN0GX) = [y =¥ ) = m (X~Xn)]
T (y~yn)~m (X~Xn)

_ tan"! Crem )X, ~x) "h'\[()"')/n)"h(x‘xh)]} (D. 4)
n (Y<¥n) e~ m(X~Xp)
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We will confine our attention to the arctangent terms in equa-
tions {D.3) and (D.4). We first note that these terms are the same

in both equations, differing only in their coefficients. Define

-t (34'??11)("\")‘) -mD

A= tan i — tan (1+m* )% -%)-mD

D 2(D. 5)

where
D= (y-Yn)-m(X~Xn). (D. 6)

We will now consider the behavior of A, given by equation (D.5),
when the point (X, y), at which the expressions are to be evaluated,
lies on the line segment. Since the line segment passes through the
point (Xn , Yn) and has slope m, its equation is y-yn ~m(X~Xn) =0,
Thus, from equation (D.6), we must consider the vehavior of A when
D =0. We see from equation (D.5) that the arguments of the arc-
tangent functions become infinite when D = 0. Furthermore, since

tan™' (+ @) tanﬂ(— @), we must consider both lim A and lim A;
D —» 0+ De—>0-

that is, we must consider the behavior of A as the point (X , y)
approaches a point on the line segment from the right and from the
left.

Suppose that m > 0. Then, from Fig. D.la, we see that

x < x5 and x ) x;. Thus we have

Lim [(1+m*)(x,-x) ~mD] > © (D. 7a)
D~o :

and
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Fim [(l‘f"’h")CX.“x) ~m D] < 0. (D. 7b)
Do

Note that the limits in inequalities (D.7) are unique, regardless of

whether D—»0+ or D— 0-. Hence, from equation (D. 5), we get

lim A
D->0+

it

tan (+w) - tan~'(~ w)

= w/z ~(-w/2) = W, m>0 (D. 8a)

lim A = tan~(-~-w) — tan~ (+x)
b->o- .

= «T/z2, —~T/2 =~T, m>0 (D. 8b)

Similarly, for m £ 0, we have x> x, and x ¢x;. Then

lim [(4m) (xa~x)-mp] < © (D.9a)
b=<o

and
lim LU+m*)(X,~x) -m D] > © (D. 9b)
D*>(

Hence

lim A= ten'l-w)-tan'l(+o) = ~ T, Mo (D.10a)
D0+

lim A= tan'(+rw)~tan'(~0) = T, m¢o (D. 10b)
Do~

Applying these results to equations (D. 3) and (D. 4‘), we find
that the contributions to the specific discharge components from the

¥
arctangent terms, denoted by C[x)| and ?y),*’ are, for m>»0,

lim )" = [k(K-r;)m /2 ma (+m2)] () (D. 11a)
D=0+
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1§ m ‘(x) = [k()’ J’)hn/lryu.(lﬂ'n‘)] (1) (D.11b)
D-o-

i = [k(¥%-¥)m*/ 2nu (1+m™)] () (D.12a)
D‘9h3+ Cly)l [ et ]

. ¥ 2 ~\] /-

L’-:o- ‘Zy), = [k(5-¥)m /e (f+m )]( n) (D.12b)

Similarly, for m (0,

Lim W= [h(¥-r) m/amu (em*)] (- 1) (D. 13a)
li o[k -v)m/ Y[ () | i

im 3) [ ym A iem] (D. 13b)
Il)i-:;+ cgy),""z [/r(K%)m’“/zn/u(HM‘)]('W) (D. 14a)
Lim ‘ly)f: [k(¥¥) mYemum (14m™)] () (D. 14b)

*
The terms 1,()‘ and ?YJT give rise to a vector of length ‘E;* =

\/ﬁx)?‘]l-f- [17),*]1 and inclination 0(,*: tan—,[iy)f/‘lx)ﬂ. In each case

considered above, we get

® 2 2
c"*:H km«,)m)} (+1)*+ k(i’rh)*h] )}

A (1 m™ LT 1tm)
(D.15)
= k(vi-¥)Im]| TT/Z‘n/u Vitm= |
while

Oﬂ*: fah-’[K(Yx-Y)m (*W)/zn;u (‘“hl)] = L‘Qn'/(m)

KOL ) m (+7) /2 Tpee (1 +m™) (D.16)

Equations (D.15) and (D.16) are unique, regardless of whether

D — 0+ or D—» 0-. However, we also see from equations (D.11)

through (D.14) that regardless of the sign of m, we have
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Figure D.1. Relation between interface points for positive

and negative slope of interface line segment.




(x,,Y.)
AI y 22
Y Y ,
(x|1Y|) (X,,Y,)
X |—~X

(e} m >0 () m<oO0
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lim  )¥ = = lim )T, (D.17a)
D-vo- ! D>o+ '
and
. * .
l'im ‘[y), = — Iim 7,,)1*, (D.17b)
b-~o- b=>o+

Thus, the contributions to the specific dischérge vector from the
inverse tangent terms, as D— 0+ or D~ 0-, are vectors of the same
magnitude and inclination, but are oppositely directed. Furthermore,
from equation (D.16), we see that these vectors are parallel to the
line segment. Finally, referring to equation (D.15), as well as

equation (2.3.1) and the subsequent discussion, and noting that

Im!/ Vit m? = \/fan"o(/(t+fan‘o<) = sin«,

where & is the angle of inclination of the interfacial line segment,
we see that the magnitude of the shear discontinuity is proportional
to the strength of the vortex located at the point (x , y) on the
interface. Thus the specific discharge component at (X , y) given
by ‘i")f and ‘{_Y)T consists of a shear flow tangent to the interface,
and proportional to the vortex strength at that point.

For m = 0, we see from Appendix A that ¥ /9X = )117,“/3)(: 0.
Furthermore, from equation (D.15), we have ‘[,’{:O. Thus there
is no shear discontinuity in the specific discharge at a point on a
horizontal segment of the interface. However, if |m|=®@, the
shear discontinuity again appears. In this case, from equations

(D.1), (D.2), (A.3.11), and (A.4.7), we have
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k(¥-¥ (X~Xn) +{y-y, )"
W) = 2 1 h).. Yl (D. 18)
T T N R A yv)
- K(Y,_ K n-t) s V=N - Y"Y'L)
), = - [““' o) - tan WJ (D-19)

The equation of the line segment is now X=X , so that x - x, =20
in equations (D.18) and (D.19). The expression for ‘{yj'given by
equation (D. 18) exhibits no discoritinuity as x - x, —» 0, so we can

say that

‘(x),*, =0 (D.20)

However, since y >y; and y < Y7, equation (D.19) gives

lim ¥ _Knoh) tan'(+w) -~ tan(-o)
x-'x,.-ro-e ‘fy)‘ R [ ) - ]

k(¥-¥7)
T Tk

; L ra-¥7 - -
x{xnr:o- 77), 5= —*—“““—k( )[fan '(~o0) = Ean '("‘“’)J

h

() (D. 21a)

_ k(rz r) (_ w) (D.21b)

Thus, in either case, we have

1" = UT/“ KR ¥ (o) (D.22a)

h

= tan [ K5 (em) /o]

- _
o T mwr/a (D.22b)

Hence the specific discharge at the point (x, y) again consists of a
shear flow tangent to the (vertical) interface, and proportional to the

vortex strength at that point. (Note that

lim m?* - [ im ! = |
th-ra [+m2 > o0 |+ I/ mx 4



210

so that "(:F is again proportional to the vortex strength discussed

in Section 2. 3.)
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APPENDIX E, FINITE-DIFFERENCE APPROXIMATIONS TO THE
DERIVATIVES OF A FUNCTION u(x, v)

Let a two=dimensional finite-difference mesh be defined

by the lines

Xi = X, + (,'-p)Ax, f=0,2,..., T ' (E.1a)

i
"

Y; = VYo + (i-1)ay | j=1,2,..., T (E.1b)

where (x, , yo) denotes the lower left-hand corner of the mesh
(Fig. E.1). Letu{ x;, y;) be denoted by wi; - We seek to deter-
mine finite-difference approximations to the first and second
derivatives of u(x,y) at the mesh points (x;, Y3 ).

The Taylor series expansion of u(x,y) about the point

(x5, vy ) is

WX, y) = W + XX (w/3x) 0+ (y=Yi)(aw/ay) ;s +

+ 200-x) (Fusox™)

T EX YY) (waxsy)
# W) Gwray)iy + Tx) (Fusaxd); | +
+4(x-x) (y-v) (/X 3y ), +

+ 20X (=Y (Pwsax oyt +

+J¢?(>’“>’3)3(93M/3>’3);,; + ... (E.2)

Evaluating equation (E.2) at the points (x;,, v; ), (%, vy ),

(x;, Yj-ﬂ)’ and (X; , J.ﬁ'), we get, respectively,
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+ax(Fu/ax);,; + LoxP (s +

}
£

Woer,3 & 4,5
+ § ax? (73“/9’(3):',3 + O0(ox*) =3
ity W ; ~ox(du/ax);; +1ax*(Pwlox?); ; —
- #2x} (Pw/axd);, + 0(ox*) (E. 4)
“iie L voyGuway); + 1oyt (o)t

+¢ oy’ (Pusays), . + 0oy *) (E.5)

W, u . _ay(gu/g),)'-’:‘ + %Ayl(alu/gy‘)‘-Jj -

, 3=t "14

- T oy (Pusay®);,; + Oler?) (-6

Dividing equations (E. 3) and (E.4) by Ax, and (E.5) and
(E.6) by &y, and neglecting terms of first and higher order in

A x and ay, we get first-order accurate approximations to Qu/3Jx

and 2u/ ?y:
WX ) X (‘4;+t,3*“e',3)/ox (E.7)
wwsox); ;= (wi,; ~ Wea, 5 ) /o X (E.8)
dw/ay )iy & (Wise — Wi ) oy (E.9)
aw/ey )i, = (Ui =~ Wi y.)/ay (E.10)

Equations (E. 7) and (E.9) are _f_g_i'ward difference approximations,

while (E. 8) and (E. 10) are backward difference approximations.
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Figure E.1l. Definition of finite-difference mesh.




(XgaYy)

X ,Y; X

, A
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Subtracting equation (E. 4) from {(E. 3), we get

W ., =

Vet T Y L axX (9“/9’()",4' + O(ox?).
Dividing through by 2 ax, and neglecting terms of second and

higher order in Ax, we get a second-order accurate approxi-

mation to 2 u/ g x:

du/ax ),‘J; = (q"fle - "(.":_,;)/:Lax (E.11)

Similarly, from equations (E.5) and (E.6), we get a second-order

accurate approximationto u/

Yy

9“/9Y).;3 x (W0~ Wi ia) /2ay (E.12)

Equations (E.1l) and (E.12) are central difference approximations.

Adding equations (E. 3) and (E. 4), we get

MiﬁJj W T U ox‘(;)‘u/;x‘),-ﬂ. + 0(-:”(4)

Dividing through by sz, and neglecting terms of second and
higher order in Aax, we get the second-order accurate central

difference approximation to @ 2U./ ) Xz

Fusoxt ) m (U 2 + U ) Jax™ (E.13)

Similarly, from equations (E.5) and (E. 6), we get the second-order

accurate central difference approximation to ¢ 2u/ p YZ:

PRl /gy’");”. x (H.‘J;-. TG+ U ) Jayr (E.14)
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“Evaluating equation (E. 2) at the additional points (X4 » YJ"H)’

(X,-_, » Yj_, ), (X;.,.. ’ Y,‘_, ), and (X,‘_, s YJ-H), we get, respectively,

Wi sor © Wiy + ox(Qusax)y; +oy (Quw/ay)y; +1ox (ulaxi)i; +
+oxay (Ruxay); | + T8y (3 wiey); +0(eX oy) (E.15)

= ui‘,j “éx(ab\/ax)f,i ‘oy(au/;)')fjj + %OXI(D‘-M/QXI)'-JJ +

Mi"'.})‘-l
+ax sy (Fu/ox 9),)")3 + %dy"(gzub}r‘)‘-,j +O(oxi a>/3) (E.16)

RS %
Wiriu = Y, +4>K(D¢A/9X);)i ~oy (au/ay); | -(—{_ox‘(;) /X );JJ- -

~axay (*u/ax3y)i s +Eoy(duseyt); s +0(oX] o)) (£.17)

I'Jj
PRV Yot ), _
Wi = Uy, —ox(usax); . +ay(3w/oy); + zox* (Fu/3x ),”.

-oxoy (Fu/ox9y); 5 + 'zzsy‘(a"u«/;ay‘);lJ +0xt, ap) (E.18)

Then equation (E.15) plus (E.16) minus (E.17) minus (E. 18) gives
us

wu

—

i+, 5+t ‘M'L')i'l-l - M"'H)J‘" + u""}j°’

T4ox oy (TU/ox 2y) ;

3 3
+ 0{ox , 3y )
Dividing through by 44xay, and neglecting terms of second and

higher order in 6x and oy, we get a second-order accurate approx-

imation to 2 zu/Qxay:

92 (7. ) —~ u-l‘+|’j.(_| - (A""‘J‘fl “(/Li*.(]j‘-, +iK
1

~ Tl E.19
Xy /i, ; 4 oX oy ( )
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APPENDIX ¥. PSOR SOLUTION OF LAPLACE'S EQUATION

F.l Iterative Solution of the Finite-Difference Equations

We wish to solve Laplace's equation
2
vtuw =0 (F.1.1)

subject to certain boundary conditions. We will assume that the
boundary conditions consist of specifying u at boundary mesh
points of a rectangular finite-difference mesh. Equation (F.1.1)
can be easily written in finite difference form by applying equa-
tions (E.13) and (E.14) from Appendix E. Then we get

VI = TUSxT + Ty

~ [u,‘-“j 22U

1,

+ 44,‘“)3]/4,,(‘ +
+[M.',3*. AU Wf,3+.]/a)f’“ = 0, (F.1.2)

Solving equation (¥'.1.2) for U;;, we get

ay 2x*

e = . A ;" v, Fo ].a 3
By T Z{axT +or™) [b("'u' *"“'*’,3] T o) [H'JH Jr“snl ( )

T

178

Equation (¥.1.3) can be used to derive an iterative scheme for
determining W; . at each mesh point. Add and subtract y;.on the

right-hand side of equation (¥.1.3) to get

oy
- - AT M' . . .
wii = s v gy (R ] ¢

ox* (F.1.4)
R o .o, -— . (L U
* Iextr oyt [M"’"' * u"”'] h }
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k
Denoting the kth iterative value of U;; by U,Jj , we can obtain an
iterative scheme for solving for Y. from equation (F.1.4) in the

form

Kl K K
we; T YUy o+ Ry (F.1.5)

where

K ) 1[ 'K-H ,k ] . 'K+l K ]._
RI‘JJ - Zﬁ)’ u.-’.}j + MH"J.S + aX [u'JJ"' * “" 1+

K
-z(ax‘+oy")(4:”~ }/Z(OX’"'FO)"). (F.1.6)

Equation (F.1.5) is applied at each mesh point in succession for a
given value of k. Then k is increased by unity and equation (F.1.5)
is again applied at each mesh point in succession. This procedure
continues until a desired degree of convergence is attained, a.s
discussed below. Note that if each mesh row is swept from left

to right, and the rows in turn are swept from bottom to top, then

+f K+t

K
the quantities U, and U; . in equation (F.l. 6) are known at the

k

present (k+l) iterative step, while the quantities u;ﬁ. » W ;» and
) :

k
“",;-H are known only at the preceding (k) iterative step (Fig. F.1.1).

