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ABSTRACT

One of the problems in the field of cloud physics is ob-
taining knowledge of cloud and rainfall drop size distribution.
The feasibility of utilizing modulaﬁon of backscattered radar
by oscillation of drops isfconsidered‘ as a possible source 5f
information,

Water drops of diameters 3-6 mm, freely suspended in a
vertical wind tunnel, have been studied by cinematographic and
microwave techniques. These studies show: 1) that the frequency
of oscillation of a drop depends on size approximately as cal-
culated by Rayleigh, 2) that backscattered 3 cm wavelength
radiation is modulated by the oscillation, and 3) the modulation
in backscattered intensity is on the order of 3 £ 1 db.

These results show that sizes of single drops can be inferred
from measurements of their frequencies. Much more work, both
theoretical and experimental, is necessary before this process

can be used in the field,
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THE MODULATION OF BACKSCATTERED MICROWAVE
RADIATION BY OSCILLATING

WATER DROPS

INTRODUCTION

One of the more pressing needs in the study of cloud phy-
sics at the present time is that of determining, as a function of
time, the size distribution of liquid water drops in clouds and
rainfall by a remote method.

~Several methods have been used to investigate the spec-
trum of drop sizes, both at the ground and in clouds (Pearson
and Martin, 1957)., Of these, the only remote methods which
have been proposed are those of Bartnoff and Atlas (1951),
Boyenval (1960), and Bridges and Feldman (1966), all using radar.

The method of Bartnoff and Atlas yields the dropsize dis-
tribution ar the result of three simultaneous measurements: 1) the
average echo return intensity, 2) the audio frequency spectrum of
the pulse-to-pulse variation in echo intensity, and 3) the attenuation
along the radar beam.

The first of these measurements has been used to esti-

mate rainfall by use of empirically determined "Z-R" relationships,



where Z, proportinal to niD16 (ni is’ the number of scatterers
of the ith size and Di is the diameter of this size}, is the return
| power from a region of cloud or rainfall, and R is the rainfall
rate. This relationship ié usually given as Z = ARb where A
and b are experimentally determined. The use of a Z-R relation-
ship assumes, however, that the drop-size distribution is repeatable.
Cartmill (1963) and Wexler and Atlas (1963) have proposed the use
of two differing wavelengths to partially alleviate this requirement.

The second measurement is based on the assumption that
the pulse-to~-pulse variation in echo intensity from an assembly
of particles is caused by rearrangement of the scatterers because
of differing velocities of the scatterers. Thus, the audio;frequency
spectrum should become broader as the drop-size spectrum increases.
This fluctuation spectrum has been shown tc; be related to the
Doppler spéctrum of the assembly (Atlas, 1964).

The third measurement of this trio, measurement of
attenuation, suffers from many difficulties, the main one being
that of measuring the attenuation over the same path as that of ’7
the backscattered radiation used in the first measurement.

Another rermote method of measuring drop-size distribution,
proposed by Boyenval (1960), using a Doppler technique' is feasible.
This rmethod depends on the fact that the terminal velocity of drops
vz_a,ries with size. Hence, in the. absence of vertical or horizontal
wind components, the Doppler spectrum of an array will yield the
drop-~size spectrum.

Bridges and Feldman (l966) have proposed a simultaneous
two-frequency attenuation, one-frequency reflectivity techniqu‘e.

This method suffers from the same disadvantages as the Bartnoif-
Atlas technique due to the necessity of making attenuation measure-

ments,




Ideally, a remote sensing technique for obtaihing drop—size
spectra calls for the measurement of some property of drops which |
is a function (at least to first order) of size alone, independent of
such variables as position or velocity relative to the observation
point, temperature, external pressure, and impurity content (It
is assumed here, of course, that drops in clouds or rain are at
terminal velocity, and that the consequences of this fact can be in-
cluded in"function of size').

In this paper, we propose a mechanism utilizing the modulation
of scattered microwave energy produced by changes in shape of an
oscillating water drop.

The oscillations in shape of liquid drops have been observed
qualitatively, and theoretical relations between {requency and size
(mass) have been obtained (Rayleigh, 1877). Experimental verification
of these relations have been made by Lenard (1887), Schmidt (1913),
and Garner and Lane (1959). '

The feasibility of utilizing this property of drops rests on
two main points: 1) obtaining a relationship between drop size and
oscillating frequency for the case of drops falling at terminal
velocity in air, and 2) demonstrating that the scattered microwave
energy {rom an oscillating drop contains the desired information
(oscillation frequency, hence, drop size) and that this information
can be retvieved. |

The investigation of these two points, and the conclusions

to be drawn therefrom, are the purpose of this study.



DROP SHAPE

Since a falling water drop has a free surface, dynamic
effects are expressed by changes in shape of the surface. These
dynamic effects are most easily expressible in terms of pressure.

The deformation of falling drops was first noted by Lenard
who attempted to calculate the surface tension constant for
falling water drops by measuring their os cillation {requencies
(1887) and later measured the fall \}elocity of drops in a vertical
wind tunnel (1904). This tunnel was capable of holding the
drops for only 1 - 2 seconds, and the resultant velocities ob-
tained were not very reliable. The drops were observed to
resemble oblate spheroids of revolution with the axis of revo-
lution parallel to the direction of fall. Lenard concluded that
raindrops would not oscillate to any great extent, there being,
in his estimation, no driving force presl;nt. Furthermore,
he proposed that the shape of the drop was produced by in-~
ternal circulation.

Schmidt (1913) made visual observations on falling rain-
drops, noted the os cillations and generally flattened shape, and
attermpted to find the oscillating frequencies without much success.

To the author's knowledge, the first photographs of falling
drops which appear in the literature are those taken by Flower (1928).
These are still photographs and show the drop to be an oblate ellip-
soid with a slightly flattened bottom. ¥ lower also notes the presence
of oscillations,

The next mention of drop shape as shown by photography
(generally thought to be the first) is a picture of a falling drop
obtained by Edgerton and Killian (1939). Again, an oblate shape
 with flattened bottom is shown. No mention is made of oscillation.
An attempt to predict the shape of drops was made by

Spilhaus (1948), He assumed the shape to be an oblate ellipsoid,



and calculated the axial ratio and fall velocity based on the equali-
zation of surface tension forces with aerddynamic forces. Although
his assumptions as to the surface tension forces are wrong (see
McDonald, 1954), Spilhaus managed to fit his values of terminal
velocity to those of Laws (1941} by a suitable choice of a parameter
relating the pressure af the equator of the drop to the stagnation pres-
sure (1/2 FVZ). Oscillation and internal circulation are not men-
tioned,

Hinze (1949 a, b), by considering small perturbations about
the spherical shape and solving the hydrodynamic equations for
this case, predicted flattening of a drop falling in air. His con-
clusions deal mostly with breakup and its relation to the Weber
number of the drop. (His solution contains a term dealing with
oscillations which will be treated later.) Internal circulations,
caused by tangential stress at the boundary, were presumed
negligible in comparison to the normal stresses.

Blanchard (1949, 1950), constructed a vertical wind tunnel
in which he supported drops of 5 - 9 mm diameter (diameter of
a sphere of water of mass equivalent to the drop). He found that
the drops were flattened oblate spheroids, and noted oscillations
in shape. Axial ratios of the drops were measured. Internal -
circulation was found experimentally to be negligible,

Imai (1950) calculated a first order correction to shape by
considering the balance of surface tension forces for the distorted
surface with aerodynamic forces calculated for a sphere. This
technique yielded a shape correction and a relation between terminal
velocity and equivalent diameter. The relation found correlated
well with the measurements of Gunn and Kinzer (1949) up to 2 mm
diameter.

Savic (1953), by considering the aerodynamic forces around

a sphere in balance at the surface of the drop with surface tension



and hydrostatic forces, predicted qualitatively the flattening of the
bottom of a falling drop and the general shape, including a "dimpling"
of the bottom of the drop for large diameters (2 mm). The forces
were assumed to be unch‘anged by the distortion. Oscillations were
thus not considered, Internal circulation was assumed negligible.
The first extensive experiment on the shape of drops was
performed by Magono (1954), in which drops in the range 2 - 7 mm
diameter were allowed to fall 12 meters through stagnant air and
photographed. The shape of all drops was found to be that of an
oblate spheroid flattened on the bottom. A considerable spread
in the axial ratios for a given equivalent diameter was noted, this
spread increasing with increasing diameter. The reason for this
spread was surmised to be oscillations of the drop caused by the
initial perturbation due to formation from a hollow needle.
| The most definitive work on the s-hap;a of drops is that of
McDonald (1954), The forces acting on a drop are summarized
by him as follows: 1) surface tension, 2) internal hydrostatic
pressure, 3) electrical (due only to charge on the drop, not external
fields), 4) internal circulation, and 5) aerodynamic.
The surface tension pressure at any point on the surface is
given in terms of the principal radii of curvature at that point by

the relation,

1 1
AD, = @-a(m;_ Sy (1)
Ry R,

where p_is the pressure difference across the surface, G is the
s

surface tension constant and Rl and R2 are the principal radii of

curvature at the point (Lamt, 6th edition). If Ry and R, are taken
as positive when the interface is convex from outside, then Q}.ps is the
interior pressure minus the exterior pressure, For a sphere, we

have p, = 2 €/r, where r is the radius.



The hydrostatic pressure, , is of course given by Pz

P
where z is the height above the botl;:lom of the drop. Again for a
sphere, P, = 2 @gr. This pressure at the bottom of a spherical |
drop becomes equal to the surface tension pressure for a drop
of 6 mm diameter. {

The electrostatic tension, T, on the surface of a spherical
drop bearing a charge density, ¥, is T =2 W Y'Z. An upper
limit for ¥ , and hence T, can be obtained by setting the value
of the electric field at the surface equal to the breakdown value
of air. If this is done, the maximum value of T may be calculated.
This value at sea level is 400 c'lyne/cm2 and at 500 mb level
is ~s 200 c:lyne/crnz° The surface tension pressure is equal to
the sea level value at a diameter (for a sphere) of ~#7 mm. It
is noted by McDonald, however, that charges on drops in the
natural environment seldom reach values sufficient to give
200 dynes/cmz. He makes no mention of the action of external
fields.

Based on the assumptions that 1) shear stress is continuous
across thel interface, 2) surface air velocity is near zero at thé
base of the boundary layer compared to just outside the boundary
layer and 3) that the drop remains spherical {to simplify com-
putations), McDonald calculates the circulation véloci‘cy at the
waist!' of the drop to be ~s 3% of the terminal velocity. Circula-
tion velocity has been experimentally shown (Garner and Lane,
1959 b) to be less than 1% of terminal velocity.

