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LBBTRACT

i mathematieal solution was obtained and numerically evaluated
for d@ﬁermining the depth to a saturated aquifer when prospecting
for ground water by induced eleetrical polarization., In & horiwe
zontally stratified oerth model oonsisting of o nonpolarizable
overburden and of an underiying infinitely decp nolaoriszcble layer,
the indueed-neolerizstion potentiel differercs for o Hanner elece
trode confipuration is falrly indepsndent of the resistivity
contirest,  The computsdion sprees with rosults from a laboratory
nodel tank and with 2 fisld ovrve. This incresses confidence in
the walidity of the reanlis obteined From the mode] tenk on esrth

modale toe comley Lor eormmtation,
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INTRODUCTION

When an aquifer contaminated with clay minerals and saturated
with water is made to conduet direct curvent, it becomes slsetrice
ally polarized as though it consigted of & mass of little condensgsers
filled with & leaky dlelectric., Dry carth materials do not exhibit
this effeet. At Hew Mexdco Institute of Mining snd Technology,
field saperiments hove been underway for 2F years to determine
whether this electprical polavizetion of slay-contaminated acuifers

ean be uasd Ffor leestlng mew supplles of -sreund waler. In this
papar 3 mathenatlesl expreasion for the polerdization offect is
derived and numerically evaluated for & simple esarth modsl in
order to muide exporimentsl nodel studles in the leboretory and
heln to dnterpret fleld msamuorerents,

The Pizld procedure consisbte of sending = direct curreut [
(moamired at A )} through oleetredes 1) and 2), as shown in
Fipure 1, for a given length of time, interrupting this curcent,
and recording a few milllseconds later the voltage between els frodes
3) and 4). Usually the pground is energized for 30 seconds and the
decay of the relaxation volitapge is observed for twoe mimites. The
value of the relaxatlion voltuge immediately after the current is
shut off is designated by AP ., In the field AP is of the order

of 10 millivolts, whereas when the current is flowing the voltage

\/ between electrodes 3) znd 4) is of the order of one volt.

A
Paul Kintzinger (1956) hag demonstrated that the ratio \;b is
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independent of the value of V , and therefore this rotio repre-
sents a specific property of the ayuifer, namely its polarizability.
Since AQis two orders of magnitude smaller than \/ its detection
is diffionlt by alternating-current methods. Beosuse the relaie
ation voltage is long, taking 15 seconds to drop to half value,
AQ 1s =anpily observed after the current is shut off. The

time c%épandeme of this deecay ls the seme for all portlons of the
uniform aquifer. The present gtudy does not consider the physico-
chemical mechanism by which the ground scquires polarization or
the various factors whieh influence its decay. The study ls en-
tirely restricted to the dstermination of A(I) ag & function of

v

the Wenner electrode spacing & for the case of & horizontally

stratified~earth model, The values of AV(’) for two valuss of the
electrode spacing @ will b@ar the same ratio te esch other for
any chosen time interval nwa@mﬁ from the instant the enerpizing
currert is broken. This ratio is alse independent of the length
of time the ground is energlzsd. Thus time does not enler into
the sguations.

The sarth model that was used is shown in Pigure 1. It
copelates of a dry overtm;ie;vz of unlform thickness /ﬁ\, s possessing
an electric permittivity €, , and & reslstivity /ﬂI ;3 and of a
saturated aguifer of electrie permittivity E,2 and registivity /ﬂl
extending to infinity bhelow this depth lb » Curves were compuied
for A¢ as & funetion of the electrode spacing A for various
ratios of /0l to /02 e - It was assumed that only the lower layer

wap polasrizable, the permittiviity of the sir and of the upper



layer always being that of vaecuum, The electrical bshavier of
the aquifer is assumed to be completely defined by its resistivity
and dielectrie conastant, even though the aquifer certainly is not
a di@iectric in the conventional sense.

Since Kintzinger has shown that _Afl 1s independent of
the value of the exciting current, it follows that the polariza-
tion of each volume element of the aguifer can be expressed sg a
constant times the current density wector. The polarizatlon can

be expressed as

P =g xE
where C, ig the permittivity of a vacuum and X, is the susceptie-
bility of the polarizsble medium, The current density is

-5
The potential function in sach medium can therefore be czleulsted
from the current flow. It is shown that polarization does not
enter into this caleulation and that the expressions developed by
Roman (1931) for the potential in the case of current flow in &
twowlayered esrth model are valid. This implies that the ground
has been energized long enough so that the current has reached
a steady- state value. Under these conditlons it is customary to

treat the current-flow problem by the elsctrostatic analogy in

which charges of“gég. replace the current electrodes,
After the current is shut off, the polarization of the aguifer
is the only source of potential difference at the potential elegw

trodes. Therefore the derivation is concerned with the calculation
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off the potentisal difference at the potentisal electrodesn dus to a
' z i PN I -

polarized volume slement of the aguifer. The potentisl d d) Ev &

dlebance A from the polarized volume element d T ig

" IP| e
dq)_‘HT& 2 dt

where e is the arnle bebweon the dirsetion of the dj’I,}O}“ﬁ"szmnt
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vestor and the vector L . The difference of potential measurad