K+t
Equation (F.1.5) then gives M,-”.Tat the present step, and we can pro-
ceed to the next mesh point.
K
The quantity R.‘); defined by equation (F.1l. 6) is termed the

kth residual at peint (x;, y; ), and the iteration proceeds until

. . K . .
the maximum residual, T:KZR")}' is less than some predefined
/) rl

small value (in principle, successive values of the residual at
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any point should approach a limiting value of zero). The rate of
convergence of the iterative scheme can be accelerated by mul-

tiplying the residual in equation (¥.1.5) by a relaxation parameter

@ , giving us

K41 K K

Wiy = Wiy b e R (F.L7)

Equation (F.1.7) defines the point successive over-relaxation
(PSOR) iterative scheme which is used in the code. As shown in
Section F. 3, this iterative schemé is stable for 0£ ¢ £ 2, although
the maximum rate of convergence occurs for 1 # @ % 2; this point
is illustrated in Section F'. 4, where we consider the estimation of

the optimum relaxation parameter.
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Figure F'.1.1. Known values of ui j at iteration k+1.
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F.2 Truncation Error and Compatibility

The PSOR scheme described in Section F.1 is a technique
of solution of the finite-difference equation (¥.1.2). One measure
of the accuracy of the finite-difference approximation is the degree
of truncation error, which is defined as the difference between the
original partial differential equation and its finite-difference approx-
imation. The truncation error is a function of the mesh spacings
& x and oOy; if the the truncation error approaches zero as &8x and
&8 y approach zero, then the finite-difference approximation is said to
be compatible with the partial differential equation.

From the Taylor series expansion of the function u(x, y)

about the point (x; , v; }, we have

Fusaxt);F (MU wu, Vo)t + Oloxy)  (FL2a
and

Fwoayt)y; (WL man + W LV eyt v 0loyY), (k2.2
where 0(ax?2) represents terms which approach zero at least as

rapidly as OXZ approaches zero. From equations (F.1.2), (F.2.1),

and (F.2.2), the truncation error at the point ( x,, y; ) is given by

- X T . _ . _
El')J - ‘a u/axi):,‘ + 3 M/Qy“)‘),- ("’t,‘_b‘- ‘-lu"_l,j + b{'_(.ljj)/ax“

- (W 2 +M.',3+,)/ay‘ s 0(ox*) + O(oy™), (F.2.3)

)4 J

Equation (F. 2. 3) shows that the truncation error does indeed
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approach zero as oax and ay approach zero, so the finite-
difference equation (F.l.2) is compatible with Laplace's equa-

tion (F.1.1).



F.3 Stability and Convergence of the Iterative Technique

The iterative technique outlined in Section F.1 is actually
a procedure for solving a set of N simultaneous linear equations,
of the form of equation (F.1l.3), in the N unknowns M,-N- {where
N = IxJ). The set of simultaneous equations can be written in

AG=%, (F.3.1)

matrix form as

where T is the column vector of unknowns and A is the NxN matrix

of coefficients of the W; ;. The exact solution U * is given by

—

-l (F.3.2)

=]
E
It

>

The iterative procedure is begun by assuming a trial solution T

2

1

and then finding a new trial solution @ ' in the form

T '-Buo+3. (F.3.3)

Successive trial solutions are then given by

k

skl.ggky 7, (F.3.4)

where the superscript k on @ denotes the kth iteration. Convergence
of the iterative technique requires that the sequence of vectors @

approaches T *, and that iteration with U * reproduces itself; i.e.,

k3

£)

=BuU*+ 3z, (F.3.5)
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At each step in the iteration, errors can be introduced |

|

through such things as round-off, depending upon the computing '
machine and solution algorithm being used. Defining the error ’

vector at the Kkth iteration by

k k

ef-uk.gx,

where the superscript k on e again denotes the kth iteration,

equations (¥'. 3.4) and (F. 3.5) give

Tk-B% +Z-BU* -7

zg(-ak-l_ﬁ*):ﬁ'ékJ; (F.3.6)

i.e., the error vector satisfies the homogeneous form of the

iteration equation. From equation (F¥.3.6), we get
cek.Bkgo, (F.3.7)

where the superscript k on B here denotes the Kth power of B, Now
. -k - —k

we require that u ™ approach u *, so that '€ =~ must approach zero,

If we denote the eigenvectors of B by ;3;_ , and the corresponding

eigenvalues by Ag , then it can be shown (Clark and Hansen, 1964)

that the k'P iterate of the error vector is given by
©
- k K o—
€5 = 2> Ky A, (F.3.8)
& Pe

where ¥, is a constant, and the superscript k on Ay denotes the

th -k . e s
k' power. In order for e to vanish, it is necessary that
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A, ] < | all £, (F.3.9)

b

Equation (F.3.9) expresses the stability condition for the itera-
tive method.
Since the errors satisfy the iteration equation, equations

(F.1.6) and (F.1.7) imply

K+ Kk K+l k 2 Kt Kk _
"Jj = e'-JJ + w[dy‘-(e"_,‘,j +el‘+,”,) + OX (e,'“-__l 'f'e,'; J.+,)
K
—2(ox*+ Ay‘)e.;;]/l(dx‘-k oy) (F. 3.10)

where the superscripts on the €,,; denote iterations. If we assume
Ax =y (as is the case in the present form of the computer code),

equation (F. 3.10) can be simplified to

Wt k K+l k k<! < .
e!‘)J = (I-w)en',j + W (e'l'-{.,j + e{-(.[); +e‘(‘,j_, + e’f,i.(.()/‘f'v (F. 3. 11)
Following Frankel (1950), we assume that the error has a double
sine series expansion over the indices m and n, with one compon-

ent being

K o : )
€i; = A sin(mni/r) B8’ s:‘n(nnj/J‘)) (F.3.12)

where A and B are constants to be determined, and the superscripts

on A and B denote powers. We 2lso assume

K
€i,; = )‘mJn e,-”. ' (F.3.13)
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where ’\'h,.n is an eigenvalue of the iteration matrix. Substituting

equation (F.3.12) into equation (F.3.11), and applying equation

(F.3.13), we get
j\_ih_-r_gr% e';'; ’\'nn Sm(hn:\[s ,‘( )c“/ I)—Cos onm sin mn)]
* g Sin( B [sin (2] cos(BT) - cos( R sim (B LA

+(l-w)sm('""')sm """ + ““‘ZAS in 5%[5 n{ )605(

+Cw(m"' Sm( J + Bsm( [5, (2xe ‘) cas(
+ cos ("’5_’ )sih (—3:-)]}

Since the value of u is known exactly at the boundaries, the errors

(F.3.14)

at the boundaries i = I and i = J must be zero. Ati = I, erk. =0,
so equation (¥'. 3.14) becomes
W .. /nm; . r_n__v_) _ Amn = 0
S ,s:n(-T_)cOs(h-\n Sin( =g [A Y ] J
or
Al F.3.15
= Am,n - (F.3.15)
Similarly, atj = 7, e;j; = 0, and equation (F.3.14) gives
= /\m,n . ~ (F.3.16)

Substituting equations (F.3.15) and (F.3.16) into equation (F. 3. 14)

and simplifying, we get

WV Am,n

Ay ~ = [cas(ﬂrl) + Cos(%.l) + (w-1)=0. (F.3.17
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Equation (F.3.17) can be viewed as a quadratic equation in |/}, "

with the solutions

Ampn = -f:_i'[ca_s(-“—“fl + co;(”_J_TL)] +
— '_V“‘_”[Cos(mﬂ -+ (05( ] 4-(&) I) (F.3.18)

The maximum value of /\m,,., will occur for m = n =1, and the posi-

tive sign on the radical in equation (F.3.18). Thus we consider

)“” = ra [cos(——) + Cos(J.)J

te S [os(F) + s (B -atomy, 3w

In equation (F. 3.19), let

t=1 [cos(-’}) + cos(—g':)] , (F.3.20)
to get
V A')' = ‘%’ wt + %\/w’*é\__dq-(W‘l) ) (F.3.21)

We must consider two ranges of values of ¢} , depending on the
sign of the argument of the square root function in equation (F. 3.21).

For @?2t® - 4w -1 20, /A, is real and

3 )\.H ! = z’[w‘{z "2.((«7") + wt Vﬂ‘)l"{:l'—‘}-(h}ﬁ)} . (F.3.22)

From equation (F.3.20), we see that t {1, so equation (F'.3.22)

implies



227

I3, | € T [wt-2(w-1) + @ Viw-1) "J = (w-1)%, (F.3.23)

For tdztz -4(w -1)<0, [M.J, is complex and

[ Ay ] =w-1; (F.3.24)

obviously, this condition can only occur for W21, because other-
wise M|,;, would be negative, which is a contradiction. For

0£w¢ 2, equation (F.3.23) implies that

A, < 1. (F.3.25a)
Similarly, for 1 £w £ 2, egquation (F. 3.24) implies that

l[a,,] £ 1. (F.3.25b)

Equations (F'. 3.25) show that the maximum eigenvalue of
the PSOR iteration matrix satisfies the stability condition (F. 3. 9)
for 04£wW¢ 2, so that the iteration scheme is indeed stable.
Richtmyer and Morton (1967) show that, in general, for a compatible
finite-difference approximation to a linear partial differential
equation with constant coefficients, stability implies that the
solution of the finite-difference equations converges to the true
solution of the partial differential equation. Since we have
shown in Section F. 2 that the finite-difference approximation
(F.1.2) is compatible with Laplace's equation, we have now

shown that the PSOR iterative scheme is stable and converges

to the true solution of Laplace's equation.
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F.4 Estimate of the Optimum Relaxation Parameter

The rate of convergence of the PSOR technique depends
upon the value of the relaxation parameter «w . The rate of
convergence can be measured by the magnitude of the largest
eigenvalue )\,” of the iteration matrix; the smaller Mt,alis,
the faster will be the convergence. Thus the optimum relaxation
parameter is that value of « which minimizes |A),;|as given by
equations (F. 3.22) and (F.3.24).

For WX - 4 (tJ-1)>0, equation (F.3.22) defines | A1l
as a decreasing function of & . For & 21:2 -4 -1 0,

equation (F. 3. 24) defines FA i l as an increasing function of & ,

Thus the minimum value of [/\,‘,l must occur for

Wi 4w -1=o0, (F.4.1)

and the corresponding value of ’)\ul is given by equation (F. 3. 24)as
'Ar,l' =W -1, (F.4.2)

The optimum value of & , given by the smaller root of equation

(F.4.1), is

2 - 2Y1 - ¢2

¢4 , (F.4.3)

“Jopt =

and the corresponding minimum value of ”‘l.l' , given by equation

(F.4.2), is

[ Ailenin = @opt -1+ (F.4.4)
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From equation (F. 3. 24) and the subsequent discussion, the

optimum value éf @ must be greater than or equal to unity.
The behavior of “u,r, as a function of & can best be

seen graphically. In the present version of the computer code

for interface motion, I =21 andJ = 11; thus, from equation (F. 3.20),
t =1 [cos ({L'-) + cos (%)] = 0.97416 . (F.4.5)

Then, from equation (F.4.3), the optimum value of the relaxation

parameter is

N - . R 2
e-2y1-¢ = 1.6315 ;

W opt *
p tZ

from equation (F.4.4), the corresponding value of ’)\l_,;l is

Ml .= . -1=0.6315.

min - opt

The function given by equations (¥F.4,1) and (F.4.2), with the
value of t .given by equation (F.4.5), is shown in Figure F.4.1.
The shape of that curve is typical of plots of [A]l versus
for the PSOR iterative scheme (e.g., see Clark and Hansen, 1964;

Smith, 1965).
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Figure F.4.1. The maximum eigenvalue of the iteration
matrix as a function of the relaxation

parameter.
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APPENDIX G. THE COMPUTER PROGRAM FOR SIMULATING
INTERFACE MOTION -- GENERAL DESCRIPTION

G.1 Introduction

The techniques described earlier for simulating interface
motion have been programmed in FORTRAN IV for numerical
evaluation by the IBM 360/44 digital computing system at New
Mexico Tech. A listing of the computer prograrr; is given in
Appendix H. The program consists of a MAIN routine, eleven
subroutines, and a data deck, plus appropriate job control language.

The MAIN routine serves principally to call the subroutines in the

correct sequence, according to the flow chart given in Figure G. 1.1,

The routine also provides for calculation of ¥ = 11’-'1 + YZ’

9 = %), + V), - and 4y = q),), + 4,), ; motion of interface points at

the end of each time step; updating of time, time step, and cycle

counter; and editing to determine if output has been requested during

the current cycle or if the end of the simulation has been reached.
Data are transmitted between the MAIN routine and the varijous

subroutines by way of a single COMMON block, which contains all

of the rnajor parameters which occur in the mathematical theory,

as well as various control parameters. Descriptions of the para-

meters contained in the COMMON block are given in Table G. 1. 1.
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Subsequent sections of this appendix give brief descriptions
of the various subroutines, including flow charts for some of them,
and descriptions of the input andIOutput routines. Each subroutine
is thorougmy documented by way of COMMENT statements, so

detailed descriptions should not be necessary.
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Figure G.1.1. Firw chart for MAIN routine.
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=g t+ qx)z , and
qy y)l+qy)2.atmcsh
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Table G.1.1. Parameters contained in COMMON blocks.

FORTRAN  Math.

symbol symbol Description

IMX I Total mesh points in x-direction
JMX J Total mesh points in y-direction
NMAX N Total number of interface points
KMAX Maximum number of iterations allowed
K K Number of iterations

IMAX Mesh coordinates of maximum residual
JMAX

NREAD Input device code

NPRINT Output device code

NOUT Results printed every‘ NOUT cycles
NCYC n Cycle number

ZERO 0.0

ONE 1.0

TWO 2.0

THREE 3.0

FOUR 4.0

HALF 0.5

QUART 0.25

PI m= 3.14159265

PERM k Permeability of medium

GAMN] Yl Specific weight of lighter fluid
GAM2 YZ Specific weight of heavier fluid

VIS /u.