The exact mathematical calculation in closed form of the
pressure distribution around a body having the shape of a drop
is not possible for the range of Reynolds numbers (500 - 1000)
~under consideration. McDonald thus proposes a statement of
the problem enabling him to calculate the pressure diétribution

at points on the drop. This model is subsequently checked by adding



up the surface pressure increments around the drop in zones
and comparing the total pressure drag thus found with the weight
of the drop.

The model may be stated thus: if surface charges and
internal circulation are n(eglected, the shape of the drop will
be that for which aerodynamic pressure, surface tension pres-
sure, and internal pressure satisfy the hydrostatic equation
just inside the surface of the drop.

By measuring the radii or curvature from photographs
(those of Magono), McDonald calculates the pressure distribution
at points around the surface.

The general pattern of the pressure profile, proceeding
along the surface from the stagnation point towafd the top
of the drop, shows the following characteristic features: the
pressure falls rapidly, reaching zero at a point well below the
maximum cross-section of the drop, beyond which it approaches
a large negative value. The pressure then becomes less negative,
approaching a low negative value in the region of maximum cross-
section and remaining at this low value with irregular fluctuations,
assuming a slightly more negative value at the top of the drop.
(These characteristics have been confirmed by Finlay, 1957.)

From this profile, McDonald concludes that flow separation
is occurring around a drop, comparing the flow around drops to
flow around spheres,. Quaiitatively., flow separation explains the
shape of drops quite adequately. Oscillations of droips are not
mentioned.

Some experimental work on the shape of drops is that of
jones (1959), who photographed natural raindrops with cameras
at right angles. The axial ratics of over 1000 drops were meas -

ured and tabulated as a function of equivalent diameter.



Figure 1 presents the results of his experiment, along
with the experiments of Blanchard and Magono and the theo-
retical calculations of Spilhaus, Savic,b Hinze, and Hughes
and Gilliland (1952). The latter is an empirical r.elation based
on drag coefficient, Reyr;olds number, and the measurements
of terminal velocity of Laws (1941),

Some drops in Jones' work were observed to have an
axial tilt, which he presumed to be caused by local turbulence
and wind shear,

Of primary importance to this study is the tremendous
variation in measured axial ratio for a given drop equivalent
diameter. If we denote the vertical axis of the ellipsoid as b
and the horizontal axis as a, the b/a ratios vary from 1,35
(prolate ellipsoid) to 0. 45 (oblate ellipsoid), even larger than
Magono's observations of 0,9 to 0,7 for.:stégnant air. These
figures conclusively illustrate the point that raindrops, at
least in the range 2 mm - 7 mm diameter must be oscillating
with a very large amplitude,

) Before proceeding to a consideration of the literature on-
velocity, oscillations, and wakes, completeness requires men-
tion of deformation of drops in the Stokes law region. This defor-
mation in creeping flow has been calculated by Saito (1913),
Taylor and Acrivos (1964) and Matunobu (1966), The results of
these calculations show that even in the Stokes region (Re<< 1),
deformation of the drop into an oblate spheroidal shape can be

expected,

Terminal Velocity of Drops in Air
Although attempts (Imai, 1950, Spilhaus, 1948) have been
made to calculate the terminal fall velocity of drops in air, the

only reliable figures available are experimental,

Terminal velocity experiments have been made by Lenard (1904),
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Schmidt (1909), Flower (1928), Laws (1941), Gunn and Kinzer
(1949), Davies (unpublished, mentioned in Best, 1950), and

Van Der Leeden, Nio, and Suratman (1956). Best (1950) has
generated empirical formulae for terminal velocities for varying
atmospheric conditions b’ased on the measurements of Davies

and Gunn and Kinzer., The most complete and definitive measure-
ments are those of Gunn and Kinzer and these will be used in

this paper where ever the use of this quantity is necessary.
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DROP OSCILLATION

Theoretical -

The first theoretical treatments of the oscillation of free
motionless drops appears in Rayleigh ( 1877}‘. From digfnsional
analysis, he shows the period to be proportional to {:é’@'?\-{’ , Where

is the density of the‘fluid, V is the volume of the drop, and @ is
the surface tension constant. His method of evaluation of the period
of oscillation may be found in Appendix I. Basically, the technique
consists of expressing the radial coordinate of the surface as a
series, r = ao + nY::’“jl a P, (cos e), finding the potential and
kinetic energies of the motion and applying L.agrange?s method to

the result, giving

W' = n (n-1) (n+2) -ﬁf? g (2)

R

where w is the frequency of the oscillation in rad/sec, and n is
the order of the Legendre polynomial in the expansion for the sur-
face. For n = 2, the oscillations are prolate spheroid ~ oblate
spheroid with a sphere as the equilibrium shape. The n = 1 mode,
of course, merely implies a uniform translation of the body as a
whole, while the n = 0 mode is that of adding or subtracting mass
from the body.

Lamb (1879) approaches the problem of a drop of liquid in
a second liquid of differing density using another method. Expanding
the surface in surface harmonics and assuming a sine dependence
of the time variation, he finds the internal and external velocity
potentials, and, from these, the variable portions of the internal
and external pressures, The curvature of the surface is then found,

and the pressure difference equated to the sum of curvatures times the
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interfacial tension (see equation 1). IL.amb's result is given by

wC=n(n+1) (n-1)(n+2) T : 3
gnﬂ)p +n€°]R

where n, (O, R, 07, and w are the same as for (2) and ﬁ’_is the

(3)

density of the external fluid. For el: o, Rayleigh's result is
recovered. '

L.ater 'in his book, Lamb discusses the damping of these
oscillations. The technique used to estimate the damping time-
is,assuming irrotational flow within the drop, equating the rate of
dissipation of energy to the time rate of change of total energy. A

damping time 5
7 - 1 R (4

(n - 1) (2n + 1) )

is thus obtained, where <% is the kinemgtic'viscosi‘cy of the liquid.
Lamb notes that, since a time average over many periods yields
eq. (4), this solution is not correct for aperiodic damping.

Hinze (1949 a) in solving the hydrodynamic equations around
a slightly perturbed sphere, obtains a frequency dependence iden-
tical to that of Lamb and Rayleigh, but the damping time is found to
be

2
o 1 R
ro= n (n-1) < ) (5)

Hodgkinson {1953) has utilized Lamb's formation of kinetic
energy, potential energy, and dissipation rate to formulate the
equation of motion for the surface of the drop. His results are
identical to those of Lamb. Hodgkinson gives the diameter of the
critically damped drop as 0. 08/;4 .

Chandrasekhar {1959) has calculated the damping of a viscous
globe under the action of gravitational forces, and Reid (1960), has

shown that Chandrasekhar's treatment can be applied to surface
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shown that Chandrasekhar's treatment can be applied to surface
tension forces as well,” The diameter of the critically damped drop
is given by the formula

2

W R
S = 3,649, (6)

where WO is the Rayleigh/Lamb frequency. This formula yields,
according to Reid, a critically damped diameter of 0. 46 mm. Reid,
however, has an arithmetic mistake, for formula (6), when calculated,
gives 0, 45/5,&. (The discrepancy can easily be explained if Reid forgot
to include the value of < in the final calculation, )

The most recent calculation of oscillation frequency and
amplitude is that of Golovin (1964 a, b). Golovin considers two
cases: 1) a Hill vortex within the drop (1964 a) and potential flow
within the drop (1964 b). In each icase, ‘the'drop is considered
stationary in a field of uniform velocity., IHe finds expressions for
the velocity of flow inside and outside the drop. The pre‘ssures are
then obtained from the Bernoulli equation and the difference in these
is equated to Lamb's formulation of the surface tension pressure
difference.

In each of these two cases, Golovin obtains an extremely ~
complex differential equation which, if the external velocity is
reduced to zero, does yield frequencies as predicted by Rayleigh,
The differential equations do not admit of even a reasonable computer
solution, although if assumptions are made, a frequency is obtained
which is in general 50% lower than that predicted by Rayleigh.

Table T presents damping czalculations from lL.amb, Reid,
and Hinze. The size of drop corresponding to aperiodic decay
(critical damping) is given, along with the size drop which yields

a 1% lowering of frequency of oscillation with :Eespect to the undumped
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frequency. The frequency formula is the same for all investigators,

TABLE 1 .

Damping figures for n = 2 (prolate - oblate) mode of

oscillation of water drops in air

Investigator Diameter of Diameter of Drop Time for 2 mm dj

Critically damped for which frequency Drop to reach 37

Drop lowers by 1% of initial arn.plituq!

(Microns) (Microns) (Seconds) |
Lamb - 0. 063 3.15 0.158
Reid 0. 045 ' 2.25 - 0.222
Hinze 0.0133 0. 66 0.752

Clearly, the frequency of oscillation of large drops will be

lowered <% 1% by internal viscous damping.

l

Experimental ‘
There are only three experimental measurements of oscillation

-of drops available, those of Lenard (1887), Schmidt (1913), and

Garner and Lane {(1959), although qualitative descriptions have been

made by many investigators (see section on shape). Lenard and

Schmidt found in general that the period of natural oscillations ex-

Garner and Lane, using photographs of drops taken by a 64
frame per second camera, concluded that Rayleigh's formula holds,
but the error given was approximately 25%, hence this measure-
ment can hardly be relied upon.
Two measurements of oscillation have been made for liquid-
liguid systems (for which relation (3) should hold if damping is neglected).
Kaparthi and Licht (1962) note a frequency peak at about 5 cps for

ceeded the period as predicted by Rayleigh, : '
various systems, 1, e., the oscillating frequency increases with
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increasing drop size, peaks, and then decreases again as drop size
increases. Consideration of their experimental technique, however,
reveals that the stroboscope flash rate for all pictures taken was ten
flashes per second, yielding a Nyquist frequency of 5 cps. No mention
is made of the Nyquist fr’equency or of the consequences of the low
flash rate.

Schroeder and Kintner (1965), have examined photographs of
large drops taken at a film frequency of 64 frames /second, for two
liquids of close density. They find a mean departure of approximately
16% from Lamb's theory. This departure is explained by finite
amplitude, and by using a correction for this, the mean departure
can be reduced to 9%. There seems to be, however, a more systematic
pattern to the departure from theory, possibly due to the neglect of
viscosity effects on the part of the authors (viscosity effects are not
méntioned), Of interest is their finding that at large sizes, the
prolate-oblate oscillations give way to '"random wobblings'', and that
for Reynolds numbers less than 200, oscillations ceased in all cases.
They note that Re 200 is the minimum necessary for vortex wake

shedding to take place.

Drop Wakes

The interaction of a drop with its wake was first noted in'the
literature by Gunn (1949) (although mention is made of the unpublished
observation of this phenomenon by Davies in 1939 (Lane and Green,
1956). The phenomenon is shown to be one of resonance, wherein
‘the frequency of eddy shedding of the drop as predicted by Moller (1938)
coincides with the natural frequency of the drop as predicted by
Ravyleigh., This phenomenén occurs for drops of approximately 1 mm
diameter at a Reynolds number of about 250. Drops in this region
were observed to fall very erratically, in a generally spiral pattern,

with the axis in the direction of fall,
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This observation shows that the wake of the drop and
the drop itself must surely intera'c;c, A similar phenomenon (i. e.,
spiralling of a falling object) has been noted by Shafrir (1965) and
Goldburg and Florsheim (1966).

Shafrir has made measurements of the spiral path taken
by solid spheres of differing densities falling in water. For
Re 103 (covered in his work) the frequency of the spiralling
oscillation generally increased with Re, the freguency for
Re 103 being 0.5 Hz. As mentioned previously, Moller shows
increasing eddy shedding frequency with increasing Reynolds
number.

Goldburg and Florsheim (1966), for solid bodies of various
shapes, find that oscillation of the body-as-~a-whole sets in at a
Reynolds | number of approximately 150 - 200, the same value of
Reynolds number found for initiation of "'vortex loop' wakes.

Although no information on wake behavior in ligquid-air
systermns is available, there is some available on liquid-liquid
systems. This data enables some qualitative conclusion to be
made as to the liquid-air system because of the presence in both
cases of a free boundary on the moving particle.

Magarvey and Bishop (1961), have classified the wakes be-
hind liquid drops moving at terminal velocity throﬁgh water. This
classification is based on photographs taken of dye stripped off
the drops. Figure 2 shows this classification superimposed on
a graph of the Reynolds number curve for drops as> spheres (based
on Gunn and Kinzer, 1949), and the Reynolds number as corrected
to the major axis of an oblate spheroid (based on Jones, 1959). This
figure shows that the size drop considered .by Gunn (1949) is within

the range of vortex wake formation.
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Cinematographic shadowgraphs of wakes behind drops in liquid-
liquid systems have been taken by Winnikow and Chao {1966). These
show that oscillations begin for Reynolds numbers greater than 400.
In addition, estimates were made of the frequency of prolate-oblate
oscillations. The photog'raphs showed that the frequency of oscillation
was some 20% lower than the predicted frequencies of Lamb, and that
the wake shedding frequencies were in general very close in value to
the oscillation frequencies, i.e., decreased in frequency with

‘increasing size of drop, contrary to Moller's trend for solid spheres.
The lowering of experimental frequency as compared to theory is
attributed to viscous effects.

Recapitulation

The general picture obtained from the foregoing survey may |
be summarized as follows:

1) Drops moving at terminal velocity in air probably oscillate.

2) The oscillating frequency may be shifted somewhat from the
ideal case, but this shift is almost certainly not due to viscous damping,
and must be due to finite amplitude, aerodynamics, internal hydrostatic
head, external electric fields, or a combination of these.

3) The amplitude of these oscillations varies considerably,
both with drop size and in time for the same size drop. The time
variation of amplitude is probably not due to damping, but to wake
characteristics or turbulence in the region around the drop.

4) Extremely large drops ( 2 5 mm dia) may not oscillate in
the prolate-oblate mode but may oscillate about axes 90° apart in the
horizontal plane or may display eccentric rotation about the vertical
axis with differing horizontal axes which remain constant, (Blanchard,
1950). The first of these is of small amplitude {Finlay, 1957) and the
second occurs in large drops having low viscosity and surface tension

(Blanchard, 1950; Garner and L.ane, 1959).
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5) For drops larger than 0.8 mum (Re 200), the driving
force for oscillation is probably the wake of the drop itself, as
can be demonstrated in liquid-liquid systems (Winnikow and
Chao, 1966), although coalescence and the wakes of other drops
may excite oscillations, The excess surface energy available,
for example, by the process of coalescence of two drops of the
same diameter, is 80% of the surface energy of one of them.

Photographsxﬂ?ClassI\floopwwakes(hﬂagarvey and Bishop,
1961) show existence of the wake for more than 5 seconds after
the passage of the drop. Thus the turbulence in the air due to
one drop is available to excite another, even if the population
is sparse.

There is probably very little natural air turbulence of
the proper size (Colgate, 1966; D. Lilly, private comm.) avail-
able for excitation. ’

The oscillation of drops smaller than 0. 8 mm diameter is
possible, but the means of excitation must be coalescencle, or
turbulence from other drops. (A further possibility is that small
drops which have been formed by the breaking-up of large drops
may oscillate).

6) It is probable that drops greater than 0. 8 mm diameter
(Reynolds # #=200) will travel in a spiral path. The relationship
between velocity and frequency of this path may be extremely
complex.

7) In regions of cloud where high electric fields are present,
the frequency of oscillation will be lowered. Sample (1965) has
given a method of finding the eigenvalues for a drop in an external
field, neglecting aerodynamic forces.r Some of the effects of os~
cillation on drop behavior in high fields may be found in Ausman

and Brook (to be published).
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SHAPE AND MICROWAVE SCATTERING

Although much work {Atlas, 1964) has been done on meteoro-
logical targets (water drops, ice, snow), very little of this work
takes into account the shape of the particle. In addition, most work
on shape of scatterer deals with ice and wet ice, and is not germane
to the present work because of the large difference in refractive

index at microwave frequencies of ice and water,

Scattering Solution in Use

For microwave work, the scattering solutions used have been
those of Rayleigh, Gans, Mie, and, more recently, Stevenson (1953 a, b).

The Rayleigh theory holds for spherical particles whose diam-
eters are very much less than the wavelength of radiation used
(D ¢ 0.06 &), for cloud drops and 3 cm radar, particles less than
1.8 mm dia. This theory predicts that the return from a particle is
proportional to D6, and the return from an array of such scatterers
is proportional to (é?i n. Dié.

The Mije theory is a general one which can deal with spherical
particles whose diameter is not less than the wavelength. The functions
describing the backscattered energy are complex, the return from any
given particle size (or aggregate therecof) depending in a rather nasty
way on the ratio (diameter of scatterer) / wavelength. The result of
the application of the Mie theory to water spheres has been tabulated
by Herman er al. (1961) for wavelengths of interest in radar meteoro-
rology.

The Gans theory is an approximate treatment of scattering from
spheroids for, again, sizes of scatterer much smaller than wave-
length. This theory has not been experimentally verified.

The scattering theory of Stevenson (1953 a) is the most complete

theory to date. This theory will not be expounded in the present paper,
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as the degree of complexity makes this impracticable. Basically,
the technique used is the expansion of the incident and scattered
fields in terms of the ratio/dia/wavelength, enabling the solution
to Maxwell's equations to bp put into a more tractable form for
computation, The application of Stevenson's formulation has been

improved by Senior (1966).

Application of Theory

The ap?iication of the GGans and Stevenson theories to non-
spherical scatterers are sparse. Calculations for water particles
have been made by Atlas, Kerker, and Hitschfeld (1953) and Mathur
and Mueller ( 1955). Other work has been done, but only on ice (or
wet ice) particles and non-water substances (see Atlas, 1964).

As has been shown by Mathur and Mueller (1955), the Rayleigh-
Gans development is not reliable for values of the parameter «{{ =27D/» ,
where D = diameter of scatterer and A ;wavelength of radiation)
greater than 0.3, giving, for A= 3 cm an upper limit of 1.5 mm
diameter., The Stevenson approximation, involving higher order
terms, has been shown by them to be valid up to el = 1.0, giving a
diameter of 5 mm, close to the largest rain and cloud particles.

The Gans theory, as applied in Atlas, Kercher, and Hitschfeld
(1953), however, serves, as they note, to qualitatively predict the
behavior of the scattered radiation.

Suppose a coordinate system so oriented that the axis of sym-
metry and the x-axis are in the same direction, the direction of fall
of the drop (see Fig. 3). Further assume that the drop is an oblate
spheroid. Iet the incident radiation be plane-polarized. Two cases
will be considered: 1) vertical polarization, i. e., the electric vector
in the x-z plane, and 2) horizontal polarization, the electric vector

parallel to the y-axis. For the problem of this paper, the propagation

vector lies along the z-axis. In the real case, it must be noted that



23~

Surzejeds yo Azjowioen ¢ *Siug

bt =z




24

the propagation vector can have ﬁé origin anywhere in the lower half
of the x-z plane,

Qualitatively, then, the following picture is obtained. For
horizontal polarization, the back-scattered intensity will be greater
than that for an equal—vohﬁne sphere, and will be the same for any
angle of the incident propagation vector. For vertical polarization,
the intensity will be the same as for the horizontal case if the propa~-
gation vector is parallel to the x-axis, decreasing as the propagation
vector moves in the direction of the z-axis, passing through the value
for the e quivalent sphere at some angle depending on the axial ratio
of the drop, and becoming less than the spherical value for the propa-
gation vector along the z-axis. No depolarization can be expected to
arise from the orientations discussed since one 'long' axis of the
particle is always perpendicular to the polarization of the incident
radiation. o

¥or the case of vertical or horizontal polarization with the
polarization vector along the z-~axis (the case for the experiments of
this paper) the Gans theory predictions for extremes of cross-sections
of oscillating drops can be obtained from Atlas et al, (1953) Fig. 5.
For axial ratio extremes of 0.5 to 1.4 (Jones, 1959}, the intensity
for vertical polarization varies {normalized to an equivolumetric
sphere) from 0.35to 1.2 or 5.35 db., For horizontal polarization
and the same extremes, theoretically the intensity will vary by 6.0 db.
This change in return intensity should be easily seen in the laboratory.
The change in intensity for horizontal polarization should not differ
for differing angles of the incident radiation. The vertically polarized
intensity difference will, however, gradually decrease to some small
value, then increase to the horizontally polarized value as the incident

radiation direction moves from the z-axis to the x-axis.
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For idealized prolate-oblate oscillations (i.e., at any instant
in time the shape is a perfect spheroid), no cross~polarized effects
will be noticed. Real drops, on the other hand, have a flattened
bottom, and cross-polarization effects will probably be noted, even
though the electric vector ;fnay be perpendicular or parallel to the
vertical axis.

Mathur and Mueller {(1955) show that the Rayleigh-Gans type
approximation tends to overestimate the back-scatter cross-section
by some 10% for a value of o of ~»0.8 (4 mm dia. drop) for con-
ducting spheroids. They have calculated, from Stevenson's equations
(1953 b), the return from oblate and prolate spheroids for the case
of vertically and horizontally incident radiation along the x-axis and
z-axis., Again, for the "perfect ellipsoid' considered, no cross=-
polarized terms originate. Calculation of polarization differences
gives »»3 db for horizontal polarization andf\«;? db for vertical polari-
zationkuagain a detectable change for the laboratory. Note, however,
that vertical polarization seems to give a much larger change than
horizontal according to calculations made from Stevenson's formulae,
In any case, rough calculations based on Jones' (1959) axial ratios
show that oscillations should be detectable by microwave methods in

the laboratory.