CBND c

XIN

Viscosity of fluids
Half-width of basic check problem

x-coordinate of initial vertical interface
for basic check problem
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Description

DX

DY
RMAX
OMEGA
EPS
TIME
DT
TSTOP

PROPC

AREAIN
AREA

ABSERR
RELERR
X0(99)
YO(99)
X1(99)
Y1(99)
X2(99)
Y2(99)
SLOPE(99).

SLOPEC(99)

OND

g A< b <

M3 N3 =3 =3 o B

5l

r\?

s

Mesh spacing in x-direction

Mesh spacing in y~direction

Maximum residual

Relaxation parameter

Convergence parameter

Time

Time step

Maximum model time

Proportionality constant for length

of tangent line segment (inversely pro-

portional to interface curvature)

Initial area of flow region occupied by
heavier fluid

Area of flow region occupied by heavier
fluid at any later time

Absolute error = AREAIN - AREA

Relative error = ABSERR/AREAIN

Coordinates of interface points

Coordinates of left endpoints of tangent
line segments

Coordinates of right endpoints of tangent
line seg ments
Slopes of tangent line segments

Slopes of connecting line segments
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‘f—l at interface points

{x), 2t interface points
‘(y), at interface points
o at interface points
W)z at interface points

‘b)_‘ at interface points

Coordinates of mesh points

FORTRAN Math. ' 7
symbol symbol Description
PSIIN(99) ¥

VX(99) 1),

VY(99) W)

PSI2ZN(99) v, v
U2N(99) ),

V2N(99) N

X(40) X3

Y(20) Y }

PSI1(40, 20)
U(40, 20)
V(40, zoj
PSI2(40, 20)
U2(40, 20)

V2(40,20)

IPLOT

?‘1 at mesh points; total .‘(P—l

‘lx),at mesh points; total q,
) at _mesh points; total qy
’QF’Z at mesh points
‘(x)zat mesh points

1y), at mesh points

Plot code, interface plotted if
IPLOT # 0
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G.2 Subroutines

REED. Subroutine REED provides for input of initial data
and system parameters, as well as calculation of the mesh point
coordinates. The data are also output to the line printer so that
they can be verified. The input/output procedures are discussed

in greater detail in Section G. 3.

START. Subroutine START provides for calculation of ‘ﬁi,
1x), » and qy), for the initial interface position. This routine is
problem-dependent, and has been formulated for the basic check
problem. The values of W_l’ %), ,» and 9y}, are determined
from the formulas given in Section 3. 3.

The initial interface fit is shown in Figure G.2.1. The

interface fit consists of a single vertical line segment, connected

to horizontal line segments at the boundaries. The interfacial

segments are also reflected in both boundaries as image interfaces.

The contributions to the line integrals from the horizontal inter-
facial segments are identically zero. Thus, the only contributions
to the line integrals from the initial interface fit are from the
vertical line segment, the two connecting segments, and their
images.

Figure G.2.2 gives a flow chart of subroutine START.
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Figure G.2.1. Initial interlace fit in the computer

model.
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Figure G.2.2. Flow chart frr subroutine START.,.
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.
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INTGRT. Subroutine INTGRT provides for calculation

of 2?’1, fx), . and {,), at all mesh points and at all interface points.

The line integrals are evaluated over the length of the interface,
plus partial image interfaces. Only the first five interface points
are reflected in the lower boundary, and the last five points
reflected in the upper boundary. Figure G.2.3 is a flow chart

for subroutine INTGRT.

BOUND. Subroutine BOUND determines bom;ldary values for
]0’2 from the physical boundary conditions of the problem under
consideration. The boundary values determined are required by
subroutine PSOR. This is a problem-dependent subroutine. The
formulation presented here is for the basic check problem, for

which —’1’-—2 = - 3171 at the boundary mesh points.

PSOR. Subroutine PSOR provides for calculation of 3?'2
at each interior mesh point by the point successive over-relaxation
method. Values of ’FZ at the boundary mesh points are given by
subroutine BOUND, and are required by subroutine PSOR. The
iteration proceeds until the maximum residual RMAX is less
than a predefined tolerance & , or the total number of iterations
K is greater than or equal to a predefined maximum KMAX, Figure

G.2.4 is a flow chart of subroutine PSOR.
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Figure G.2.3. Flow chart for subroutine INTGRT.
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Figure G.2.4. Flow chart for subroutine PSOR.
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DISCAL. Subroutine DISCAL provides for calculation of
finite-difference approximatibns to the derivatives of 7'[/:_2' The
resulting values are the contributions to the specific discharge,
‘Zx),_ and 1y): , resulting from the physical boundary conditions.
In subroutine DISCAL, 9x),and 9y), are calculated only at the

mesh points, using the formulas of Section 3.5,

INTPLT. Subroutiﬁe INTPLT provides for interpolation between
mesh-point values of @F_ ’ 7;(),_, and fy),_ in order to determine values
of these quantities at the interface points. The subroutine makes
use of the interpolation formulas presented in Section 3.6. Figure

G.2.5 is a flow chart for subroutine INTPLT,

. LINFIT. Subroutine LINFIT provides for calculations
leading to a fit of connected line segments to the interface points.
Given the coordinates of the interface points, the subroutine
calculates the slopes and endpoints of the tangent line segments,
and then the slopes of the connecting line segments.

The subroutine allows the lengths of each tangent line
segment to be calculated separately, and placed in the array
DELTA(N). However, maximum and minimum values of § can
also be provided. In the present formulation of the routine,
DELMAX = DELMIN, so that all the DELTA(N) are equal.

Figure G.2.6 is a flow chart for subroutine LINFIT.
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Figure G.2.5. Flow chart for subroutine INTPLT.
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Figure G.2.6. Flow chart for subroutine LINFIT.
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MASCON. Subroutine MASCON provides for calculation of
the degree of mass conservation maintained by the code. This
subroutine is problem-dependent, and has been formulated for
the Easic check problem. The routine calculates the area of the
flow region occupied by the heavier fluid by integrating the
interface fit, and then compares that area with the initial area

occupied by the heavier fluid.

RITE. Subroutine RITE provides for output, to the line
printer, of coordinates of interface points (including image
interface points) and values of ‘!?', 4., and Uy at the interface
points and at the mesh points. The input/output procedures

are discussed in greater detail in Section C. 3.

PLOTIN. Subroutine PLOTIN provides for automatic
plotting of the interface with a CalComp digital incremental drum

plotter. The routine causes each interface point to be plotted, as

well as straight line segments connecting adjacent interface points,

The routine is basically a simple call of the standard CalComp

LINE subroutine.
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G. 3 Input/Output Procedures

Input. Initial data and system parameters are input to
the program in subroutine REED. The data are input from a
deck of punchéd cards, or from a card-image tape or disk
file. The arrangement of the data onthe punched cards is

given below. These data are identified in Table G.1.1.

Card 1, Format 20A4

Cols. 1-80. HEAD(I), I =1, 20. This is a heading which
can be used to identify the problem being studied.

Card 2, Format 1X, I5
Col. 1. Blank
Cols. 2-5. IPLOT, I5.
Card 3, Format 2X, 5I5
Cols. 1>—2. Blank
Cols. 3-7. IMX, 15
Cols. 8-12. JTMX, I5
Cols. 13-17. NMAX, I5
Cols. 18-22. KMAX, I5
Cols. 23-27. NOUT, 1I5
Card 4, Format 2X, 4F10.4
Cols. 1.2, Blank
Cols. 3-12. PERM, F10.4
Cols. 13-22. GAMI1, F10.4
Cols. 23-32. GAMZ2, F10.4

Cols. 33-42. VIS, Fl0.4
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Card 5, Format 2X, 4F10.4
Cols. 1-2. Blank
Cols. 3-12. X(1), Fl0.4
Cols. 13-22. Y(1), F10.4
Cols. 23-32. DX, F10.4
Cols. 33-42. DY, F10.4
Card 6, Format 2X, 3F10.4
Cols. 1-2. Blank
Cols. 3-12. OMEGA, F10.4
Cols. 13-22. EPS, F10.4
Cols. 23-32. PROPC, F10.4
Card 7, Format 2X, 3F10.4
Cols. 1-2. Blank
Cols. 3-12. TIME, Fl10.4
Cols. 13-22. DT, F10.4
Cols. 23-32. TSTOP, F10.4 -
Card 8, Format 2X, 2F10.4
Cols. 1-2. Blank
Cols. 3-12. CBND, F10.4
Cols. 13-22. XIN, F10.4
Card 9, and additional cards as needed, Format 8F710.4
Cols, 1-10, XO(1), Fl10.4

Cols. 11-20. YO(1), F10.4
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Cols. 21-30. XO(2), F10.4
Cols. 31-40, YO(2), F10.4
etc.
In the present version of the computer program, which is formu-
lated for the basic check problem, the initial coordinates of the
interface points, XO(N) and YO(N), are generated in subroutine
START. Thus the data cards for these parameters are left

blank, and read as zeroes in subroutine REED.

Output. Some kind of output - can be generated by MAIN,
REED, RITE, and PLOTIN. If plotting of the interface is requested
by speciiying IPLOT # 0, MAIN generates a rectangular plot of
the boundaries of the flow region, ‘and PLOTIN generates plots of
the interface at the initial time and subsequently every NOUT .
cycles. Output to the line printer is generated by subroutines REED
and RITE; only this output will be discussed in detail here.

Subroutine REED provides for input of initial data and system
parameters, and calculation of mesh point coordinates. In addition,
the routine provides for output of those same data so that they may
be verified. The data, which are identified in Table G.1.1, appear
on the first page of the printed output in the following vider:

Line 1: The heading "INPUT DATA™"

Line 2: A heading, contained in the array HEAD(20), which
identifies the problem being studied.

Line 3: IMX, JMX, NMAX, KMAX, NOUT
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LINE 4: PERM, GAMI1, GAM2, VIS
Line 5: OMEGA, EPS, PROPC
Line 6: TIME, DT, TSTOP

Line 7: CBND, XIN

Lines 8-17: XO(N), YO(N). All of these values are zero
for the formulation of the basic check problem.

Lines 18-21: X{(I)

Lines 22-23: Y(J)
Figure G. 3.1 is a reproduction of the first page of printer output.

Subroutine RITE provides for output of various calculated
data every NOUT cycles. The data are generally printed as tables
of values at each interface point or at each mesh point. For the
basic check problem, with NMA X = 32, the dafa are printed in the
following order:

Line 1: TIME, NCYC

Lines 2-33: XO(N), YO(N). Coordinates of principal inter-
face points.

Lines 34-65: XO(N), YO(N). Coordinates of upper image
interface points. '

Lines 66-97: XO(N), YO(N). Coordinates of lower image
interface points.

Lines 98-129: PSIIN(N), VX(N), VY(N). Strea.a function and
specific discharge components at interface points.
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Lines 130-133: PSII(I, 1)

Lines 134-137; PSII(I, 2)

Values of stream function at
mesh points

- Lines 170-173: PSII(I, 11)
Lines 174-177: U(1, 1)
co Values of q at mesh points
Lines 214-217: U(I,11)
Lines 218-221: V(I,11)
oo Values of qy at mesh points
Lines 258-261: V(I,11)
Line 262: K
Line 263: RMAX, IMAX, JMAX
Line 264: AREAIN, AREA

Line 265;: ABSERR, RELERR

Figure G. 3.2 is a reproduction of printer output produced by

subroutine RITE.
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Figure G.3.1. The first page of printer output, showing

input data and system parameters.
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Figure G.3.2. Sample printer output produced by
subroutine RITE.

(a) Coordinates of principal interface points.
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(b) Coordinates of upper image interface points.
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(c) Coordinates of lower image interface points.
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(e) Values of }_F' at mesh points.
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() Values of q, at mesh points.
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(g) Values of dy at mesh points.
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(h) Miscellaneous information.




50 ITERATIONS

MAXTMUM RESIDUAL = 0.0001AT I = 9 J = 5

INITYAL AREA = 0.0 AREA = 0.0

ABSOLUTE ERRDOR = 0.0 RELATIVE ERROR = 0.0
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APPENDIX H. THE COMPUTER PROGRAM FOR SIMULATING
INTERFACE MOTION -- PROGRAM LISTING
Figure H.1 is a reproduction of the line printer listing
of the FORTRAN IV program which has been developed for
simulating interface motion through a porous medium. This
formulation of the program is specialized to treat the basic

check problem discussed previously.
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Figure H.1l. Listing of the computer program.




[aNeRaNeNaNe]

(@ NeNe]

INTERFACE CODE, BASIC CHECK PROBLEM

%% #*“******a******:r+~***~¢*¢ <ol ok vk ek )
INTER]1 EFFECTS CALCULATION DF TWO-FLULID INTERFACE MUTION
IN PURJ\, MED

BIa, ACCURDINb TG TH” VORTEX THECRY OF G. DE
JOSSTLIN DE JUGNG. THIS IS VERSIGN ONEy AND IS SPECIALIZED
TO SULVE THE BASIC CHECK PROBLEM,

COMMON
[MXy JMX, NMAX KMAXy Ky TMAX, JMA X, NREAD yNPRINTyNUUTZNCYC
LERT, ONF THDy THREE, FOURWHALF WGQUARKT 4, P,

PRJPL,AR BTNy AREAZABSERRyRELEREK,
XCUS9),YO{99), XL{SE9), YL{OS ), X2(99) ,Y2(93),
SLOPELSG) y SLUPEC(SY ), PSTIN{S9) 3 VAITGY) 4VY (G99,
PST2ZN{G) 4,UZN{ST)y VINI93),X{140) Y (20),

20N Wy

COMMON /7 IN/ IPLOT

NREAD=5
NPRINT=6

IERD=0.0
ONE=1.9
Twi=2.0
THREE=3,0
FOUR=4.0
HALE=0.5
QUART=0,25
PI=3.14159265

INPUT INITIAL DATA

CALL REED
NCYC=0
TFLIPLOT LEQ. Q) GO TGO 15
CALL PLOTH{E.,=11,.y=3)
CALL PLOT{Duya54-2)
CALL PLOT(20.4044+2)
CALL PLOT(2044910s,2)
CALL PLOT{O0.4+10.,2)
CALL PLOT{OL30442)
15 CONTINUE

CALCULATE LINE INTEGRALS FCOR INITIAL INTERFACE SHAPE

CALL START
GO TO 50

20 CONTINUE

PLRAQU 1 “AM27V151L NQ)XIN:DX!DY’KHAX:DMEGA,EPS,TIME,DT]TSTGP,

PSIl(éO,ZD),U(éO,EG),V(éOyEO),PSiZ(QO;EO).UE(QO,EO),VE(QO,EO)
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CALCULATE LINE INTEGRALS