Experimental Work

Other than the work of Labrum (1952) on half-drops in wave-
guides (which substantiates the Rayleigh zpproximation), one experimental
paper appears in the literature (Gerhardt, et al., 1961).

In this experiment, water drops and ice particles were illumin-
ated by 3.2 cm radiation in an anechoic chamber and the back-scattered
energy measured with a receiver. The results of this experiment agree
very well with the Mie scattering theory as calculated by Stephens (1960),

sorme small excess in cross-scction being noted, Of interest to this
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paper is the mention of variations amounting to approximately 3 db
due to drop oscillations. These oscillations were undo.ubtedly due
to the method of drop release, as the distance of fall necessary to
establish terminal velocity' (9-10 meters, e.g., Hitschfeld, 1951)

was not reached.

Scattering from an Oscillating Drop

A theory of scattering of electromagnetic energy from an
'oscillating drop has not been developed. | Here, Gans' theory (as
outlined by Atlas, et al., 1953) will be used to obtain at least a
qualitative feeling for the behavior of back-scattered radiation from
such a drop. |

Suppose for the moment that the drop has an equilibrium shape
which is an oblate spheroid of axial ratio bo/ao. Further suppose
that the drop oscillates such that a =a_ + A cos (wt + ). Then,
applying the constant volume condition (fﬁrther assuming that all

2 3
states of the drop are oblate spheroids), a b = R (where R is the

radius of the sphere of equivalent mass), A ratio

3 3
b R _ R
T oa - : 3
@ & a3 a + A cos {(wt +§,)
can thus be obtained, and
3
R 3A =
F} =y 1- . cos(wt +_§ )
a o
o .

to first order in b
o

Consider radiation incident along the z-axis with the body (%)
axis being the same as the x-axis (see Fig. 3), and let the other two
body axes be along z and vy as shown. Two incident polarizations

may be defined as vertical and horizontal (Fig. 3). Further, let the

(7)
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radiation have unit amplitude at the scatterer, In general, the electric
field at the scatterer has components Eg Eﬂ, E¢ . The dipole set
up in the spheroid will have components fs. , f‘l’ fe , given by

f = gF , f = g'BE , f = g'E (8)

'

where g and g' are given by Gans (as quoted in Atlas, et al,, 1953)

as;

2 3V ~igf m, Vimb - ) (9)
g = II'lO -4:—'— Le = .
44 4+ {m' -1 P
2 3V i¢ 2 V{im' - 1)
g' = m L'e = Mo = (10)

AT+ (m'2 -1 P

and P and P' are geometric factors defined for oblate spheroids as:

Gl e

4 ‘1 i -
P = 4F -2P' = - 1_.\_"_,_2%“__ sin"te 1 . (11)
e e "

-

In these formulae, mo is the refractive index of the medium, m' 1is the
ratio of refractive index of the body to that of the medium, V is the

volume of the body, L, L!', %, {5’, , are defined bvy (9) and (10) and e

is the eccentricity of the principal cross-section of the body; e :%“a2 -b" Ja
(a, b as defined in Fig. 3),
Substitution of the index of refraction of water (m' = 7 - 3i) into
(9) and {10) gives (mo = 1):
)\

o = L (.0617 - i (0719 (12)
L | !

e
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and

g = o [.0617 - i(.O?lq)J (13)

O

where PO = P/4TW and P'o.= P47,
Then
1,19V - tan" ! (1. 08) (14)

1L19V - tan~t (1. 08)

are the values obtained for g and g'.

If the incident radiation is of unit ampiitude, the induced dipole
is simply equél to Re(g) cos(2T¥t + ) for vertical, and Re(g") cos(2Wt +§?'4)
for horizontal polarization, where 2 is the frequency of the incoming
radiation, and { an arbitrary phase angle..

4
The reradiated components can be expressed as

2
Erx = -é“é— Re(g) cos(2WP t +¢ ) - (16)
dt
and
d2.
- = ' ! ‘ & '
Ery = dtz Re(g") cos(2FPt + Yy o). {17)
Taking the derivative,
. . : ) (18)
E = (Re(g)) cos(2Md t +¢) - 47V Re(g) Sin(2¥V t + ¢/ ) + (2FV)” Re(g) cos(2FVt +47)
rx 8 i
Ery = ('R.e(g)) cos(2T¥t +1f) - 4ﬁ'"??fze(g') Sin{27¥t + ) + (23?9)2 Re(g') cos(2fPt +§5’)
(19)
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The average reradiated intensity will be for vertical or horizontal
polarization the square of (18) or (19), integrated over one cycle of
the incident radiation, Since the frequency contained in g is ;

Re(g) will not vary over one period of , and

4

, ) 7 2
1 =(»—2-£’j’:} [reta | | (20)

V] - 2
[ N
Iry = (MK } [Re(g l’g . (21)

3

1.1 5R 3
From (14) and {15}, Re(g) = ng = 5 and Re(g') = B5R /P’
where R is the radius of the equivalent sphere. Thus
4 2
. 2 ?ﬁ'} 5 (22)
vert \ A 5

4

2
T oand | |
2 H 5R :
Lo = (:T"} ngﬁ. B (23)
From (11) and the definition of ¢, P may be written as:

, 4 , & - 2
P = 4T -2p' = — 7 1~1-—~(--—-- s:'ml'[- \ . (24)

it-g
1-@2 11-@»2

For maximum and minimum values of (Z:; of 0,9 and 0, 5, respectively,

we obtain, for vertical polarization, P = 4,9 and P . = 7.3
max min

giving a difference of 1,7 db, a reasonable figure in the light of the value

obtained previously from Atlas et al., (1953) for a much larger excursion

on the maximum value, For horizontal polarization the ratio is 3,2 db.

Note if P = 4‘?;?”1?((3) that Plew 1 - (@), sothat I and T, = canbe

considered to be out of phase by some amount depending on the behavior

of f((;_},).
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. -1 s 2, . . s
If sin 1 - (3 is expanded to an order sufficient to maintain

1% accuracy for the extreme value of@ , {24) can be rewritten:

3 5
o 1 797 23 5
P o= 4T 1+{3 T 1680 (3 T 145 {3 } 112@ - (29

To simplify computation, note that (7) can be rewritten:

b
= 53- [-1 —é;:cos(wt + 5)] (26)
e}

where & = 3A/ao and can be evaluated, as can bo/ao, from the data
of Jones {1959). For a 4 mm dia, drop having extremes of of 0.5
and 0,9, & = 0.2, b /a = 0.7, ‘@ = O.7Yl-0,2cos(wt +£).;,
1 2 o o© s L
and IV =, 0256(—15) for 3 cm radiation. A Fourier analysis of Iv

for this case shows: IV =0,00386 - 0.00109 cos wt + 0, 00019 cos 2 wt - 0, 00003
cos 3 we The return intensity from a single oscillating drop is thus clearly
shown to be modulated at the fundamental frequency of oscillation of the

drop, with the second harmonic being an order of magnitude less.



«31 -

EXPERIMENT

Since it can be in‘ferred from previous work that drops of
diameter 0.8 - 6 mm falling at terminal velocity in air probably
oscillate, an experiment is in order to determine: 1) the possibility of
detecting this oscillation by microwaves and 2) the relation of frequency
to size, The experiment to do this may conveniently be divided into
three stages: 1) design and construction of a vertical wind tunnel to
support Id‘rops at their terminal velocity for a time sufficient to
enable measurements to be made, 2) optical recording of the time
history of a drop to enable its frequency to be measured, and 3) design
and construction of a microwave system for measuring drop frequency

and the amplitude of the modulated signal,

The Vertical Wind Tunnel

Four vertical wind tunnels for supl?ort'ing drops have been
mentioned in the literature, Of these, two, those of Lenard (1904) and
Telford, Thorndike, and Bowen (1955) are not suitable for the present
study, because drops will not remain in these tunnels for more than
2-3 seconds, The tunnels of Blanchard (1949, 1950) and Garner and
Kendrick (1959), on the other hand, are capable of maintaining a drop
in a stable position in the airstream for a considerable time (Blanchard
reports drop residence times up to 40 minutes).

The basic feature of these tunnels is that the drop 'sits' in the
bottom of a potential well of moving air in a position such that the drop
is at its terminal velocity with respect to the airstream., The fundamental
requirements of such a tunnel are, then, that first, the vertical velocity
gradient must be negative for some region as the height from the orifice
of the tunnel increases, second, the velocity gradient must be positive as
the radial distance from the proposed stable point increases,

The action of the vertical velocity gradient in maintaining the
vertical position of thé drop is easily seen, The drop is in balance when
the upward drag force due to air motion just equals the weight of the

drop. Ifthe drop moves upward, the drag force decreases, and the drop
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tends to return to the position of stability, If the drop moves downward,
the drag force increases, and the drop tends to move upward toward the
position of stability (see '""Discussion'' for further consideration of this
motion),

Horizontal stability of the drop appears to depend on a horizontal
gradient in the vertical Qelocity. Let the drop move such that the
center of mass no longer lies on the airflow symmetry axis, The
horizontal gradient gives rise to a force on the surface of the drop
which decreases toward the axis of the flow, This force tends to
move the drop toward the axis of the airflow,

Note that for flow around a drop, the pressure distribution, as
given by McDonald (1954), is such that Bernoulli forces will be negligible,

Blanchard accomplishes the first by placing a screen disc in
the center of the mouth of his tunnel, and the second by placing a flow
retarding open cone some distance above thc;! center of the tunnel,
Garner and Kendrick use a shaped wire screen to obtain the horizontal
gradient and a plexiglas cone enclosing the air flow (having the proper
angle such that detachment of flow does not occur at the surface) to.
obtain the vertical gradient.

The tunnel of Garner and Xendrick, however, is constructed as

a closed flow device (for making mass transfer measurements), Since

photography and microwaves were to be used in the present experiment,
it was felt that, although the experiment could be done with such a
system, the disadvantage of ""having things in the way'' outweighed the
advantage of having a more controlled environment,

As a result of this decision, the construction of a Blanchard-
type tunnel was begun, 1

Two 250 c¢fin, 3200 rpm squirrel-cage blowers were obtained, |
For a 4" by 4" orifice, these yield a flow velocity at full capacity
(without screening or flow straightening) of 25 m/sec. The largest
drop to be supported is ~ 6 mm dia,, having a terﬁina.l velocity of

about 10 m/sec, hence this flow rate is adequate. These blowers were



~33-

mounted in a box such that the output velocity could be regulated by
controlling the input aperture, The blowers exhausted in to a chamber
9" x 9" x 12", and the tunnel portion was mounted on the top of this section,

Originally a 4" square tunnel was built, in an attempt to duplicate
Blanchard's tunnel, vdﬂ1écreens'u)reduceturbuhnuf:andzlsrnaﬂ
round screen at the orifice, to provide the horizontal gradient, Very
little success with this setup was obtained, and work was started on
a tunnel having a 4'" diameter cross-section,

The final design of the tunnel is shown in Figure 4, The major
feature of this tunnel is the method used to create the horizontal gradient,
This method consists of utilizing a radial array of nylon thread 5 mils
thick, The end of the 4" I, D, plexiglas tube is slotted at regular angular
intervals, and the thread (36 strands) stretched straight across between
slots, the strands crossing in the center of the tube, The effect is thus
one of impeding the flow more in the center of the jet than near the
edges,

Two inches below this ""spiderweb'' is a nylon screen, a piece
of petticoat stiffening having 0,2 mm threads and hexagonal holes 1, 3 mam
across,.

Preceding this mesh is a piece of aluminum honeycomb material,
havirig hexagonal cells 1/4 inch across and 7 inches long, The settling
chamber leads directly into this section,

| Before discussing the turbulence effects in the tunnel, the gross
aspects of the flow will be described,

Measurements of the flow were made using a Hastings Air-Meter
(hot-wire anemometer) and a hot-wire transducer having a 15 cm long,
0.5 mm I D, input tube bent at right angles 3 mm from the open end.

The output end of this transducer exhausted into a leak, The upper
cutoff frequency of the transducer was calculated to be 300 cps

(Morse, 1948),
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Figure 5 shows the result of velocity measurements made along
the vertical axis of the tunnel with the trans duéer, and Figure 6 typical
horizontal cross-section in the region of drop stability, The horizontal
measurement was made by moving the transducer through the airstream
at a constant rate. The width of the line is, of course, due to turbulence
in the stream. An integration time of 0, ] second was used on thé
transducer output to reduce this effect, The figures show clearly
that the required velocity gradient to support a drop was achieved,
altllgugh the turbulence is high,

The flow retardation plate, or ''spoiler'' is necessary even
though the velocity gradient along the axis normally decreases with
distance from the throat, The velocity without a retardation plate
falls off directly as the distance from the throat (Squires, 1951),

Since considerable turbulence is present in the flow, close control

of the velocity along the axis would be extremely difficult., Then, too,
turbulent mixing would insure that the ho*rizontal gradient upstream
would probably vanish, even reverse,

The presence of the "spoiler’.' plate, then, yields a much steeper
vertical gradient than would otherwise be obtained, making control of
the véloc;ity of the flow at the throat much less critical. This "'spoiler",
of course; need not be solid; in fact, screen has been used, also a
trunc-ated cone, open in the middle. An adjustable iris from an
optical bench was tried in the present tunnel, and worked fairly
well, althdugh because of the crudeness of the velocity control, the
flat plate gives better results,

The turbulence in the tunnel used for this study is quite large,
the fluctuations amounting, in the vertical direction, to approximately
20% of the rms velocity of the center stream for frequencies 10 cps
and décreasiﬁg steadily as shown by the turbulence spectra of Fig; 7.

{The spectra were obtained using the hot-wire transducer previously
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mentioned, the output being fed into a Nelson-Ross spectrum analyzer
inserted in a Tektronix, 535 oscilloscope. The output of the analyzer
went to an x-y recorder, )

The 60 cps peak is due to "hum' in the system and mus;c be
disregarded, The somewhat smaller peak at 30-40 cycles is quite
real, however, This peak may be due to the action of the throat and
settling chamber as a Helmholtz resonator. A rough calculation -
places its frequency at 46 cps. The damping due to the presence
of honeycomb and screening could, however, lower the frequency
to this extent, The vertical profile (Fig. 5) shows that no standing
waves exist in the air stream.

The honeycomb used in the lower portion of the tunnel has a
lenght/diameter ratio of 28, The flow through this material is fully
developed and reduction in fluctuating energy for this case can be
estimated (Lumley, 1964) to be ~v 0, 3, The honeycomb does, however,
introduce turbulence with wave numbers"on the cﬁrder of the same size
as the honeycomb orifices, about 1/4'", These should damp out before
the screen is reached (10 diameters), The screen introciuces turbulence
also, but again this should be damped by the time the spiderweb is
reached'. Turbulence generated by the web should also be damped out
by the time the air stream reaches the region of drop stability,

Ona qualitative basis, then, the turbulence in the stream must
originate either outside the blowers (in which case these are merely
"chopping' the incoming turbulence), or within the jet itself, Unfortunately,
solutions for the free jet (Pai, 1954) are not applicable because of the
presence of the '"spoiler", and the spiderweb. The turbulence in the
free round jet (rms longitudinal component} has been measured to be

12% of the orifice velocity for a distance from the orifice of 5 diameters,
having a "notch' on the axis of the jet which disappears at #~ 20 diameters,

The effect of the spiderweb is to eliminate this center "notch" giving rise
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to tirle somewhat higher turbulence found in this tunnel, Qualitatively,
then, the jet itself can generate enough turbulence to exialain the level
found,

Of major interest to the experiment is the fact that the turbulence
which does exist is sufficient to cause oscillations of the drops in the

strearn,

Photographic Experiment

Since standard motion-picture cameras were not available with
fast enough framing rates, a special camera system was developed to
take rapid photographs,

A Beattie-Coleman continuous-feed 35 mm film magazine and
lens holder were obtained. The magazine was altered so that one
pulse from a light-source-photoresistor combination was obtained for
each standard film frame length as the film progressed through the
magazine, This light pulse triggered a General Radio Strobotac which
was arranged opposite the camera, giving bright-field illumination. A
Zeiss Biotar f/1.5, 756 mm f.1. lens was placed on the lens holder,
yielding approximately 1/3 magnification.

Another strobe unit was used, with a "light pipe'' of p‘lexi;glas,
to place accurate (output checked by counter) timing marks on the
film., Film speed was thus found to correspond to a frame rate of
228 frames/sec (interval between photographs of 0. 0044 sec). Some
jitter in frame rate was apparent immediately after starting the camera,
but was negligible after some 25-50 frames had been taken.

| Calibration of the film was made by placing a glass plate, having
on its surface a piece of tape with identifying data, on the wind tunnel
axis, The tape was measured both full size and on the film, The
tape edges were used with a ground glass screen in the lens holder
to adjust the focus of the lens. The film used was 'fastax-perforated’

Dupont Superior 4, ASA 320, This film was developed in D-19 for



approximately 12 minutes,

Wet and dry bulb temperatures were taken with a sling psychrometer
held in the air stream.

For the photographic study, a chain analytic balance was used
to measure the weight of the drop-forming syringe and needle before
and after insertion of a drop into the wind tunnel, thus affording a
measure of the drop weight,

A synopsis of the technique used is as follows:

1) The glass plate was inserted in the wind tunnel, focus
checked, and a few frames taken,

2) The glass plate was removed, and a drop was inserted from
the previously weighed syringe,

3) The éamera was started, and 100 feet of {film was exposed,
requiring 11 sec,

4) The syringe was then reweighed, and the weight of the drop
calculated and recorded, ‘

5} The film was processed,

Microwave Experiment

A first attempt to observe frequency of oscillation by micro-
waves involved the use of a "zero-frequency i, f," In this technique,
the return signal is beat directly against the outgoing signal, the mixing
occurring in a crystal detector, and the output of the crystal detector
subsequently amplified, This technique was not satisfactory because
the signal-to-noise ratio was too low, The noise was primarily due to
the operation of the crystal detector as a mixer in the low frequency
range where crystal noise is large.

For this reason, a more suitable systern was constructed in

which the down conversion was performed at 60 17 (Fig., 8)., The
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pPrimary feature of this system is that it is coherent, i.e, , Treturn

signals from a scatterer bear a fixed phase relationship to the local

oscillator frequency, ' : i
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This very desirable end is accomplished as follows:

1) An extremely stable oscillator (1 part in lO10 per day) is
formed by using a klystron oscillator, stable srystal oscillator, and
phase lock synchronizer, A sample from the oscillator is compared
with a harmonic of the 5 mHz crystal oscillator, giving a beat of 30 miiz
in a phase sensitive detector., The resultant output voltage then
modulates the klystron repeller in such a way as to reduce the phase
sensitive detector output to zero.

2) The local oscillator frequency was derived from this very
stable source to maintain the desired phase coherence between out-
going signal and local oscillator. The 30 mHz beat between the
oscillator and crystal standard was amplified, doubled, and amplified
again. The resulting 60 mHz signal, whose phase bears a fixed
relationship to that of the klystron oscillator, drives a PIN diode
modulator acting on 1/2 of the signal from the klystron. A band-
pass filter, 70 db attenuation off center frequency, was then used to
select the upper sideband, this sideband being used as the local
oscillator signal for the receiver,

3) The local oscillator signal was coupled to an ortho-tee mixer,
there mixed with the incoming signal from the scatterer, and the
resultant 60 Hz signal plus sidebands amplified and detected by an
RHG i.f. preamplifier and amplifier.

4) The video output of the amplifier was coupled to a Nelson-Ross
audio spectrum analyzer set to cover the range 5 Hz to 100 Hz (roughly
compatible with the Nyquist frequency of the photographic experiment

116 Hz). The analyzer was swe?t over this range at the slowest

sweep rate of the Tektronix 535 oscilloscope, giving a sweep rate of

1Hz/sec. The width of the window in the analyzer was fixed at 0.5 Hz.

5) The video output was coupled to an oscilloscope and to a
- Hewlett-Packard digital voltmeter for an atternpt at quantitative measure-

ments.
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6) The video output was also- fed directlf to a Honeywell
galvanometer recorder.

7) The r.f. energy was transmitted and received through
identical small waveguide horns, coupled to rotary joints to enable
the polarization to be changed at will. These horns have a near
field distance of 10 cm. The drop was supported in the wind tunnel
at a distance of 30 cm from the horns.

8) The wind tunnel was covered on all sides, top and bottom
with wedge-~type absorbing material, the direct reflection being
40 db down from the radiation incident on it.

9) The transmitter and receiver horns were placed as close
as possible to each other in a horizontal plane that also contained
the drop.

10) For calibration purposes, the transmitter horn was replaced
by a load, and a calibration signal, derivgd from the stabilized klystron,
was applied in a standard fashion to the receiver by a directional
coupler. The receiver sensitivity was found to be -111 dbm.

Several difficulties were at first encountered with this system.
First, the i.{f. output did not vary properly with the bias (gain) control.
Second, 120 Hz hum was noted in the video output of the i.f. amplifier
which did not succumb to the usual remedies (elimination of ground
loops, etc.), Third, a much higher noise background than expected
was noted when the transmitter was "off'" (i.e., load in place of horn),

Thé first of these troubles was found to be caused by the output
of the preamplifier overloading the input of the i.f. amplifier. As these
units were supposedly identical being the same models (from the same
company), this trouble took some time to diagnoée. The remedy was
the insertion of an attenuator between preamplifier and amplifier, 10 db
being found satisfactory to allow the use of the gain control in a normal

fashion.
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The second problem that of hum, also took some time to find,
as the first thought in cases of this type is of ground loops in the
equipment, The source was finally found to be microwave radiation
from the plasma in the fluorescent lights in the room. At this point
the top of the anechoic enclosure was covered, alleviating this problem.