CALL. INTGRT

CALCULATE PSI2 AND ITS DERIVATIVES

CONT INUE
CALL BOUND
CALL PSOR
CALL DISCAL
CALL INTPLT

CALCULATE PSI AND THE DISCHARGF COMPONENTS

DO 60 J=1,JMX

DO 60 I=1,IMX
PSIT(Isd)=PST1(I,4J)+PST2(1,d)
UL 4)=U(1,00+U2(1,3)

VITa )=V {TyJ)4V2(1,4)
CONTINUE

DO 70 N=1,NMAX
PSTIN(IN)=PSTIN(NI+PSIZN(IN)
VXINY=VXINMI+UZNIHN)
VY (NI=VY {NY+V2ZNIND
CONT INUE
VY{1)=ZERD
VYINMAX)=ZERD

EDIT

IF(TIME ,GT. TSTUP) GO TO 100

TF(INCYC -RCYC/NOQUT=NQUT) JNFE. 0) 65 TO 30
CALL RITE

IF{IPLOT .EQ. O} GO TQ 75

CAtL PLOTIN

CONTINUE

CONT INUE

BEGIN NEW CYCLF

TIME=TIME+DT
NCYC=NLCYC+]

M2 50 N=1,NMAX

XOUINY =XO{NI+DTHVYX{N)
YO(N)=YO(N)+DTHVY(N)
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90 CONTINUE

100

105

O~ O P

DT =

1.05%DT

DETERMINE NEW INTERFACE FIT

CALL LINFIT

CALCULATE DEGREE OF MASS CONSERVATION

CALL MASCON

1
[

T0 20

CONT INUE

CALL RITE

IF{IPLCT JEQ. T) 560 TO 1072
CALL PLOTIN

CONTINDE

IF{IPLOT LEQ. Q) GO TO 105
CALL PLOT{(20.,—11.,99%)
CONTINUE

CALL EXIT

END ‘
SUBROUTINE REED
S e Aot sk e oo etk 2l P st sl i S o e e o vosio s o o ol o e b ¥kolo el

REED EFFECTS INPUT AND ECHO OF INITIAL DATA AND

COMMON

IMX g JAX G NMAK KMAX ¢ Ky TMAXy IMAXy NREADyNPRINTZNGUT,NCYL

LERDy UNE s TwDy THREEZFOURYHALF yQUART 4 P1,

PERMy GAML s GAM2 y VIS, CONDy XINs DX DY s RMAX yGHEGA s EPS, TIMEZDT,TSTEP,
PROPC,AREAIN,ARFEA,ABSERR,, RELERR,

XO{U99) , YOUGY ), X1(OD)y YIL93) 4 X2(99) ,Y2(99),

SLOPE(RG), SLOPECISY ), PSIINISY) ,VX{59) ,VY(9G),

PSTIZN{2G) ,U2N(G9) ,VN{99) 4 X(40),Y(20),
PSTL(40,20),U(30:20)5VE40520),3P512(404520)43U02(40,20),V2(40,20)

COMMUN 710/ TPLDT

DIMENSION HEAD(Z20)

READINREAD,S500) (HEAD(LI), I=1,20)
READINREAD,630) IPLOT

RE

ADINREAD, L1O0) THXydMidy NMAX s KMAX, NOUT

REA

DINREADS150) PERM,GAMLyGAM2,VIS

READINREAD,1L50) X(L)»Y({L)DX,0Y
READINREAD,,250) UMEGA, IPS,PRCPC
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KEAD(NREAD,250) TIME,DT, TSTOP
READ(INREAD,300) CBNDyXINM
READ{NREAD,350) (XOIN), YO(N), N=1 s NMAX)

LG 10 I=2,1MX
X{I¥=X{I-1)+DX
CONTINUE

DD 20 J=2,4MX
Y{J)=Y(J-1)}+DY
CONT INUE

ARITE(NPRINT,50)
FORMATAYHL o/ /7 /77 7/ 520X, LOHINPUT DATA)

WRITEINPRINT,505) (HEAD(I)}, 1=1,20)
WRITEUNPRIMT 101 )Y ITMX,JIMX, NMAX,KMAX s NOUT
WRITE(NPRINT,151) PERM,GAMI,GAM2,VIS
WRITELNPRINT 3251 ) OMEGAEPS, PROPC
WRITE(MPRINT251) TIME,DT,TSTOP
WRITE{NPRINT,301) CBMD,XIN
ARTTEANPRINT 400) { XCUN)y YOUN) s N=1,NMAX)
WRITE(NPRINT,400) (X{T),I=1,1#X)
WRITEINPRINT,,400) {Y{J),d=1,IMX)

FORMATIZ2X,515)
FORMAT{20X:515)
FORMATIZX,4F10.4)
FORMAT{20X,4F10.4)
FORMAT(2X,3F10.4)
FORMAT(20X43F10.4)
FORMAT(2X,2F10.4)
FORMATI20Xy 2F10.4)
FORMAT(8F10.4)
FORMAT(2EX 81Xy 10.4)/(F30,4,TILIX,Fi10.4)))
FORMAT{20A4%)
FORMATIL///725X,2044%)
FORMAT(LX,15)

RETURN
END
SUBRDUTINE START

e o 30 ¥ K ol ST sl sk Mol ok YR s ol i ol ol 3ok ok ek

START CALCULATES PSIl, QX, AND QY FOR THE INITIAL
INTERFACE PCSITION

STARY IS PROBLEM-DIPENDENT. THE FOLLOWING ROUTIME
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IS FOR THE BASIC CHECK PROBLEM. IF THE INITIAL INTFR-
FACE HAS NO VERTICAL SwWGMENTS, AND IS HORIZONTAL AT
THE BOUNDARIES, START IS NUT NEEOFD, EXCEPT POSSIBLY
TO CALCULATE THE INITIAL COORDINATES OF THE INTERFACE
POINTS,

CBND IS5 THE HALF-WIDTH OF THE BASIC CHECK PROBLEM,
XIN IS THE X-COORDINATE OF THE INITIAL VERTICAL INTER-
FACE DF THE BASIC CHECK PROBLEM. SEE SUBRUUTINE INTGRT
FOR THE DSFINITIONS OF THE OTHER VARIABLES USEDR HERF,

COMMON
TMXy JMX G NMAY, KMAX Ky IMAX 3 JMAX, NREADZNPRINT, NOUT 4 NCYC,
Z[‘.PJ' ONEyTNOQTHREE, FGUF‘,HALry WUART ’P.[ [)

PROPC y AREATH,AREA)ABSERRyRELERR,
X0{99),Y0(99)y X1{99),Y1(S93),X2(95),Y2{99),
SLAOPE(SG5) ,SLOPEC(99), FSIIN{SG),VX{9G) ,VY{9T),
PSTENTD9) yUZNLID) y VIN{SD) 3 XLAD) 2Y{20),

NMl=NMAX-1
NHMX3=32NMA X
COERFF=—HALF*PZRM* (GAMZ-GAMLII/{PI*VIS)

CALCULATE INITIAL COCRDINATES OF INTEKFACE POUINTS
DELTA=0.005

XO{1)=XIN=-TWO%DELT A
YOU1)=-CBND
AOLNMAX ) =XIN+TRO®DELTA
YO (NMAX)=CBND
NM2=NMAX -2

NM3=NMAX-3

NM4=NAAX -4

ANM=NM4
DYN=(YO{NMAXY-YO({1)})/ANM
X021 =XIN
YO{2)=-CRND+QUART #=DYN
XO{3)=XIN
YOU3)=—CRBND+HALFE®*DYN
XO(NMII=XIN
YO{NM1)=CRBND-QUART *DYN
XO{MM2)=XIN
YOINMZ2I=CBND-HALF*DYN
DI 10 N=4,NM3
XO{NY=XIN

PERMy GAML yGAMZ y VIS, CBNDy XINy DX 4UY yRHAX,UMEGALEPS, TINE, DT,TSTOPR,

PST1(40:201,0040,20)9vI40,5,20),P312(40,20),U2(40,20),v2(4
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YOINI=YO(N-1)+DYN

CONT INUE

DO 20 N=1,pNMAX
MN2=NMAX+N

NZR=NMAX-N+1
XOIN2)=X0{N2R)

YOUNZ ) =TWOXYO(NMAX)-YO{NZR)
N3=2&NMAX+N
XOU{N3)=X0 (M)
YO(NZI=TWO*YO(1)-YOU(N)
CONT INUE

CALCULATE ENDPOINTS AND SLCPES OF CONNECTING LINF SEG-
MENTS AT ENDS OF INTERFACE

X211 )=X0{1)}+DELTA

Y2{1)=Y0(1)

A1121=X0(2)

YI{2)=YO{2}-DELTA
SLOPECHL)={YL(2)~-YZ{1))/ (X31(2)-X2(1}))

X2 (NM1)=XO(NM])
Y2INML)=YO(NM1)+DELTA
X1 (NMAX) =XO(NMAX) =DELTA
YLINMAXY=YQ({ NMAX)
SLOPECINMLY= (Y1 (NMAX)=Y2 (NML) )/ (X1 (NMAX)=X2{N%1))
X2 {NMAX+1)=X0{NMAX+ LY =DELTA
Y2(NMAX+L)=YU({ NMAX+1)
X1 ANMAY+2 ) =XOLNMAX+2)
Y1 INMAX+2)=YO(NMAX42)=DELTA
SLOPFCINMAXFLI=(Y] (NMAX+2) =Y2 (NMAX+L) )/ (XL INMAX+2)=X2 [NMAX+1))
X2 (25 NMAX =1} =X0 (2% NMAX=1)
Y2 (25NMAY-1) =Y 0 (2%NMAX-1 ) +DELTA
X1(2%NMAX) =XO( 25NMAR) +UELTA
Y1 (2%NMAX) =Y O( 2HNMAY )
SLUPEC{2#NHAX—1)= (YL{2%NMAX) ~Y2 (2%NMAX=1 )3/ {X1 {25 NMAX ) -
X2 { 2% NMAX 1) )
X2 {25 MMAXHF LY =XO {25 NMAX+] ) +DELTA |
Y2 {24NMAX+1) =YO(2%NMAK+] ) |
XL{27NMAX42) = X0 (2 %NHAX+ 2 ) |
Y1 (2%NMAX42)=Y0( 25 NMAK+2) +DELTA |
SLOPEC(2*NMAX+1 )= { Y1 {2HNMAX4D ) =Y2 { 2%NMAX+1) )/

(X1 (25NMAX+2 ) - X2 (2HNMAX+1))
X2A3%MNMAX -1 ) =XO{3%NMAX~1)
Y2 (3%NMAAX~1) = YO 3%NMAX-1 ) ~-DELTA
XLE3ENMAX )= XO (3 NMEX)-DELTA
Y1E3ENAAX )= YO 3FNMAX)
SLOPECH3FMNMAX-L Y= {YL{ZENMAX) Y2 {3HNMAX-1 1))/
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{XT{3ENMAX)=X2{3%NMAX=1))

CALCULATE PSIly U, AND V AT MESH PUINTS

D0 100 I=1,1IMX

DO 100 Jd=1,44X

SUMI=ZERQ

SUM2=7ZERD

SUM3=7ERT

DXIN=XIN-X(1)
DXSQ=DXIN*DXIN

DO 30 L=1,3

GO T (21,22+23), L
DY1=Y2{NML)-¥Y{J)
DY2=Y1{(2}-Y(J}

GO TO 24
DY1=YZ{2%MNMAX=1)-Y (J)

DY Z2=Y1{NMAX+2)~Y(J)

GO TD 24
DY1=Y1{2%8MAX+2)-Y(J)
PY2=Y 2{3=NMAX~1 )~ Y(J)

DY 15Q=DY1%xDY1
DY2SQ=DY2%DY2
ARGL=DXSQ+0Y 1879
ARG2=DXSG+DYZSQ
ARG3=DYL/DXIN
ARGA4=DY2/DXIN
F1=ALDGLARGL)
F2=ALOGLARG2)

F3= ATAN{ARGL4)— ATAN(ARG3)
GO T (25,264,277}, L
SUML=SUMI+DYI=Fl-DYZ*F7-TROX{Y2INMLYI=Y1{ 2} +DXINKER)
SUM2=SUM2+F3
SUM3=SUMI+HALF*{F2-F1}

GO TO 28

SUMI=SUAL-DY1=F L+ DY2H*FZ+THORLY2 {25NMAX—L ) =YL INMAX+2)+DX IN®F3)
SUHMZ=SUM2~F2
SUMB=SUMI-HALF®({F2-F1;

GO TG 28
SUML=SUMI-DYI®F14DY25F 24 THWOH{YL(2HNMAX+2) =Y 2 { 3ENMAX-L)+DXINYF3)
SUM2=SUM2-F3
SUMA=SUMI-HALF*{F2=F1)
CONT I NUF

0 CUNT ITNUE

DO 50 L=1,6
GOTU (31s32533434,435,36), L
N=1
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GG TO 40

N=NM]

GC 70 40

N=NMAX+1

GU TO 40

N=2%NMAX-1

GC YO 40

N=2NMAX+1

GO TO 40

N=23ENMAX -1

CONT INUE

CHECK=YL ) =YZ{IN)=SLOPECINI*{X (I )=X2(N) )
DELXI=XT{N+L)=X(T)
DELXZ2=X2(N)-X{1)
DELXX=X1{N+1}=-X2(N)
DELY2=Y(J)~-Y2(N)

~L=0ONE+SLOPECINIZSLOPECIN)
F2=SLOPEC{N)/F1
F3=SLOPEC(N)RF2
Fa=S1LOPECIN)*DELXZ
F5=SLOPEC{N)Y*DELX]
FH=CHECK-F4

FI=CHECK-F5

FB8=F3x(HECK

FO=F2%CHECK

ARGI=DELXL=DELXI+FTHFT
ARG2=DELX2*DELX2+DELY2¥DELY?