The third pl;oblem, that of "residual signal't was deduced
to be due to insufficient filtering of the local oscillator signal
generator, giving rise to energy at the transmitter frequency being
propagated from the receiver horn, scattered, and detected. Another
band-~pass filter was inserted in the local oscillator path. This cut
the radiation down, but did not eliminate it completely. Evidently,
absolute quantitative scattering measurements are questionable when

made with this apparatus.

Microwave Drop Frequency Measurements

The procedure for obtaining microwéve data using the spectrum
analyzer was as follows:

1) The receiver horn was adjusted to either vertical or
horizontal polarization (the transmitter horn maintained with vertical
polarization).

2) The drop was inserted in the tunnel at the beginning of a
sweep of the spectrum analyzer.

3) The spectrum analyzer was allowed to complete its sweep,

4) The analyzer was immediately switched to a crystal-controlled
frequency standard emitting a 10 Hz square wave. This served to
calibrate the analyzer.

5) After (3), which step took only a few seconds, the drop was
caught on a previously weighied buudle of filter paper. The bundle was
su“fficiently thick to absorb the whole drop without allowing any portion
to be "strained' through the paper. The paper was then weighed on a

Mettler electric balance,



6) The weight of the drop was recordéd,directly on the sheet
containing the spectrum.

The procedure for taking data using the Honeywell recorder
was as follows:

1) The tran_srnittexr' and receiver horns were adjusted such that
the polarization was at 45° to the drop axes for all runs.

2) A drop was placed in the tunnel,

3) The recorder drive was energized, and six seconds of video
output was recorded. Time marks generated in the recorder were also
on the data taken.

4) The drop was caught on filter paper and weighed , about

30 seconds after initial placement in the tunnel.

Microwave Backscatter Variation Measurements

The video output of the receiver used in this study was nonlinear
with respect to power incident at the recéiver horn. Thus, in order
to measure definite power level changes it was necessary that the
receiver be calibrated.

This calibration was accomplished by placing a termination on
the transmitter in place of its horn, feeding energy derived from the
stable klystron into the receiver (via directional coupler) at known
power levels, and measuring the video output level, A graph Waés then
drawn of power input vs. video voltage.

The experimental procedure was as follows:

1) The transmitter horn was replaced, and the polarization
of receiver and transmitter adjusted to both vertical or both horizontal.

2) The transmitter power level was adjusted such that the video
voltage was at a value correéponding to a nearly linear portion of the
calibration curve (W-30dbm).

3) A drop was placed in the tunnel, and the peak-to-peak video

voltage excursions were measured on an oscilloscope.



- lp ) -

4) The appropriate variation in backscattered power was obtained

utilizing the video-voltage vs. power curve.

’,@ww«f« S
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EXPERIMENTAL RESULTS

Photographic Experiment

Portions of the photographs taken are shown in Appendix II.
Each of these prints shows approximately 1/2 cycle of the oscillation
of the larger drops, more for the smaller.

General results of the photographs can be sumrmarized:

1} All drops photographed did oscillate, although it was possible
to record only one projection,

2) These oscillations were approximately of the prolate-oblate
type.

3) The larger drops generally displayed greater extreme
amplitudes than did the smaller,

4} The oscillations vary in amplitude with time, but not in any
regular pattern,

5) The drops occasionally displayed tilting of the major axis.
This tilting was not of a regular nature.

6) The hottom of the drop is seen to be flattened, except during
large vertical (prolate) excursions.

Frequency analysis of the shape was made by reading the widths
and heights of the drop image with a ruler from an enlarged display of the
negative. A sequence of successive values as shown by Table Il were
taken and a power spectrum analysis run on the height, width, and the
axial ratio values, 7

The power spectrum program, used on the N M Tech IBM computer,
was of the autocorrelation type. In this method, the sequence of values
is compared to itself point by point as one "copy'' of the record is "'slid
albng” another. A discrete Fourier transform is taken of the comparison
numbers (autocovariances), this tranform yielding the spectrum,.

Appendix III presents the results of the power spectrum analysis



of the photographic data. Rayleigh frequency for a spherical drop of
the same mass oscil.lating with small amplitude is shown as a constant
frequency line. FEach spectrum is "tagged' by the appropriate droplet
mass in grams.

These spectra show several common features (listed quantitatively
in Table II):

1) The existence of a small peak in the region below 10 Hz.

This peak, with one questionable exception (0. 027 gm spectrum) lies
at 3 Hz, or appears as a zero Hz peak,

2) On the optical width spectra, and to a lesser extent on the height
and ratio spectra, a small (subsidiary) peak, lower in frequency is
associated with the major peak, The separation in Hz between these
two peaks tends to increase with decreasing drop size.

3) The main peak generally lies close to the Rayleigh frequency.
No systematic shift of this peak from the ‘Rayleigh frequency is evident
from the data.

4) The half-power width of the main peak lies between 3 and 7 Hz,
with the lower value favored,

5) Second harmonic effects can be seen in some of these records,
but are too small to enable any reliable measurements to be made.

6) A small peak appears on most records between 10 and 20 Hz.

A least squares fit of the main peak and the subsidiary peak to the
formula, f = k\ﬁwﬁ;’ where f is the frequency associated with a peak,
and m is the mass of the drop, yields, for the subsidiary peaks,

k = 6.4 %= 0.8 and for the main peaks, k = 8.3 % 0.3, The value of
k given by the Rayleigh analysis is 7,92, Generally, then, the main peaks
are higher than, and the subsidiary peaks lower than the Rayleigh frequency

for a given drop.
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Microwave Frequency Experiment

The data from the spectrum analyzer at first looked promising.
Certainly there was some apparent effect on the backscattered
‘radiation from the drop due to changes in cross-section.

These Spectra*weré, unfortunately, useful only to show the
presence of a phenomenon. The drop is excited at random, thus the
amplitude of oscillation at any time is not known. Since the analyzer
was set to sweep a rate of 1 Hz/sec, the spectral amplitude at any
time depended,uponﬁﬂuazunplﬁﬁde of oscillation at that time. The
position of freguency peaks in such a spectrum are thus not necessarily
related in any quantitative fashion to the true peaks. F¥or this reason
the method was abandoned, and continuous records were taken on the
video output of the receiver and then digitized.

Spectral analysis of continuous recrodings of video output was
accomplished by digitizing the records in stéps of 0. 005 sec using an
x-~y plotter, digital voltmeter, and accurate voltage source. The
corresponding Nyquist frequency for this time interval is 100 cps.

Two hundred forty (240) successive points were taken from each of the
20 usable récords. The others had either questionable ox no dfop Mass
measurement. The results of these spectral analyses are given in
Appendix IV and Table III. As in the photographically obtained data,
several common features are seen:

1) A peak large compared to all other peaks on the record exists
for all records, This peak is found to lie below 10 Hz, Favored values,
0 Hz and 2.5 Hz, independent of drop size, are obtained for this peak

2) All spectra show evidence of a pair of peaks at a frequency
within a few cycles of the Rayleigh frequency. In all cases but one
(0.0743 gm drop) the larger of this pair is higher in frequency than
"the smaller. The separation of these peaks shows no trend with respect

to drop size,.



TABLE III

Results of Microwave Spectral Analyses

Drop Drop Computed Low "Subsidiary'! Main Separation Main peak half
mass dia. Rayleigh peak peak peak {Main- power width
‘gms mim. frequency Hz. Hz. He. subsidiary) Hz,

Hz. Hz.
3,35 0. 0197 56.5 1.5 - 61 - 7
3.90 0.0309 44.5 - 38 44,5 6.5 4
4,14 0. 8370 41.0 - 35 42 7 4

4,36 0. 0434 38.0 2.5 32.5 42 . G.5 5.5
4. 45 0. 0459 37.0 2.5 34 37 3 4
4, 47 0. 0467 36. 8 - . 30 37.2 7.2 6
4, 62 0. 0515 35.9 - To- 35.5 - 4
4.80 0. 0579 32.8 3.8 26.5 34 7.5 4
4. 85 0. 0587 3.2 - 26.5 34 7.5 6
5.10 0. 0692 30.0 - 28 33 5 5
5.10 . 0. 0693 30.0 2.5 24 30.5 6.5 3.8
5.22 0. 0743 29.2 - 23 28.2 5.2 3
5.33 0. 0793 28.4 2.5 22 30.5 3.5 5
5.56 0. 0900 26.5 2.5 23 28 5 4.5
5.66 0.0947 25.8 - 20 26.8 6.8 4
5.75 0.0995 . 25.1 2.5 - . 28 - 9
5,80 0.1021 24. 6 2.5 22 28 6 6.5
5.92 0.1088 24.0 2.5 - 25" - 4,5
6.29 0.1306 22.0 3.0 18.5 23 4.5 6.5
6.78 0.1630 19.5 2.5 14 19 5 3
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3} The larger of the pair of peaks generally is close to the
Rayleigh frequency. No systematic deviation of this peak from the
Rayleigh frequency is evident from the data,

4) The value of the’ half~power width of the larger of the pair
of peaks mentioned above lies between 9 Hz and 3 Hz, with a tendency
to be in the lower portion of this region.

5) Traces of second~harmonic effects are found in all records.

The small amplitude of these peaks however, precludes accurate

measurement of their frequencies.

6) A small peak at 80 Hz can be seen in all records. This peak

was caused by the folding over of the 120 Hz noise generated by the
resonance of the galvanometer in the recorder. A small peak lying
between 10 and 20 Hz also appears on all records. |

A least-squares fit of the frequencies of each of the two peaks
of the associated pair was made to the fommﬁla f = k\rI?ﬂT (where f
and m are defined as before). For the lower peak of the pair,

k = 7.3 + ,34. The upper peak calculation yielded k= 7.7 + .26.
The frequencies of the associated pair of peaks for the optical and
microwave spectra are shown in Figure 9,

The results of the intensity measurements were qualitatively
promising, but quantitatively not so, due to technical problem. One
run was made in which simultaneous optical and intensity (relative)
data were taken. The absolute level of the return power was not
known, and the value of the oscillations in intensity was not calculable.

The results of this run showed:

1) The maxima ( and minima) in intensity variation correspond to

maxima (and minima) in the drop dimension in the direction of polari-
zation for parallel recsiver and transmitter polarization.

2) For cross-polarization, the maxima in return intensity

correspond to the minima in the drop dimension parallel to the receivex

polarization.
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DISCUSSION:

Motion of a Suspended Drop as a Rigid Body

Visual observation of a drop suspended in the wind tunnel conveys
rthe impression that the drop executes a seemingly periodic motion
along the vertical axis of the tunnel. The amplitude of this motion
is not constant, but varies between one and two cm.

An estimate of the frequency of this periodic motion can be
derived in the following manner:

Suppose for simplicity, that the drop motion is along the vertical
axis of flow. (This is of course not strictly true; however, the vertical
motion far exceeds the horizontal.) Let the coordinate along this
axis be =z , and the point z = 0 be the equilibrium point, i.e.,
that point for which the weight of the drop just balances the upward
drag force on the drop (considered now as a rigid body). For drops
in the range of interest, 3-6 mm diameter, ;:he drag force is
proportional to the square of the velocity of the air stream. A
proportionality constant can thus be calculated from the relation,

k v;‘ = mg where m is the mass of the drop, g is the gravita':tion
constant and Ve is the velocity at z = 0 (terminal velocity).

Considering Figure 5, we find that, in the region of drop

stability,
v = vV =~ a z (27)

where a, the slope of the velocity curve, can be calculated as
155 secnl
The equation of motion of the drop along the flow axis can thus

be written:

mz = -— mg = k(vo - az)z - mg, {28)

Fdrag

where z is the second time derivative of the coordinate. Expanding
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2
the drag force, and recalling that kvo = mg by definition, (28)

becomes:
2 2
mz = ——Zakvoz-!-ka z (29)

the equation of motion of the drop about the equilibrium position,
2 2
z = 0. If ka z < 2ak Ve ! the solution of this equation,

which is that of an anharmonic oscillator, is given by:

o 2 a k v, o -

z = A cos B t + S?
L A2 2 a’i’i’“?m K
A - Radks I
12 v cos 2 £ /0 * (30)

where A and li“ are constants determined by the initial conditions of
the motion.
An upper limit on the allowed displacement for oscillatory motion

2
can be found from eq. (29) by setting the z term equal to the z term,

2
giving z = Yo orms10 cm for a 3 mm diameter drop. For values of

<l

z greater than this value, the motion becomes non-oscillatory. A more
realistic value of the vertical amplitude is z = 1 cm which yields a

2
ratio of 10 for the =z tothe z term of eq. (29). The approximate

solution, eq. (30), is therefore justified.

2
The frequency of the motion is thus given by (since k voooT mg)
TR e
1 o 1 2ag .
= = . 3
f 27 Wﬁ m 250 \gw v, (31)

For a 3 mm diameter drop, this frequency is 3.1 Hz, énd for a
6 mm diameter drop, 2.9 Hz. The frequency thus varies little over
the diameter range of interest. Inserting an amplitude, A, of 1 cm
into equation (30} yields an amplitude ratio of fundamental/second

2
harmonic of 10 . Second harmonic effects are thus very small.
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Spectral Peaks Below 10 Hz

Analysis of both the microwave and optical spectra show the
presence of a peak in the region below 10 Hz. From the above
consideration, it appears ‘;ha’c this peak is probably due to the trans-
lational motion of the drbp in the air stream.

The presence of this peak in the microwave spectra can be
explained by considering the illumination of the working volume,

The horn used as a transmitting antenna does not provide uniform
power along the vertical axis of the tunnel, hence the backscattered
power varies as the position of the drop on the axis. This power
variation produces a large amplitude variation in the receiver video
at the frequency of motion of the drop. |

The optical spectra were produced by measurements of drop
shape parameters which were not related to a fixed point in the air
stream. These spectra, then, should ideally show no effects produced
by variation of the position of the drop in the wind tunnel. Since the
drop does respond to changes in its environment, however, some
coupling of the motion of the drop as a whole to the motion of the
surface of the drop must occur, as demonstrated by the presence of a
relatively small peak in the optical spectrum at the frequency of motion

of the drop.

Rayleigh Peaks

The presence of peaks in the microwave spectra corresponding
to peaks in the optical spectra known to be caused by vibration of the
drop demonstrates that one of the main points of this paper has been
achieved. Microwave backscatter from an oscillating drop does
contain modulation at the frequency of vibration of the drop. The
spectra obtained from microwave measurements can thus be used

to obtain information concerning the nature of the drop vibrations.



The microwave spectra, in 17 out of 20 cases, show the
presence of two peaks, generally within 10 Hz of each other, in
the vicinity of the Rayleigh frequency of a spherical drop of equivalent
mass. The frequency of the lower of these two peaks is between 5 and
7 Hz below the Rayleigh frequency for 13 cases. The higher freciuency
peak lies between 1 and 4 Hz above the Rayleigh frequency.

The difference between either peak and the Rayleigh frequency
does not appear to depend upon the Rayléigh frequency (for the equivalent
speherical drop) or upon the relative amplitude of the two peaks.
Similarly, the frequency separation between the two peaks seems
unrelated to the Rayleigh frequency and the relative amplitudes.

It is proposed that thesé two peaks result from two different
modes of oscillation of the drop. The first proposed mode, corres-
ponding to the higher in frequency of the peaks, is a prolate-oblate
spherical mode, with a symmetry axis i the vertical direction. The
second proposed mode can be described as an alteration along two
normal axes in a horizontal plane with the vertical dimension constant.
These two modes are of course coupled by the condition of constant
volume of the drop. Note that in at least one case {e.g. microwave
spectrum, 0.743 gm), most of the oscillation energy would appear
to be in the lower frequency mode. ‘

The amplitude of the lower frequency mode of oscillation will
be dependent upon the angle from which the drop is viewed, since the
horizontal axes are not fixed with respect to the lens or the horn.

Credence is lent to this view by a consideration of the optical
spectra. The higher frequency peak appears in the spectra of both
the height and width measurements, The low frequency peak in
question appears relatively much larger in the width méasurerhent
spectra than in the height measurement spectra as is predicted by

the modes proposed above.
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The two modes proposed above are not, of course, the only
modes which can exist in the vibration of the drop. The absence of
other peaks of comparable size do indicate that these two modes are

probably predominant,

Other Spectral Peaks

There are several other peaks apparent in both the optical

and microwave spectra. One of these, the peak at 80 Hz in the micro-

wave spectra, was explained earlier on the basis of the spectrum

analysis method used. A very small peak at 60 Hz is almost
unavoidéble, due to power line interference, and can be seen in
some of the microwave spectra, Some spectra, for example
that for the 0. 587 gm drop, show the effects of noise inherent in
the digitizing process when the signal to noise ratio is low.

Second harmonic effects can be seen in almost all microwave
and optical spectra. These peaks are ali very small and appear
broader than the Rayleigh peaks. Some second harmonic effect was
e;'(pected following the earlier analysis of backscatter from a drop
vibrating in a fundamental mode, The presence of second harmonic
peaks in the optical spectra implies, however, that no statement can
be made as to the relative amplitude of the fundamental and second
harmonic terms in the microwave spectra,

There is evidence in both spectral classes of a small peak in
the region around 20 Hz. This peak is possibly due to an influence on
the drop of a predominant turbulence frequency. Aga‘in, more data is

necessary before definitive statements are possible.

Spectral Line Width
' Measurements on the spectra show that almost all large peaks
possess a line width of ~v3-4 Hz, except for three optical spectra

which have a line width of s 7 Hz. These three optical spectra were



formed from half the data points used on all other spectra, microwave
and optical. To check the hypothesis that the line width was due to

the analysis and did not represent the true spectrum width, a sine

wave was recorded, digitized, and analyzed. The recovered frequenéy
was the same as that reco?rded, and the line width was found to be

3 Hz. The line width of the spectra obtained in this study must there-
fore be considered as an upper limit. The drop as an oscillating system
thus can be said to have a Q (£{/Af) greater than 10, but how much

greater is not determinable from the present measurements.

Araplitude of Oscillation

Visual observation, photographic records, and continuous
records of the video output of the microwave receiver all demonstrate
the extreme variability in time of the amplitude of the drop vibrations.

Inspection of the video records does show that the amplitude
of the drop vibration is not appreciably affected by the motion of the
drop in the wind tunnel. It appears probable that the drop vibrates in
response to turbulence and pulse~-like variations in the airflow past
the drop. The excitation can thus be considered to be random, as
would also be the case in the natural environment.

Comparison of the mean value of axial ratio for drops in the
wind tunnel to those found in a natural environment by Jones (1959)
shows a good agreement. In addition, the maximum and minimum
values found in this study are close to those observed by Jones

for naturally falling drops.

Amplitude of Microwave Modulation

As previously mentioned, the results of this portion of the
experiment were not quantitative. 'The reasons for this are two-
fold: {first, the anechoic chamber used was of inadequate size to

eliminate backscattered radiation from within the chamber and, second,
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the prvesence of radiation from the receiver horn. The latter is one
reason that no attempt W.as made to obtain even a ""ball park' figure
for the cross-~polarized modulation intensity, since the energy
originating from the receiver horn would add to the received back-
scatter. In addition, depelarization by the enclosure walls was
prohibitive.

The measurements do show, however, that more than 2.5 db
intensity variation can be expected due to drop oscillation, and that
the parallel and cross-polarized variations will be out of phase by

180°,

Error
A major error in frequency peak measurement is due to
digitizing and spectrum analysis, The frequencies were read off
the spectrum graphs, and thus have an u:qcertainty of about + ! Hz.
A source of error in the determiﬁation of the Rayleigh fre-
quency to be associated with a given drop is in the measurement of
the mass of the drop. An error analysis, using the Rayleigh formula

as a guide, shows that

(32)

ig)

4

f=1 1/2f(
[e]

where fo is the accurate frequency, m, the mass and + & the
error in the mass.

The balances used in this study are accurate to 0. 0001 gm,
hence little error in mass determinétion can be ascribed to this
source, Catching the drop on filter paper and conveying this to the
balance, however, introduceys an error estimated at 0. 0005 gm. Thus
for the smallest drop measured, 0.0197 gm, the error in finding the

Rayleigh frequency should be 0.7 Hz. or about 1%.
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Another possible source of error in determining the Rayleigh
frequency is the evaporation of the drop while in the airstream. Based
on the measurements of Kinzer and Gunn (1951), the evaporation rate
vfor the size of drops used and range of relative humidities encountered
in this study is about 0. 04 rﬁg/s ec. The drops were in the airflow for
approximately 20 sec for both the optical and microwave experiments,
The weight loss, then, is estimated as 0.8 mg, and the consequent

error in determining the Rayleigh frequency could be as much as 2%.