ARG3=—{F 1*DELX1-SLUPEC{N)*CHECK) /CHECK
ARGA=(DELX2-SLOPECINI*DELYZ )/ CHECK

F10= ATAN(ARG2)+ ATAN(ARGA)
FL11=ALOGCARGT)
F12=ALDG{ARG2)

TERML=(FS5=-F8)¢FL1+F2% (SLUPEC (M) #NDELY2-DELX2) %F12
~TWO* (SLOPECIN) SUELXX4F2%CHECK*F10)

F13=HALF%(F12-F11)

TERM2=F24F13+F 2%F 10

TERM3=F3%F13~F2%F10

IF(L «GE. 3) GO TO 45
CONT INUE
SUMI=SUMLI+TERM]
SUMZ=SUMZ+TERM2
SUM3=SUMIZ+TERM3

GO TO 50
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45 CONTINUE
IF(L «GE. 5} GO TO 42
SUMLI=SUMI-TERML
SUMZ2=5UMZ2-TERM2
SUM3=SUM3-TERM3

50 CONTINUE

PSILAIyJ)=HALF*COEFF*35UM1
ULTyJ)=-COEFF=Sym3
VI{TyJ)I=CCEFF¥SUM2

100 CONTINUE

CALCULATE PSIL, VX, AND VY AT INTERFACE PUINTS

D0 200 NN=14NAAX
SUML1=Z7ERD
SUM2=Z2ERD
SUM3=Z7ERD
DO 120 L=1,3
GO TO (102,1044106), L
102 DY1=Y2 (NML)I-YOINN)
DYZ=Y1{2)-YO{NN)
GO 1O 110
104 DY1I=Y2(2%MNMAX-1)=YG{NN)
DY2=Y1{NMAX+2) =YD (NN
GC TO 110
106 DY I=YL(2=NMAX+2 ) -YOINN)
DYZ2=Y2(3#NMAX~1)-YOINN)
110 CONTINUFE
DY150=0Y1=DY]
DY2SQ=DY2xDY2
F1=ALOG{DY1SQ)
Fe=ALUGL0Y25Q)
GO T (1124114,116), L
112 SUM1=SUW1+DYL*F1“UYZ*F2—TWU*(YZfNMl)‘Yl(Z’)
SUM2=5UM2
SUMB=SUMR+BEALF®(F2~F1)
GO TO 120
114 SUMIZSUMI“DYI*Fl+DY2*F2+TWG*(Y2(Z*NMAX“l3‘Y1(NN&X+2))
SUM2=SUM?
SUM3=SUM2~HALF=(E2~F1)
GO TO 120
116 SUML=SUMI-DYI%F140DY2RE2+ TR FAYLA{ZENMAXAZ2 ) =Y 2 {3 :NMAX~1) )
SUM2=5iM2
SUM3=SUM3=-HALFx{F?-F1)
120 CONTINMUE
D3 1%0 L=1,6
GO T (121, 122,12241244125,128), L
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N=1
GO TO 130

 N=hM1

GO TO 130

N=NMAX+]

GO TO 130

N=2%NMAX-1

GO T0O 130

M=2%NMAX+1

GO TO 130

N=3%NMAX~1

CONTINUE
CHECK=YO{NN)-YZ{N}~-SLOPEC{N)
DELXI=X1{N+1)-XO{NN)
DELXZ=X2{N)=-XO{NN)
CELXX=X1{N+1)-X2(N)
DELYZ=YOWN)-Y2{N)

F1=ONE+SLOPECIN)#*SLOPEC(N)
F2=SLOPECIN)/F1
F3=SLOPEC(N)*F2
F4=SLOPEC(N) *DELX2
F5=SLNPEC(N)*DELX1
Fo=CHECK=F4

F7T=CHECK-F5

FB=F3%CHECK

FO=F2*CHECK

ARGI=DELXIHODELX1I+F7%F7
ARGZ=DELX2*0EL X2+DELY2Z®DELY?2

FAXO{INNYI=X2{N})

ARGA==(F1#*DELXL-SLOPEC(NI*CHECK)/CHeCK

ARGG=({DELX2=-SLOPECIN)=LELY2)
F10= ATAN{ARG3}+ ATAN{ARG4H)
F11=ALOG{ARG])
F12=ALOG{ARG2)

TERMI=(F5-FB)%F114F25{SLOPEC

/CHECK

{(M)*DELYZ-DELX2)*F12

~THOR{SLOPECIN) #DELXX+F2RCHECKHFLU)

Fl3=HALF#{F12~F11)
TERM2=F2%F 3 +F3%F 10
TERM2=F3*F13-F24F 10
IF(L .GE. 3) 60 TD 135
CONT INUE
SUML=SUMI+TERML
SUM2=SUMZ+TERM2
SUM3=SUM3+TERM3

GO TN 150
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CONT INUE

IF{L .GEs 5) GO TO 132
SUM1=5UM1-TERM]
SUM2=SUUM2-TERMZ
SUM3=SUM3-TERM?3
CONTINUE

PSTIIN{NN}=HALF®*COEFF*SUM]
VX{NN)=-COEFF=SUM3

VY {NN)=COEFF*SUM2

CONT INUE

RETURN
END
SUBROUTINE INTGRT
¥ 2o e s s s s Yook sl e ik ko sk sk ok ot e R Ao ol R g v e e xe

INTGRT PROVIDES EVALUATION GOF THE LINE INTEGRALS
ALONG THE INTERFACE IN ORDER T0O DETERMINE PSI1 AMD
THE COMPONENTS OF THE SPECIFIC DISCHARGE AT EACH
MESH POINT AND AT EACH INTERFACE PUINT.

INPUT DATA %
XOINY, YOUN) —— COORDINATES OF THE INTERFACE POINTS
NMAX —— TOTAL NUMUER OF INTERFACE POINTYS
X1{MY,y YLIN), —— COGRDINATES OF LEFT ENDPUOINT UOF TAN-
GENT LIMNE SEGMENT AT XO(M}, YOI{N)
X2{NYy Y2{N) -— COORDINATES 0OF RIGHT ENDPOINT OF
TAMGENT LINE SEGMENT AT XO(N}, YOUIN)

SLOPE(N) ~— SLOPE OF TANGENT LINE SEGMENT AT
XO{N), YOUMND
SLOPEC(N) -— SLGPE OF LINE SEGMENT CONNECTING

POINTS X2UNY, YZ{N)} AND XL(M+1l), Y1{nN+1)
XTIy, Y(J) -~ CUOORDINATES 0OF MESH POINTS

IMX == TOTAL MESH POINTS IN X-DIRECTION
JMX —-— TUTAL WMESH POINTS IN Y-DIRECTION
PERM =~ PLRMEARILITY OF THr MEDIUM

GAMLy GAMZ2 —— SPECIFIC WEIGHTS CGF THE TwD FLUIDS
VIS == (EQUAL) VISTD2SITY OF THE Tw3d FLUIDS
Pl -~ CONSTANT PI=3.141532465

QUTPUT DATA ==
PSIL{I,J) —— VALUE CF PSTL AT X(I)sy Y{J)

U(Tsd) —— VUORTEX CONTRIBUTION TU QX AT X{1), ¥Y(i1)
V{Tysd) == VURTEX CONTRIBUTION TO Y AT X{I}, Y{U)
PSTININ)  ~— VALUE CF PSI1 AT XO(N), YOUN)

VXAN) =— VORTEX CUMTRIBUTION TGO QX AT XO0(N), YOU(N)

VY {N) == VORTEX CONTRIBUTION TO QY AT XO{nN), YOIN)
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NOTE —-=- QX AND Qv AKE COMPONENTS OF SPECIFIC DIs-
CHARGE AND MUST 8E OIVIDED BY THE PORGSITY
TO GIve THE LOCAL AVERAGE VELUCITY, WHICH
GOVERNS THE INTERFACE MUTION.

OTHER VARTABLES =%

TERML —— INTEGKAL OVER ONE LINE SEGMENT IN CALCULA-
TION OF PSIL BR PSIIN
TERM2 -- INTEGRAL CGVER ONE LINE SEGMENT IN CALCULA-

TION OF U OR VX
TERM3 ~— INTEGRAL OVER ONE LINE SEGMENT IN CALCULA-
TION CF ¥ 0OR VY

SUMl —— SUMMATION UF TERML
SuMz —- SUMMATION OF TERM2
SUM3  —— SUMMATION OF TERM3Z
COEFF —— MULTIPLIED BY SUMl, SUMZ, SUM3 TO

"OBTAIN PROPER VALULcS OF STREAM FUNCTION AND
SPECIFIC DISCHARGE CUMPONENTS,

NOTE —- EXPRESSIONS LIKE DELX1, Fl, AND ARGl ARE
INTRODUCED TO AVOIL THEIR DUPLICATE (CALCU-
LATION
COMMON

TMXyIJMX G NMAXy KMAX s Ky TMAX,y JMAX, NREAD,NPRINTyNOUTyNCYC,

ZERDyONE, TWOy THREE, FOURSHALF s QUART 4P 1,

PERMyGAMYL »GAMZ y VIS, COND 4 XIM,yDXs DY s RMAXyDAEGAEPS, TIME, T, T5TOP,
PROPC s AREAINyAREAyABSERR yRELERE,

X099, Y0(S2) 3 X1{99)yY1LUS3),X2(99),Y2(59},

SLCPE(GI) ,SLOPEC(O9S) 4 PSTINISG) s VX{99),VY(GT),

PSIZN(IG) yLUIZN(9T) yV2NIS9) X140 4¥ {201},
PSTI1{40,20)yU(50,20)1,VE40,20),PS12040,20)U2(40,20),V2(40,20)

NMl=NMAX-1
NMXZ=NMAX+5
NMX3=NMAX+10
CALCULATE COEFF
COEFF==~HALF*PERMY (GAM2-GAML )/ (PI%VIS)
CALCULATE PSILly Uy, AND V AT EACH MESH POINT

DO 100 I=141IMX
0O 100 J=1,JMX

SUM INTEGRALS OVER TANGENT LINE SEGMENTS
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CALCULATE TINTEGRAL OVER NTH LINE SEGMENT

DO 50 Ne=l,NMX3
CHECK FNR ZERD SU

TF{SLCPE(N).EQW.ZEROG) S0

OPE

T3 45

CALCULATION FOR NONZERD SLOPE

CHECK=Y(J)=YOUN}=SLOPTIN)={X(I)-XO(N))

DELXI=X1{M)-X{1}
DELXZ2=X2(N)-X{TI)
DELXX=XZ2{N)-X1{M)

Fl1=0NE+SLOPE(N)*SLOPE (N
F2=SLOPE(N)/F1
F3=SLOPE{N)=F2

CONT INUE

CHECK FOR X{I), Y{J)
IF(CHECK.EQ.ZERDY GO TO
X{I1)s Y(J) NOT ON LI

F4=SLUOPE{NI*DELX2
Fo=SLOPEAN)=DELX]
F&6=CHECK-F 4
F7=CHFCK-F5
F8=F3=CHECK
F9=F1/CHECK

CONT TRUE

ARGL=DELX2%DELX2+FE&%FS
ARGZ=DELXI*DELX1+F7xF7
ARGI=SLOPEAN)-FI*xDELXZ
ARGA=SLOPE(NI-FIxDELX]
CUNTINUE

CALCULATE TT&aM1,

)

LYING

30

ON LINE

NE SEGMENT

TERMZ

TERM3
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F10= ATAN(ARG3)- ATAN{ARG4)
F11=ALOG{ARG])
F12=ALOG{ARG?2)

CONTINUE

TERMI=(F4—~F8)*F11~{F5=FB)*F12-TWO*{SLUPE(N) *DELXX
1 +F2*CHECK*F10)

F13=HALF#{F1Z-F11)
CONTINUE ——

TERM2=F2%F13+F3%F10 g
CONTINUE

TERM3=F3%F13~F2%F10
O TO 48

X{1)y Y{J) LIES ON LINE SEGMENT
CONT INUE

RDXISQ=DELXI=DELX]
DX25Q=DELX2%DELX2

F4=DX25Q/DX15Q
Fo=HALF*ALOG(F4)

CALCULATE TERML, TFRM2, TERM3

TERMI=SLOPEIN)I={DELX2%ALOG(F1*DX2SU) -DELXLI*ALOGIF1=DX1S0Q
1 “TWODELXX)

TERM3=-F3%F5

CALCULATION FOR ZERD SLOPE. ALL INTEGRALS ZEROD.
CONTINUE
TERMI=ZERD
TERMZI=Z2ERD
TERM3=LERD

SUM ALL TERMS
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CONT INUE

IF{N ,GT. NMAX) 5G TC
CONT INUE
SUM1=SUMI+TERMI |
SUM2=SUM2+TERM2
SUM3=SUM3+TERM3

GO TQ 59

CONT INUE

IFIN GT. NMXZ) GO TO
SUML=SUM]I-TERML
SUM2=SUMZ2-TERM?2
SUM3=SUM3-TERM3

CONT INUE

CALCULATE INTEGRAL
DO 90 N=1,NMX2
ITFIN .E£Q. hMaX)

IF(N LEQ. NMX2)
TR{N +EQ. NMX3) (

&

TQ
1 TC
0 70

Gy Qv @Y

r

CHECK FOR ZERO
TF(SLOPECIN) «EQs ZERD)

CALCULATION FO

277

4G

a7

OVER

S0
G0
Ga

NTH CONNECTING LINE SEGMENT

SLOPE

G0 TO 85

R ONUONZERD SLOPE

CHECK=Y{(J)-Y2INI-SLOPECENY=IX{TI-X2(N))

DELXI=X1(N+1])-X{1)
DELXZ2=X2{N)}-X(1)
DELXX=X1{N+1)-X2(N)
DELYZ=Y(J}-YZ2(N)

F1=0ONE+SLOPECINIXSILOPE
F2=SLOPECIN)/FY
F2=SLOPEC{N}I=*F2
F4=SLOPECINI¥DELX?
FS=SLOPECINI*DELX]
CONTINUE

CHECK FOR X(I)y Y{J
IF(CHECK.EQ.ZERD) GO T

X{I)y Y(J) NOT ON L

CIN)

) LYING ON LINE SEGMENT

g 70

INE SEGMENT
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F6=CHECK~F4
FT=CHECK~-F5
FB=F3%(CHECK
FOo=F2%CHECK

54 CONTINUE
ARGL=DELXL1*DELX1+FT7>F7
ARGZ=DELX2*DELX2+DELYZ2*DELY2
ARG3=—{F1%#DELX1-SLOPECIN)*(HICK) /CHECK
ARG4=(DELX2-SLOPECIN)XCELYZ) /CHECK

56 CONT INUE
F10= ATAN{ARGZ)+ ATAN{ARGY)
Fli=ALDOG{ARG])
F12=ALOG{ARG2)

58 CONTINUE

CALCULATE TERM1, TERM?2, TERM3

TERMI=(FE-FB)IFFLLI+F2=(SLOPECIN)=DELYZ-DELXZ)®F1?
1 ~THWOR(SLOPECIN)®DELXX+F 2FCHECK®F10)

60 CONT 1 NUE
F13=HALF*({F]12~F11)

TERMZ=F2%F13+F3%F 10
TERM3=F3%F13-F2%F 10
GO TO 23
XO0LYy Y(J) LIES ON LINE SEGMENT
70 CONTINUE

ARGI=F1+DELXI*DEL X1
ARGZ2=DELX2*DELX2+DELYZ%HDELY?2

F&=ALOG(ARGL)
F7=ALOGLARG2)

CALCULATE TERM1, TFRMZ, TERM3
TERMI=FO%FO-F4%FT-TWORSLOPECIN) *DELXX

Fe=HALF* (FT~F6)
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TERM2=F2#F8
TERM3=F3%F3g
GO TO 88
CALCULATION FOR ZERM SLOPE.

CONT INUE

TERM1=Z8R0
TERMZ=ZERD
TZRM3=ZERD

SUM ALL TERMS

CONT INUE
IF(N .GT. NMAX) GO 10 #9

CONTINUE

SUM1I=SUMI+TERM]L
SUM2=5UMZ2+TERMZ
SUM3I=SUMB+TERM3

GO TQ 90

CONTINUE

IFIN .GT. NMXZ) GO TO &7
SUML=SUMLI~TERM]
SUMZ=SUM2-TERMZ
SUM3=SUM3-TERM3

CONTINUE

CALCULATE PST1, Uy AND V
PSTI1(I+Jd)=HALF*COEFF®EUML
U{Tyd)=—COEFF*SUM3
VII4d)=COEFF=SUM2

CONT INUTG

CALCULATE PSIIN, VXy AND VY AT EACH

DO 200 NN=1,NMNMAX

SUM INTEGRALS UVER TANGENT LINE

SUML=ZERD
SUM2=7%RQ
SUM3=ZERD

ALL INTEGRALS ZERD.
|
l
|

i
1
RFACE POINT

SEGMENTS
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CALCULATE INTEGRAL
0O 150 N=1,NMX3
CHECK FOR ZERO
IF(SLOPE(N).nEs ZERD)
CALCULATION FU

TERM1=7ERD
TERMZ2=7ERD
TERM3=ZERD
G0 T2 140

CALCULATION FO
CONTINUE

FI1=ONE+SLOPE{(N)I*SLOPE(
F2=SLOPE(M)/F1
F3=SLOPE(N)*F2

DELXI=X1(N}-XO(NN)
DELXZ2=X2 {N}-XO{NN)
DELXX=XZ {N]-X1{N)

DX1SQ=NELX1*DELXL
DX23Q=DcLX2*DELXZ

F4=0X25Q/0X154
FOS=HALF=ALDG(F4)

TERMI=SLOPE(N) = (DELX2®
1 ~TWN#EDE LXX)
TERMZ2=-F2%F5
TERM2=—F3%F5

SUM ALL TERMS

CONTINUE

IF(N ,GT. NMaX) GO TO
COMT INUE
SUMI=SUMI+TERM]
SUMZ=SUMP2+TERMZ2
SUM3=SUM3+TERM3

GO TO 150

280

OVER NTH TANGENT L INE SEGMENT

SLOPE

GC TO 120

R ZERO SLOPE

K ONONZERO SLCOPE

N

ALOGIFLI*DX23Q) ~DELXL*ALOG{F1*DX]1SQ

145

)
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145 CONTINUE
TF{N »GT. NMX2) GG TO
SUMI=SUML-TERM]L
SUM2=SUM2-TERM2Z
SUM3=5UM3-TERM2

[
E
[

150 CONTINUE
CALCULATE INTEGRAL DOVER NTH CONNECTING LINE SEGMENT

DO 190 N=1,NMX3

IF(N .ZQ. NMAX) G0 TO 1990

IF{N. JEQ. NMXZ2) GO TO 190

IF(N LFQ. NMX2) GO TO 190

CHECK FOR ZERD SLOPE
IF{SLOPECIN) WNEJZERDY G0 TO 170

CALCULATION FOR ZERD SLOPE

o

TERMI=ZERO
TERM2=ZERD
TERM3=7ERD
GG TO 180

CALCULATION FOR NONZERTD SLOPE
170 CONT INUE
CHECK=YO{NN]}-YZ{N)-SLOPECIN)I={XO{NN)-X2(N))

DELXI=X1(N+1}-X0(AN)
DELXZ=X2 {N)~XC{NN)
DELXX=XL(N+1)~X2{N)
DELY2=YD(NN}=-Y2(H)

F1=0ONE+SLOPEC(N)*SLOPTCIN)
F2=SLOPEC(N)/F1
F3=F2%5LOPEC(N)
F4=SLNPEC(N) *DELX2
FS=SLOPECIN) #DELXL
FE=CHECK-F4

F7=CHECK~F5

FB=F3*CHECK

Fo=F2%CHECK

ARGL=DFLX1#DELXL+FTRFT
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ARGZ2=DELX2*DELX24DELY2=DELY?
ARG3==(FL1*DELX1-SLOPEC(NIHCHECK) /CHECK
ARGA=(DELX2-SLOPECIN)=DELY2) /CHECK

F10= ATAN(ARG3 )+ ATAM{ARGS)
F11=ALOG{ARG1)
F12=ALOG{ARGZ)

TERMI={F5=~F8)%FL1+F2%(SLCPECIN)*DELY2~DELX2)%F12
1 ~TWO*{ SLOPEC (N) *DELXX+F2%CHECK®F10 )

F13=HALF*{F12~F11)

TERMZ=F2%F13+F3%F 10

SUM ALL TERMS

182 CONTINUE
[F(N .GT, NMAX) GO TO 185
182 CONTINUE
SUMI=SUMI+TERML
SUM2=SUM2+TERMZ
SUM3I=SUM3+TERMR
G T 190
185 CONT INUE
IFIN JGT. NMX2) GG TG 182
SUMI=S5UM1-TERML
SUM2=5UuMzZ-TERMZ
SUM3=SUMZ-TERM3

190 CONT INUE
CALCULATE PSI1M, VX, AND VY
PSTIN(NN) =HALF¥COEFFxSUMY
VXLNNY=-CREFF=SUM3
VY INNY=COTFR=5UM2
200 CONTINUE
KETURN
END
SUBROUTINE BOUND

P T IR Pl AR RIEY PR S A PP S ls sl e b rafe e By e e P L Ja P )
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BOUMD DETERMINES BOUNDARY VALULS FOR PSIZ2 FROM THE
PHYSICAL 30UNDARY CONDITIONS OF THE PROBLEM UNDER CON-
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SIDERATIONM., THE BOUNDARY VALUES DETERMINEZD ARE REQUIRED
BY SUBROUTINE PSOR,
THIS IS A PROSBLEM-DEPENDENT SUBROUTINE.

THE FOLLOWING RODUTINE IS FOR THE BASIC CHECK PROBLEM
FOR WHICH PSIZ2=-PSI1 (N THE BOUNDARIES GF A RECTANGULAR
REGIGN.

COMMON
IMX g JMX G NMAX G KMAX Ky IMAX ) JMAX yNREADZ NPRINTyNOUTSNCYC,
ZERG, ONEy TWO s THREE FOURsHALF,QUART 4P,
PERMyGAMI yGAM2 3 VIS, CBNDy XINy DXy DYy RMAX,OMEGAZEPS, TIME,DT,TSTCP,
PROPCYAREAINJARTAZABRSERRyREL ERK,
XO(99 )Y, ¥0(22) y X1(93) 4 Y1(ST )}, X2(93)+¥2(959),
SLOPE{92) ,SLOPECIS9) 3 PSTINIOG) ,WX(S2),VY(39),
PSIZNI9Y) JUZN{S8) V2N{99) 3 X(40),Y(20),
PSIL(40,2CY,0040,23)1, V140,201 ,PS12(40,201,U2140:20),v2(40,201

DO 10 [=1,1IMX
PSi2{1,1)=-PST1(I,
PSI2{I1,4JdMX)==-PST1{
CONT INUE

20 20 Jd=1,JMX
PSI2(1,Jd)Y=-P3511({1,J)
PSI2(IMXyd)==PSI1{IMX+J)
COMTINUE

RETURN

END

SUBRGUTINE PSOK

e 2ok ok sl AR X Reol s v sl e e vk v e e i o e sk ok e M A MR ok

PSOR CALCULATEZS PSIZ2 AT FACH MESH POINT BY THE POINT
SUCCESSIVE QVERRELAXATIOCN (PSCR) MoTHOD, GIveN THE VALUES
OF PSI2 CN THE BOUNDARILES OF A RECTANGJLAR REGIOMN.  THESE
BOUNDARY VALUES ARE DETERMINED BY SUBKCOUTINE s8UUND,

INPUT DATA =%

PSI2(I,1)y PSIZ2{T,404X) —= BOUNDARY VALUES GF PSI2z ON
LOWER AND UPPER LOUNDARIES, RESPECTIVELY
PSTZ{1,J), PSIZ(IMX,J) -- COUNDARY VALUES 0OF PSI2 UN
LEFT AND RIGHT BCUNDARIES, RESPECTIVELY

CMEGA — RELAXATION PARAMETER

EPS —- CONVERGENCE PARAMETER
TAX ——= TOTAL MESH PUINTS IN X~-DIRLECTICON
JMX —=— TOTAL MeSH POINTS IN Y-DIRCCTION

FMAX == MAXIMUM NUMBER OF JITERATIONS ALLJWED
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LX -— MESH SPACING IN X-OIRECTION

DT,TSTOP,

DY -— MESH SPACING IN Y-DIRECTIDN
DUTPUT DATA x=
PSI2(14J) — VALUES OF PSI2 AT EACH MESH POINT
K —= TOTAL NUMBER OF ITERATIONS
OTHER VARTABLFES #x%
R{I,J) -~ ARRBAY OF RESIDUALS
RMAX —- MAXIMUM RESIDUAL .
IMAX, JMAX —-— LOCATION OF HMAXIMUM RESIDUAL
NJTE —— FUR THE ZEROTH ITERATE, THE VALUES OF PSI2(1,d)
ARE THOSE FOR THE PRECEDING TIME STEP
CDWWOV
THX g JMX g NMAX ) KMAXy Ky TMAX y JMAX , NREAD, NPRINT, NOQUT , NCYC,
ZERUOy ONEy T, THREE y FOUR Y HALF, QUART P11,
PFQ%,GAW?,GA43,VIS,uh\3,XIN DXy DYy RMAKX,OMEGALEPS, TIME,
pg‘””:,ﬁ “:'{\«I: 1“":':5,1—1.,:5’_\1{ Qr—L r Rq
XOL99), Y0920, X1{99)y YI(9G),X2(99),Y2{99},
SLEPELSI) p SLOPEC(92) 3 PSTINI9I) 4 VX(9S) 4VY(92),
PSIZ2NASS) UZN(IQ) yWAN(99) 4 X{40),Y(20),
PSTL(40,20),U(40y20) V{40420 3P312(40420)4U2{(40920),v2{40,20)

DIMENSION R{40,40)
IMM= [ MX=1
JMM= JMX-1
K=0
DXSQ=0X%DX
DYSQA=DY*DY
FACTUR=THOX{ DXSY+0YSQ)

CALCULATE ARRAY OF RESIDUALS AND KTH ITERATE OF
PSI2(144)

CONT INUE

DI 100 J=2,9MM
DO 100 I=2,1MM

REULy Y =(DYSQs{PSI2(I+ 1, J)+PSI2(1-1,J) )+DXSQUS(PSI2(1,J+1)
FPSI2 (1, d-1 )Y -FACTOR®PSI2(1,J})/FACTUR

PSI2(1+J)=PST2(1,JI+CMEGA*R(T 4 J)
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100 CONTINUE
DETERMINE MAXIMUM RESIDUAL, RMAX

RMAX=7ERO
DO 150 J=2,4MM
BO 150 [=2,1IMM
RCHECK= ABS({K{I,4))
TF(RCHECK LLT. RMAX) GO TO 150
RMAX=RCHECK
IMAX=1
JM AX=J
150 CONTINUE

CHECK FOR CONVERGENCE
IF{RMAX LLE. EPS) GO T 200

CHECK IfF MAXIMUM NUMBER 0OF ITERATIDNS HAS BEEN
REACHED. IF 50, RMAX, IMAX, AND JMAX WILL BE CQUTPUT.

IF(K JGE, KMAX} GG TO 200
I NOT, INCREMENT ITERATION COUNTER AND ITERATE

K=K+1
50 TO 50

200 CONTINUE

RETURN
END
SUBRDUTINE DISCAL
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DISCAL PROVIDES CALCULATION OF THE SPECIFIZ DISCHARSG
COMPONENTS AT THE MESH PUOINTS, DUE UNLY TO PSI12. THES
VALUES MUST Be ADDED TO U(I,Jd) AMND VI, d)y DETERGINED 1IN
SUBRCUTINE INTGRT, IN ORDER Tu OBTAIN THE TOTAL SPECIFIC

DISCHARGE COMPOUNENTS AT THE MEFSH POINTS,

INPUT ODATA *%
P3T12(1,J} —— VALUES 0F SECOND STREAM FUNCTION AT MESH
POINTS
OX =- MESH SPACING IN X~-DIRECTION
PY =— MESH SPACING IN Y-DIRECTION
IMX —= TOTAL MESH POINTS IN X-DIRECTION
JMX —— TOTAL MESH POINTS IN Y-DIRECTIUN
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DUTPUT DATA =%
Uz(lsd)y VZ20I,4J) —-— SPECIFIC DISCHARGE COMPUNENTS AT
MESH POINTS

OTHER VARTABLES =¥
RDX —-=— RECIPROCAL OF DX
RDY —-—- RECIPRGCCAL OF DY

COMMON
IMX g JMX G NMAX p KMAX g Ky T MAX y JMAX, NREADyAPRINTyNOUTy NCYC
LEROZONE» TWOy THREEy FOUR Y HALF , QUART » P 1,
PERMyGAMI sGAM2 3 VIS, CBND, X IN, DXy DYy RAAX, OMEGA, EPS, TIME, DT, TSTOR,
PRGPCy AREAINy AREAZARSERRYyRELFRR,
XOU29) YOSy X1(SI) s YLIGD)y X2095) ,¥2{99),
SLOPE(SS) ySLOPCC(ST) 3 PSIIN(SS) VX{9T) 4VY(39),
PSTAN(SS) ,UZHIQ2) 3 V2N(TS) 3 X{4D),Y(20)
PST1{40,20) sUl40,203)3VI40520)9sPS512{40420),02{40,20),¥2(40,20)

IMM=TMX-1
JMM=IMX-1

ROX=0OME/DX
RDY=0ONE/DY

INTERIOR MESH PUOINTS

DO 50 Jd=2,J MM
0D 50 I=2,IMM

UZUT s J)=HALF%(PSI2(1,J-1)-PSIZ2(I,Jd+1))*RD
V2T, d)=HALF#=(PSIZ{I+1,J)-PSI12(1I-1,J))%RDX
CONTINUE

BOUNDARY POINTS

uz(1,
v2i(l,

142)-PSI2(1,2))%RDY
202411-PSI2(1,1))y*RDX

[
—

U2ETMX, 1y =(PSIZ{IMX,1)~PSIZ(IMX,2))%RDY
VZUIMX 31 ={PST20IMXy 1) ~PST2(IMM, 1)) %RDX
DO60 J=2,dMM

U201y JI=HALF=(PSTI2(1+J-1}~PST2(1,d+1) ) #=RDY
VElLlsd)=(PSI2(2,3)-PSI2(1yd)}*RUX
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UZLIMX ) =HALF={PST2(IMX,J=1)~PSIZ2(1MX,J+1})*RDY.
VZUIMXy J)={PSI2{IMXy JI-PST2{IMM,J) ) *RDX
CONTINUE