Application of Backscatter Modulation

The application of the phenomenon investigated in this study
to the determination of drop size spectra in clouds and rainfall presents
several problems,

One of these is the possible error in inferred drop sizes intro-
duced by the existence of two spectral peaks for each drop. The higher
in frequency of these two peaks, as we have seen, is about 2 Hz greater
than the Rayleigh frequency and the other peak ~~ 6 Hz less than the
Rayleigh frequency, |

If the mass. of the smallest drop of this study were to be.cal-
culated, using the Rayleigh formula, from the higher frequency peak,
the mass obtained would be 0.0182 gm, an error of 7.6%. The use of
the lower peak would give a mass of 0,0231 gm, an error of 22,5%. In
most of the cases of this study, howewver, the amplitude of the higher
frequency peak is considerably larger than that of the lower frequency
peak. Thus to a first approximation, it appears possible to use the
Rayleigh formula to obtain drop sizes from frequency spectra.

For purposes of application, the importance of temperature as
a source of error in the measurement of drop mass can be evaluated if
the Rayleigh formula is used. Suppose a frequency is measured, corres-
ponding to a true mass, m and a true value of the surface tension
constant,§; . Let the error in the value of 'due to ignorance of the true
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temperature be £ . There will be a corresponding error in the mass, @g .
Then

cFéo’ _ Gox+ %_

m mozi:g
and

m
s 2"3‘3‘5{5@%”‘3 . (33)

Now rm A 0.1 and @ ~~ 80, thus d~ £/800, and if & ~ 4 (a worst
case), then g s 0, 0005 or 0.5% error in mass., Thus, the error in
mass determination introduced by temperature variations in much less
than that which can be introduced through the use of the Rayleigh
formula. )

The effect of local electric fields will be of importance to an
application, for in regions of high field, e.g. some parts of the
thunderstorm, the drops will be considel:ably distorted from their
shape with no field. This distortion may introduce a change in
vibration frequencies, but an assessment of this effect is outside the
scope of this investigation.

If the backscatter modulation method of determining drop sizes
is to be applied, a problem of separating the desired information from
rearrangement noise and the large mean signal level arises. One possi-
ble way to overcome this difficulty is to utilize the fact that the backscatter
of microwave energy from vibrating drops is depolarized. Hence,
if two receivers are used, one sensitive to radiation parallel in polari-
zation to that out going from a radar, and one sensitive to perpendicular
radiation, a cross—~correlativon of the two video signals (one shifted
in phase by 180°) should cancel the rearrangement noise. An alternate
solution to the rearrangement noise problem utilizes the simultaneous
measurement of the amplitude of a very small portion.of the amplitude
modulation spectrum and the total Doppler spectrum. The ainplitude

spectrum measurement yields the number density of drops of a very.
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narrow range of sizes, This information can be used to correct
the Doppler spectrum for updrafts or downdrafts, giving a Doppler
spectrum of terminal velocities, A drop-size spectrum can then
be obtained from the term'inal velocity Doppler spectrum {(Boyenval,
1960).

Further considerations of application will be discussed in a

paper, now in preparation, by Dr. Marx Brook and the author,
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. CONCLUSION

Conclusions

In this study, an attempt has been made to show the feasibility
of utilizing a heretofore ignored portion of the noise in the backscattered
radiation from water drops, that due to oscillation in shape of the drops,
to measure their size,

In the opinion of the author, this feasibility has been demon-~

strated:

1) The frequency of one mode of vibration of a water drop

falling at terminal velocity in air has been shown to be proportional

to -«“rl/m where m is the mass of the drop.  The constant of pro-

portionality found in this study is within 10% of that calculated by

Rayleigh for the fundamental frequency of a drop~-~a result which is

surprising considering the vast difference in the nature of the environ-
ment between thig study and the idealized Rayleigh calculation.

The presence of another mode of drop vibration associated with
the first mode but generally containing less energy has been demon-
strated and a mechanism for these two modes proposed.

2) The backscattered microwave energy from a vibrating drop
has been found to be modulated at the same frequencies; the modulation
due to the first mode is generally a factor of 4 - 5 times greater than
that due to the second,

3) The amplitude of microwave modulation observed in this
study amounted to about 3 db,

| 4) Such intensity variation in backscattered microwave energy
arising frorn drop vibrations should be detectable in radar returns from
natural rain and should provide another means of inferring the size

distribution of drops »» lmm diameter.
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Recommendations for Further Study

If the modulation of microwave energy by drop vibrations is
to be of use as a rescarch tool, the following studies should be made:

1) Determination of the intensity variations in backscattered
radiation for natural rain,

2) Depolarization measurements for single drops,

3) Theoretical éalculations based on true drop shapes,

4) Theoretical and laboratory studies on ensembles of drops
falling at terminal velocity. |

5) Measurements of the effect of electric fields on the frequency

of drop vibration.
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APPENDIX I
The Rayleigh development of the frequency of oscillation
of liquid drops (from Rayleigh, 1877).

Let the surface of the drop be given by:

rs ot aFgu) + R0 +... (1)

where g4 = cos e (spherical coordinates), and P is the nth order
/ P n

d 1 ial, t be € .
Liegendre polynomia Le an:;:o e € ao

The volume of the drop is given by:
2007 p )

Y = j/ff" Siwo dedddr = 3;?/7[ rid

!

o B | L7
274, o, /4
- B [ 2 ] 7

"‘”"ﬁ[ f Y ”?f CEADZ

/

3 ﬁf‘a , 3
f;m’“ m.(/'“'ﬂ“’) e )(2‘; %f“ RXUS)(‘“/L@’W
o
|

L
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and:

_ DT 4 2
V= "“““““"““[ 735 Cauer) Ge

Mt @d’ , (2)

and, if a is the radius of the equilibrium sphere:

e 7a’

V= TES
5

and, to first order in the sum:

: "“‘, A e
O = Q[ 1+ 5 Caner) Ln (3)

To find the surface tension energy (the potential energy of the system),
the surface area S must be multiplied by the surface tension constant §

For the surface area:

S = 27

I~ g ¥ ‘
where / Vs @ oo f (=14 g.n./g} is the element of length
l {:} e

perpendicular to r. If we expand this term:

E"’
[ R v & Q/ﬁ
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bre,aking the integr(al into two parts, the first integral is:

Jf‘&d/‘q’{'g y[cz@‘;,(é‘a& j“}//‘"’

- iy

d ' .
_S‘ [0Z + 2(Za, R a. + (Sa. f%x)z']ﬁi/‘"“

)t

’
But . :
SP g//g,:, = ,ﬁ(ﬁ’ﬁ 7"’/.)”1@5:%%,
-1 |

Where Qi T L s D = © ) T 7,
4 ) :
jiﬂacﬁ;xz% Jar ‘f'zfﬂ?%’wj""g&
/ ° | “a
!

The second part of the surface mtegral is:
L7ty L f < PA]
2 'aw) #modor (’/’*"’) o Jiu e

2 s :
Since (1 —~/,f£— ) (g&)x{{};ﬁ A L.egendre polynomial relation of help is:

and the second part of the integral is thus



-69 -

f L) = 5 W) g2
@/M a4t ¥

and, adding the two portions,

- ud e
S = qeral +ewS (2u) O

4&52??”“?‘ 4@(1‘?’"&}

s 4 41

@””%

Combining the sums, we obtain:

Lt 7] wers wl “I . .
D m GW ﬁz 277 2 (@ XN (4;@22‘.;, 31 4 2) ﬁ_f::
=f

From (3), we see that

!E'l
2 . %P - -
O = @@l /4 {g(&,@wp}# -@wj

to first order in the sum. Then

2 =-§ 2.
G, = g%~ 2 Z (20 -1) Qg

and

= 2 PU— ?‘ - ’ wl ‘a«-a
4IMa, = qwa™ -7 5 2 (aAney Qo



b ﬂ’ '51'7‘7”‘ 2’ t";::’?' QZ?“ - o 4:
S = QF A 27 > (- ealfan i) CZ (4)
for the surface area. The excess surface area is thus

é}%ﬂ‘ < = f S:”(m maf) T o *’?}% e 5}'”‘ &7

LR S

t}’b!

Pl )

and corresponding potential energy of the distortion is:

F = GAS (5)

In order to use Lagrange's equations of motion, we must find the kinetic

energy of the motion. Let the velocity potential be given by:

, AL o,
%ﬁ bot b, 0 77 Cn) o0 b P FL e (6)

z, ¥

The kinetic energy of the motion at any point on the surface is

Té? ¢ ol *”’ ﬂ ( ) e{\f 5’5}‘}

and the total kinetic energy is

PP .
iU o L ! )
;({} VO -YQ v

But by Green's theorem:

v 2 ¢y
gf (v -95dy =

70~
Substituting this value of a into S, we obtain:
|
|
|
|
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and, for the present case,

N & (v
$

a 2 - r‘\ wf Al
of & /

Now

el C\ wa-‘aw é g:if‘ -% L %1 f:ﬂ% ’tf % . P - A 5 ‘?1 lmi i;?)
& o L [ flde FLDLI b0 e P L
dé»} - P !‘éi;‘i/' o t‘ﬁ'}g{ﬁ%kf:ﬁ. ) v Ve Sy Ly Ty

T hus
wete (s

S i
Lo

s ) e
(= e b3
) <

%

But, a only differs from a by second order (Eg. 3) and, in the expansion,
o}

terms involving first orders of P go to zero, we have:
m

S A 248 2 -
K= 2 Fiye é. Y omatt (’ 990 +1)

A Y

At the surface of the body,

2

Y A o
o O

(Note that Rayleigh uses the boundafy condition on the surface of the

sphere, not the perturbed body)
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and term by term

de o V. 4
| B NT RIS L] S b i
s s 6&% ! e

Thus K becomes

. (2
l = 25775 @3.5@%) f/?fam.@z, 1) (7)

where the dot denotes the time derivative,
From (7) and (5), it can be seen that the kinetic energy is a homogeneous

function of a;’l, Lagrange's method can be applied, giving -

2] (i"' ' o .
Gy *+ Ml w1} (ot 2 pa Co, = O (8)

which is oscillatory, having an angular frequency given by

the frequency of oscillation of the drop surface.

Then '
S o 4 4 ) }ﬂﬂ 71 =1
Z v o (/“') = /NG é%,
|
|
|
|
|
|
|
|
|
:
|
I
i
l
!
I
|
|
|
|
|
|
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APPENDIX II

Photographic Sequences
(The mass of the associated drop is

below each sequence, )

shown
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APPENDIX II
OPTICAL SPECTRA

Top of page: Spectrum of Drop Axial Ratio b/a
Middle of page: Spectrum of Drop Widths (2a)

Bottom of page: Spectrum of Drop Heights (2b)

(The Rayleigh frequency corresponding to the mass of the drop is

shown as a solid constant frequency line.)
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APPENDIX IV

MICROWAVE SPECTRA

Top of page: Full Range Spectrum

Bottom of page: Spectrum for Frequencies 10 Hz.

(The Rayl'eigh frequency corresponding to the mass of the drop is

shown as a solid constant frequency line.)
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