U2(1y JMX)=(PST2(1,IMM)-PSI2(1,JMX)})%RDY
VZI1y IMX)={PSTI2(2,JUMX)=PSI2{1,dMX}}*RDX

U2LTMX, JMX)=(PST2 {LIMXy UMM =PS T2 ( TMXy JMX) ) *KDY
VZIIMX 3 IMX = (PSTI2(IMXy dMX)-PSTZ2{ IMM, JMX) )=RDX

DG 70 I=2,1IMHM
UZ(I,I)‘(PSI2(Iyl)—PSIE([,E))*RDY
VZUTy 11 =HALF=(PSTI2{1+1,1)-PSTI2{I-1,1))%RDX

UZ{T,dMX = (PSI2{IyJMMI=-PSIZ{],dMX))%RDY
V2{Ty JMX)=HALF(PST21I+1,dMX)=PSI2(1~1yJdMX))*ROX
CONT INUE

RETURN

END

SUBRGUTINE INTPLT
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IMVPLT INTERPDLATES BETWEEN VALUES OF PSIZ{I1,4),
U2{lyJ)y AND V2{I,d) 7O DETERMINE VALUES OF P312, UZ,
AND V2 AT THE INTERFACE POINTS,

INPUT DATA %=

XOUN)y YOUN) —— COORDINATES OF NTH INTERFACE POINMT

SI2(I,d) —-= VALUES OF PSI2 6T MESH POINTS

U2{I,J) —-- VALUES UOF X~COMPONENT OF SPECIFIC DISCHARGE,
DETERMINED FRUM PSIZ2, AT MESH PUINTS

V211, 4) -= VALUES OF Y~COMPONENT CF SPECIFIC DISCHARGE,
DETERMINED FROM PSTzy AT MESH PUINTS

X{IYy Y(J) —= COORDINATES CF MESH PUINT

OX == MoSH SPACING IN X-DIRLFCTION

DY —-= MESH SPACING IN Y—DIHgC11b”

NMAX == TOTAL NUMBER OF INTERFACT POINTS

IMX ~— TOTAL MESH POINIS IN X- DIKECTION

JMX - TOTAL MESH POINMTS IN Y-OIRECTION

OUTPUT DATA ¥
PST2N(N) ~= VALUE OF PSI2 AT INTERFACE PUINT N
UZMIN) —= VALUE OF U2 AT INTERFACE POINT W
VZMIN) == VALUE OF V2 aT INTERFACE PUINT N

4

OTHER VARTABLES %
1Py JP -~ COCRDINATES OF MESH POINT NEAREST XO(N), YO(N)
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PH =— X-DISTAMCE BETWEEN INTERFACE POINT AND NEAREST
MESH POINT '

PK == Y-DISTANCE BETWEEN INTERFACE POINT AND NEAKEST
MESH POINT

DPXy DUX, DVX —— PARTIAL DERIVATIVES OF PSI2, UZ, AND
V2 WITH RESPECT 10 X

DPYy DUY, DVY -~ PARTIAL DERIVATIVES WITH RESPECT TO Y

L2PX, N2UX, D2V¥X —— SECOND PARTIALS WITH RESPECT TO X

C2PY, D2UY, D2VY -- SECOND PARTIALS WITH RESPECT TO Y

D2PXYy DZUXY, D2VXY -~ SECOND PARTIALS WITH RESPECT
T X AND Y '

COMMON
IMX,JMX,N%AK,KMAX,K,IMAX,JMAX,NREAD,NPRINT,NQUT,NCYC,
LERD,y ONF 3 TWls THRFE, FOURZHALF y QUART 9P,
PRGPC yAREAIN,AREA, ABSERR,REL ERR,
XKOUG9) s YOUOS) 3 X1L92) 9 YI(99)4X%2(99),Y2(59),
SLOPELSS) ,SLOPECISI ), PSTIN(GG) ,VX(99) ,¥Y{9T),
PSI2NLS9) 2 UZNLI2) 3y VZN(99) ,X{40),Y{20),
PSIL(QD,ZJ),U(QO,ZD),V(QO,ZO),PSIZ(@U:ZD)yUZ(QO,EO),V2(4G,EO)

IMM=TMX~1
JMM=gMX-1

D3 900 N=1,NMAX

CHECK TF INTERFACE POINT LIES ON BUOUNDARY. I+ 50,
SIMPLE LINEAR INTERPCLATION 1S USED ALUNG THE BOUNDARY.

IFAYOUN) 2Q. Y(1)) GO TO 500
IF(YO(N) JEQ. Y(JMX)) G2 TO 400
FROXOIN)Y LEQ. X(1)) GO TO 700
TRIXGINY LEQ, X{IMX)) GO TO 800

LOCATE MESH POINT NEAREST INTERFACE POINT

0O 10 I=1,1IMX
DELX=XD(N)I=X{1)

IF(DELX JLT. ZERD) GO TO 15
CONT TNUE

COGNTTNUE

CHECK=HALF*DX
DoLX=X0(N) - X{I-1)

ITF(DELX LLT. CHECK) GO TO 20
Ip=]
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GO T0 25
CONTINUE
IP=I-1

CONT INUE

CHECK TIF NEAREST MESH POINT IS A BOUNDARY POINT. I 50,
THE INTERPOLATION FORMULAS ARE CENTERED AT THE FIRST INTERIGR
MESH PCINT NORMAL 70 THE BGUNDARY.

IFCIP WEQ. 1) GO TO 20
IF(IP ,E2Q, IMX) GO TCO 25
GO TO 40

CONT INUE
[p=2
GO TO 40

> CONTINUE

IP=1MY
CONT INUE

CALCULATE PH
PH=XD(N}=X({IP)

DO 50 J=1,JMX
DELY=YO(N)-Y(J)

IFIDELY JLT. ZERDY GC T 55
CONT INUFR

CONTINUE

CHECK=HALFx*DY
DELY=YO(N)~-Y(J=-1)

IF(DELY JLTLCHECK) GO TO &0
JP=J

G TO 65

CONT INMNUE

JP=J-1

CONT INUE

CHECK IF MFAREST MESH POINT IS A BOUNDARY POINT
IFCJP JEQ. 1) GO TO 70
IF(JP WEQ, JMX) GO TO 75
GO TO 80

CONTINUE
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JP=2
GO TO 80

CONT INUE
JP=JMM
CONTINUE

CALCULATE PK
PK=YOINY-Y(JP)

CALCULATE FINITE-DIFFERENCE APPROXIMATIONS TO PARTIAL
DERIVATIVES

IPM=1pP~1
IPP=1IP+1
JPM=gpP~]
JPP=JP+]

HOX=HALF /DX
DPX=HDX*(PSTI2(IPP,JP}~PSIZ(IPM,JP))
GUX=HDX=(UZLIPP,dPY-U2(IPM,JP))
DVX=HDX={V2(IPPJP}I=V2(IPM,JP))

HDY=HALF /DY
CPY=HDY*{PSIZ(1IP,JPP)-PSIZ2{1IP,dPH))
DUY=HDY*(U2{IP,JPP)~UZ(1IPyJPM))
DVY=HDYX (V2 1P, JPP}I-V2LIP,JPM))

ROX=0NE/ (DX5DX)
D2PX={PSIZ{IPM,yJP)-TWOxPSI2(1P,JPI+PSI2{IPP,JP ) )xRDX
DZUX={U20IPMy IR )~ TWHORUZ(IPy JPI+UZLIPP 3 P ) ) ¥RDX
DAVX=(V2UIPMy JP)=THORV2 (IR, JPI+VIZ{IPP,JP ) I%RDX

FOY=0NE/ (DYDY

DZPY=APSI2 (1P, JPM) ~TWIHPSIZ{IPyJP)+PSI2(IP,JPP) )1HKDY
D2UY=(U2 (IPy JPM)=THO=U2{IP,JP ) +UZIP, PP ) )}*RDY
B2VY=(V2 (TP, JPH)=TwOHVZIIP,JP)+V2(1P, PP} ) *RDY

ROXY=QUART/{DXHDY)
D2PXY=(PSIZ(IPP,dPP)=PSI2{IPM,JPPI-PSIZ(IPP,JPM)
+PSIZ(IPM,dPM) ) =RDXY
D2UXY=(U2(IPPyJPP)-U2{IPM UPPI—U2(IPP JPM)+U2{ IPM,JPM) ) =LDXY
DZVXY=(V2(IPP,JPP)—V2(IPM,JPP)*V?(IPP.JPH)+V2(IPM,JPM))$RDXY

CALCULATE INTERPGLATED VALUES CF PSIZ, U2, AND V2

PHSQ=HALF%PH»PH
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PKSO=HAL FXPK*pPK
PHPK =P H%PK

PSIZNINY=PSIZ(IPyJP)+PH*DPX+PKEDPY4HPHISQHD2PX+PHPKHD2 PXY
+PKSQ*02PY

UZNIN)=U2{IP, JP I+ PH¥DUX+PKFDUY+PHS Q%D 2UX +PHPK*D2UXY+PKEQHD2UY

V2ZNIMI=VZ (IP s JP )+ PHRDVXHPKHOVY + PHEGHD2VX+PHPK®=D 2VXY+PRSQ*D2VY

GO TO 900
INTERPOLATION FOR INTERFACE POINT LYING ON THE BOUNDARY
LOWER BUUNDARY

CONT INUE

DO 550 I=1,1MX
DELXL=X0(N)=X(I)

TF(DELXY LT. ZERO) GO TO 560
CONTINUE

CONT INUE

DELX1==DELX]
DELX2=X0{N)-X(I-1)
IM=1-1

PSIZ2ZN{NI=(0DELX1*PSIZ(IM, 1 }+DELXZ®PSIZ(1, 1)) /DX
UZNINT={DELXIFU20TIM, 1) +DELX2HU2{1410) /DX
V2NINI =(DELXTHV2{ITMy 1 1 +DELX2%V2(014+1) ) /DX

GO T 900
UPPER BUOUNDARY

CONTINUE

DD 650 I=1,IMX
DELXYI=XO{M)-X{1)

IF(DELXY LT, ZERO)Y GO TOH 660
CONT INUE

CONTINUE

DELX1=-DELXL
DELXZ2=X0{N}-X{I-1)
IM=1-1

PSIZNINI={DELXLI=PSI2{IM, JMXI+DRELXCHPSTI2( 1 dMX) ) /DX
UZNEMI=(0ELXLRUZ (T JMAY+DELXZ=UR Ty IMX) ) /DX
VIZNIN ) ={ DELXI=V2ETM, JMX)+DELX2HV2{T,4JMX) ) /DX
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GO 170 900
LEFT BGUNDARY

CONT INUE

DO 750 J=1,dMX
DELYI=YO(N)~-Y(J)

TFIDELYY JLT. ZERD) GO TO 760
CONT INUE :
CONTINUE

DELY1=-DELYL
DELY2=YO0{n)=-Y{J-1)
JM=g-1

POIZNIN) ={DELY1I*PSI2(1s JMI+DELY25PSI2(1,J) )} /DY
UZNINY=(DELYIHU2{ L, JMI+DELY2%UZ2{1,0)) /DY
V2NEN) ={DELY1I=V2{1 4 JMI+DELY2*VZ(1,4))/DY

GO TO 200
RIGHT BOUNDARY

CONTINUE

DO 850 J=1,JdMX
DELYI=YO(N)=-Y{J)

ITF(RELYL +LT. ZERG) GO TO 860
CONTINUE

} CONTINUE

OELY1l=~-DELY]
DELYZ=Y0(MN)I-Y(J-1)
JM=J-1

PSIZ2NIN) =(DELYLI=PSI2{IMX, M) +DELY2HPSI2{ IMX, d} ) /DY
UZNAND) =(DELY I HU2 ( ITMX y IM)+DELY 2202 (IMX 4 d) 1/ DY
VZNIN Y ={ DELY L =V2 (IMX, JM) +DELY 2HV2{ IMX,J) ) /DY

CONTINUE

RETURN
END
SUBROUTINE LINFIT
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LINFIT PEGVIDES AN INTSRFACE FIT ACCOKRDING
TO O THEZ MODIFIDN LINE S=GMENT SCHEME.
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INPUT DATA %% i
KO(N)Y, YOUIN) —— CODORDIMNATES. OF THE INTERFACE POINTS

NMAX —-— TOTAL NUMBER OF INTERFACE POINTS,
LESS THAN OR EQUAL TGO 50
PROPC —~ PROPCRTIONALITY CONSTANT FOR DETEZR-

MINING DELTA FRCM CURVATURE UOF INTERFACE.

QUTPUT DATA *=

X1{N), Y1{(N) —- COORDINATES OF LEFT ENDPOINT OF TAN-
GENT LINE SEGMENT AT XO(N), YOIN)

X2(NYy Y2(N) —— COORDINATES UOF RIGHT ENDPOINT DF TAN-
GENT LINE SEGMENT AT XQ(N), YO(N])

SLOPE (N) —-— SLOPE OF TANGENT LINE SEOGMENT AT
XO{NYy YOUON)

SLOPEC(N) ~= SLOPE CF LINE SECGMENT CONNECTING
POINTS X2{N)Y,y Y2{N) AND XVT{N+1}, Yi{N+1l)

DELTA —— HALF-LENGTH OF TANGzNT LINE SEGHMENT
AT INTERFACE POINT XCUIN)y YOUINI

OTHER VARTABLES =**
INTRODUCED TO SIMPLIFY CALCULATIUONS

AHINY=XO(N+1 ) -X0(N)
AKIN)=YO(N+1)-YO(N)
NMI=NMAX -1
NMZ=NMAX-2
R{N) == SQUARE ROOT OF ONE PLUS SLUPE(NI] SQUARED,
ENI=DFLTA/RIN)
EN2=SLOPEINI#RNI
RECR —-— RECIPRCCAL OF R{M)
RECRYI —— RECIPROCAL GF R{N+1)

COMMON
TMX g MYy NMAXy KMAX oK IMAX y JMAX,NREAD, NPRINTNOUT S NLYC,
ZERDG s ONEy TWO, THREE yFOUR yHALF s QUART 4 P14
PROPCJAREAIN,AREA AOSERRyRELERR,
XOU29):YOUG D) s X1L95) 5 YILGI Iy X2{3F) s Y2 {33),
SLGPE(SS) ,SLOPECIGy s PSIINUIT) 4WX{39),VY(S9),
PSICNIZG) JUZNIDYyV2N(29) » X{40) Y (24U,
PETL(A40420) U040, 20) 9 VI40+20)5P3T12040,20)1,UZ140,720),V2(40,20)

DIMENSTON AH(50), AK{50)y R{50}, CDELTA(SD)

NMI=nNMAX-1

NMX3=3xNMAX

SET MINTMUM AND MAXIMUM VaALUES FOR OELTA

NELMIN=0.01
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DELMAX=0.01
CALCULATE INCREMENTS OF X AND Y

DD 10 N=1,NM1
AH(N}=XG(N+1)=-X0{N)
AKIN)=YOIN+1)-YO(N)
CONT INUE

DG 50 N=2,iM1

CALCULATE SLOPE OF LEFT LINE SEGMENT AT
INTERFACE. POINT

NM=N-1

IF(AH{NM) JNE. ZERC) G0 TO 20
Ti=a5%P1

G2 TO 25

CONT INUE

SIGMIN=AK(NM)/ AH(NM)

Tl= ATAN(SIGHMIN)

IF(TY L T. ZERC)Y T1=PI+T1
CONT INuUE

CALCULATE SLOPE OF RIGHT LINE SEGMENT AT
INTERFACE POINT

IFCARHINY WNE. ZEROIGC TO 30
T2=e5%P1

GO T 3%

CONT INUE

STGPL=AK N}/ AHIN)

T2= ATAN(SIGPL)

IF(T2 «LT. ZERQ) T2=PI+T2

5 CONTIMUE

CALCULATE SLOPE AND HALF-LENGTH DELTA
OF TANGENT LINE SEGMENT AT INTERFACE
POINT N

SLOPE(N) = TAN(HALF?(T1+4T2))

DELTA(N) =TWO=PROPC/{STOGHMIN4SIGPL)
IFADELTA(N) oGTe DELMAX) DELTA(NI=DELMAX
[F(OELTA{MN) +LT. DELMIN) DELTA(N)=DELMIN
CONTINUE

CALCULATE SLOPE AND DELTA AT INTERFACE
FND POINTS
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SLOPE(1)=ZERD

DELTA{1)=DELTAL(2)
SLOPE(NMAX)=ZERQO
DELTAINMAX)I=DELTA{NML])

DO 65 N=1,NMAX

RIN)= SQRTIONFE+SLOPE(MI*SLOPE(N))
CONT INUE '

DO TO N=2,NM1

CONT INUE

CALCULATE CCORDINATES OF END PCINTS
CF EACH TANGENT LINE SEGMENT

RNI=DELTA(MN)/K(N}
EN2=SLOPE(N) *RNL
XL{N)=XO(H)=-RN1
YIIN}=YO{N)-RN2
XZ2{N)=XO{N}+EN]
Y2 {N}=YOIN)+RM2
IF{SLOPEIN) GE. ZERQ)Y GG TO 102
T1=X1(N)

TZ2=Y1(N)
XLIN)=X2(N)
YY{N)=Y2(N)
X2(N)=T1

Y2{NI=T2

CONTINUE

CHECK TIF EITHER END POINT OF TANGENT LINE

SEGMENMT COINCIDES WITH A MESH POINT.
DELTA=O0.93DELTA,

DD 120 I=1,1MX

1106
120

130
140

TROXIINY JNE. X{IY) GO TO 120
D0 110 J=1,JMX

IFIYLINY WNE., Y(J)) GO TOD 110
DELTAIN)=0.93DELT A {N)

GO T4 101

CONT INUE

CONTINUE

DO 140 I=1,1IMX

TFEXZONY WNE. X{1)) GO TO 1490
D 130 J=1,JdMX

TR{Y2(N) JHNE. Y{J4)) GG TO 12
DELTAIN)I=0,9%0DELTA(N)

GO Ta 101

CONTINUE

CONTINUE

(]

IF 50,
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CUONTINUE

CONT INUE

X2{1)=X3{11+DELTA(])
YZ{11)=Y0(1)

DO 74 I=1,1MX

IF(X2(1) JNE. X{I)} GO TO 74
DO 72 J=1,JdMX

IFEY2{1) JNE. Y(J)) GG TG 72
DELTALL)=2,9%DELTA(L)

60 TO 71

CONTINUE

CONTINUE

COMT INUE
XLINMAX) = XO(NMAX I =DELTAINMAX)
YLI{NMAX)=YO[NMAX)

DO 78 I=1,1MX

TRIXTENMAX) JNE. XUI1)Y 60 TO 73
DO 76 J=1,JIMX

IF(YLINMAXY JNF. Y{J)) GO TO 75
DELTA(NMAX)=0,9%DELTAINMAX)
GO TQ 75

CONTINUE

CONTIMUE

CALCULATE SLOPES OF CONNECTING

SEGMENTS

DO 80 N=1,KNM1

SLOPECIN)=(YIIN+FL)=Y2 (M) )/{XLAN+1)~X2{N))

CONTINUE
TYN=TWORYSINMAX)
TYI=THOxYO(1)
NMX2=NMAX+S

CALCULATF INTERFACE POINTS AND END POINTS
OF TANGENT LINE SEGMENTS FOR IMAGE INTERFACES

DO 200 N=1,5
NZ=MNTAXE 0N
N2R=NMAX-N+]
XO{N2)Y=XOCINZK)
YOIN2)I=TYAN-YO(N2R)
XLINZY=XZ(NZ2R)
YI(N2)=TYN-YZ2{N2R)
X2(INZY=X1{M2R)
Y2{N2)=TYN=-YL(NZR)
N3I=MMA24+N
XO(N3)=XOUN)
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YO(NZ2)=TYLl=-YO(N)
X1{N3)=X1(N)
YI{NZ)=TYLi-Y1 ()
X2{N2)=X2(N)
Y2(N3)=TY1=-Y2(N)
CONTINUE

CALCULATE SLOPES OF LINE SEGMENTS ALONG
IMAGE INTERFACES

NL=NMAX+2

NU=NMAX+S

DO 300 N=HL, Ny
SLAOPEAN)=AYZAN)I=YL(N))/IXZIN)~X1{N))
CONTINUE

SLOPE(INMAX+1)=2ERD

NL=NMAX+7

NU=NMEX+1O

DD 350 N=NL,NU
SLOPE(N)=(YZUIN)=YLIN)}/{X2INY=X1{N))
CONT INUF

SLOPE{NMAX+5)=ZERD

NL=NMAX+]

NU=NMAX+4

D3 450 N=aNL,NU ‘
SLOPECINI=(YI(N+1)~Y2(NI I/ IXLIN+L)=X2(N))
CONTINUE

ML =NMAX+5

NU=NMAX+ S

DO 50D N=pML,yNY
SLAPECINI=(YLIN+LI=Y2(ni) )/ (X1{N+L}=XZ(N})
CONT INUE

RETURN
END

SUBRCUTINE MASUON
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MASCON PROVIDES A CALCULATION OF THE CEGREE OF MASS
CONSTRVATICON MAINTAINZD BY THE CODE.

MASCON IS PROBLEM-BLPENDENT. THE FOLLOWING ROUTINE -
IS VALID ONLY FOR THE BASIC CHECK PROBLEM.

INPUT DATA %
XO(NVy YO(N) == COJRDINATES OF INTERFACE POGINTS
XLINY, YLUN) —=— CODRDINATES 0OF LEFT ENDPUINT OF TANGENT
LYNE SEGHENT
X2(NVy YZ2(N) —= COORDINATES OF RIGHT ENDPOINT OF TaN-
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GENT LINE SEGMENT
NMAX —— TOTAL NUMBER OF INTERFACE PCINTS
CBND —— HALF-WIDTH OF BASIC CHECK PRUBLEM
SLOPE(N) —-- SLOPE OF NTH TANGENT LINE SEGMENT
SLOPECIN) —-— SLOPE OF NTH CONNECTING LINE SEGMENT

QUTPUT DATA s
AREAIN -- INITIAL SALT-WATFR ARTEA
AREA —— SALT-wWATER AREA AT ANY LATER TIME
ABSERR ~- ABSOLUTE FRROR, ARFAIN-ARFEA
RELERR —-— RELATIVE AREA, {AREAIN-AREA)/AREAIN

CIOMMON
TMX 3 JMX g NMAXy KMAX Ky ITMAX s JMAX s NREAD yNPRINTy NDUT 3 NCYC,
LERQy ONEy THOy THREEZFOUR yHALF y QUART 4 P1,
PERMs GAML GAM?Z , VIS, CBND s XIN, DXy DY, RMAXyOMEGA, £PS, TIME, DT, TSTOP,
PROPCyAREAIN, AREA, ABSTVR yRELERR,
XO({S9),Y0UG9) X199, r1{G9),X2{99),Y2(99),
SLOPE(SS) ySLOPEC(I29)sPSTIN(SS )}, VALSY) »VY{ST ),
PSTI2NLGTY JUZNII3),VZNLS9) , XL 40) ,Y120) ,
PSIl(éQ,Zﬂ),U(#O,ED),V(%O,ZQ):PSIE(QO,ZOJ,UZ(QQ,ZO),VZ(QO,ZO)

NM1=NMAX -1

SUM=ZERD

DO 50 H=1,nNM1
TERA={XO(N+L)=XO(W ) )R {HALEF(YOUN+I)+YO{N) ) =YO( 1))
SUM=SUM+ TERM

CONTINUE

AREAIN=TWORCBND®X{ TMX)
AREA=SUMFTHO#CBND* { X{ 14X )=XO{ NMAX ) )
ABSERR=AREAIN=-LRFA
RELERR=ABSEKR/AREZAIN

RETURN

END

SUBROUTINE RITE
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RITE FFFECTS GUTPUT OF TIME, CYCLE NUMBER, INTERFACE
POINT COORDINATES, PSI, QXy AND QY, ITERATION CONVERGENCE
DATA, AND MASS CONSERVATION DATA.

COMMON
ITMXy Xy NMAX Yy KMAX Ky TMAX ) JMAX yNREAD yNPRINT ¢y NOGUTy NCYC
ZERDy CNEy TW Oy THRFE, FOURYHALF yGUAKT 421
,DERM,GAMl,GAM?,VIS,CBND,XIN,DX,DY,RMAX,DMEGA,EPS,TIME,DT,TSTSPT
PROPCJAREAINYAREAYABSERR,RELERR,
X0{99) ,YO(59) s X1U$7)»YL{99),X2(99),Y21(951),
SLEPELI9) ySLOPEC(SO),, PSTLINI99),VXI9T) ,VY(59),
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7 PSI?N(QQ),UZM(QQ),V(N(QQ),XléG) Y(20),
B PSI1{40,20),Ul40,20),V{40,20), PSIa(ed,dD),Ud(LG.?U),V?(aQ 20)

5 FORMAT(LIHL,///77//7)
WRITE(NPRINT,10) TIME, NCYC
10 FORMATU(LIHY o/ 7/ /777 7920XKyTHTIME = 4F10.4,94 NCYC = ,15)

NMX2=NMAX*2
NMX3=3=NMAX
B3O 20 N=1,NMAX
WRITEINPRINT »15) XOU(N}y YOUN)
12 FORMAT{L10X,2(F10.442X))
20 CONTINUE

WRITE(NPRINT 51
M1=NMAX+]1
OnN 21 N=N1,NMX2
21 ’N‘\ITF(’\]PRI’\IT,IB) XO{NY., 10(N)
WRITE(NPRINT,,5)
N1=NMX2+1
DO 22 N=NLyNMX3
22 ARITE(IMPRINT +15) XO{N), YDIN)
WRITEINPRINT 5)
DD 30 N=1,NMAX
WRITE(NPRINT ;25) PSILIMNIN)y VXINY, VYINI
25 FUORMAT (10X, 3{(FflO.442X))
30 CONTINUE
WRITE(INPRINT 45)

DO 40 J=1,JdMX

WRITE(NPRINTS35) (PSII{I,Jd), I
35 FORMAT (25X, TIF10.431X)/1F30.4,
40 CONT INUE

WRITCI(NPRINT,5)

1, IMX)
{

ol1X,F10.401)

D0 50 J=1,J0MX

WRITEONPRINT,35) (U({I,d),y I=1,1IMX)
50 CONTINUS

WRITE (NPRINT,5)

DO 60 J=1,JIMX

WRITE(NPRINT,,35) (V{I,d),y I=1,IMX)
&0 CONT INUE

WRITE(NPRINT,5)

WRITZ{MPRINT ,70) KyRMAX, IMAX, JMAX
70 FORMAT(/ /10X, 154121 ITERATIOMS /715Xy 20HMAXIMUM RCSIDUAL =
1 F10.43,7THAT I = ,15,6H J = ,15)
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80 FORMAT(//15X,15HINITIAL AREA = ,F10.4,9H AREA = ,F10.4,

100

1
2

SO g

0

300

WRITE(NPRINT,80) AREAINyAREA,ABSERR,RELERR

/720X, 1THABSOLUTE ERROR = 4E1l.4
1SH RELATIVE ERRCR = 5 Ell,4)
RETURN
END

SUBRODUTINE PLOTIN
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PLOTIN PROVIDES FOR PLOCTTING OF THE
INTERFACE WITH 4 CALCOMP DIGITAL INUREMENTAL
DRUM PLOTTER. THE ROUTINE PROVIDES FOR
PLOTTING OF STRAIGHT LINE SEGMENTS CUNNECTING
ADJACENT INTERFACE POINTS, USING THE
STANDLARD CALCOMP LINE 3SUsRUOUTINE,.

COMMON
TMX g JHMX g NMAX Y KMAX Ky TMAX, JMAXSNREAD G NPRINT,NOUT,,NCYC,
ZERD,ONE, TWOy THREE yFUURyHALF  QUART 4 PI,
PERMyGAML yGAM2 y VIS CEND 3 XINOX DY s RMAXyOMEGAJEPS, TIME, DT, TETOP,
PROPC y AREAINYAREALZABSERRyRELERE,
XOU99) ,YOUSG) s X199 )y YLIGG )y X2(39) ,Y2(99),
SLEPE(S9) y SLOPEC{O2)y PSIIN(99),VX{92) 4VY(99),
PSIZNI99Y,UZNII9) s VZNI99) o+ X( 4011 YL 200,
PSTL{40,20),U040,20),v{404520)1,P512(40,20),U2(40,20),V2 140,20}

DIMENSION XPLOT(100), YPLOT(10Q)

D0 100 M=1,MMAX

XPLATIN)=XO(N)

YPLOTIN) =YO(N)

CONTINUE

KPLIT{INMAX+L}=-15.75

XPLOT{NMAKX+2)1=1,575

YPLOT(NMAX+L)=~7.5

YPLOTA(MNMAX+Z2)=1,5

JSyM=11

CALL LINFIXPLOT,YPLOT,NMAXy 11,y J5YHM)

RETURN

END
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