. 3 " e T g ma At

at the Jocatlion of the potentlal electrodes dus to the polsrized

volume olement is then (Fipure 2)

' |_F;| Cod O, Cod O,
d9:-d0, = zqr¢ A o

POLARIZATION COMPONENTS OF
POLARIZED VOLUME ELEMENT
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Next, the expression has to be inlegesisd over the totsl volume

of the wquifer to yizld the messured Ad) '

ACP: |PI<OO‘Q93_C/0'\194) T
‘ /‘HT& ar o)

Pinally, in order to get an expression for f%iql s the quantity

YV has to be related to the electrical constants of the ground.
Wenner's formula for the potentlal difference between electrodesn
3) and 4) (Pigure 1) is

. 1A
v"zﬂa

where fZ, ls the appsrent resistivity of the ground at a parilicular
electrode separation QA .
The expression 1§5§L thus obtained will then be compared to

field observetlions,



THEORETICAL DEVELOPMENT

Proof That the Current Distribution Is Independent of the Polsrization

Moxwell's equations lead to the following boundary cenditions
for the two-layer case:
1) t}'zéa potential is steady across the interfaces, i.e.
V=V
et 4 =0, and (1)
‘ \|/| =\
at 9 = h H

2}  the normsl component of the current density vector

J}: L _Q\IL is ateady, i.e.
~ 66}
1A% 1 W%,
A0 A 0%
at, ?:O,and (2)
) A B\ A
A 9% R 9p

2)  the normel component of the electric displucenent vector

D} S &fﬂ changes by an amount eguzl to iths free surface



charge density UJ{ on the interface, l.c.

E/ a_\J/Q.._E/ﬂai:w;

"o 93
at 2:0 5 snd ' : (3)
Eﬁ a_\I/L - 8’2 a\l/l = ("Df
cag_ o
| 7
T
\{_CJ , -\llj, and WZ are the potentiasls in the 0), 1), and 2}

media respectively (Figure 3). From these equations it is apparent
that if nelther the overburden nor the aguifer is polarigable, a

free gurface charge density of

w{;: E/a(a—\l/'_a\l/l)

9% 9% (4)
will reside on the ? = A interface, Since no bound charges occur
in this case, CO/ represents the total charge density on the

interface.

SURFACE CHARGE DISTRIBUTION ON /2:}2, INTERFACE

B E, S X . medium O) -0
. 3
4 medium )
/cl) N 6/ X X X (.l;()f x XX x x x.___X x \L ;—:ﬁa
AL E, \/} ¥ : medium 2)

Figure 3



In the induced polarization case where the lower medium is
polarizable there will be an additionsl eontribution to the sur-
face charge on the interface due to the volume polarizstion. A
question arises as to whether thigs changes the current dlstribution
between media 1) and 2)., In the general case where the media are
polarizable and conduecting, the surface-charge density on the
interface will be comprised of free charge due to the conductivity
difference between the two media, and bound charge due to the
‘difference in dielectric constants.

The bound surface- charge density can be developed from the

relation
cdér P =-4" ‘ (5)
where § is the bound volume- charge density. This relation zives

risse to

5 P}I_ p’}g:wb‘ . (6)

where (U}, is the bound surfuce charge on the interface. Since

P= a;er N | ) N
and
E=~-vv ’ (8)
P = _aoxe_‘gl .
¢ 9% (9)
The relation batwaéh'éﬁaceptibility and permittivity is.
- &
Xy (10)

<]

O



oy
B X,= E-E, - (101)
Thus the above boundary condition may be rewritten as

_@4@“+Q5W+gg%—gg%:i% )
A A (11)

The total surface charge (O is the sum of COK and (J) s

A
W= g =1 -g 2
°4 °r (12)

Equation (12) is obviously the expression for the surface - charge

density in the case of nonpolaripable medie (equation 4).

This shows that the current distribution is not affected
by the dieleﬁtric polarization. Therefore the method used by
Roman (1931) for determining the potentizls in a horizontallyw

stratified earth model is valid for the polarization problem,

Computation of the Induced-Polarization Quantity fgf?_

Probably the simplest way of determining the potentials
in the different media for the two.layer case is the image method
(Roman, 1931). In Flgure 4, the point S, , taken as the origin,
is a constant point chsrge repressnting the current electrode
. after the establishment of the steady -state condition. AAL is
its image across the interface between medium 1) and medium 2).

Ivz, ig the image of AAz, across the interface between medium 0)
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and medium 1}, ete. Thus two infinite gerles of images N vy
and [\/\:sz result. It is seen thet Nzﬁ and MH{ are ai a

digtance of Q&'&kﬂ., 2, 3 as«) from the origin at 50 .
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Roman (1931) has shown that the potential ‘#Q at any point

inside medium 0) is given by

‘ \V:—L+§ , oMz'{é . e .
o ‘/W = S 7.01,"4.-(2:%&—},) ? (13)

at a point in the overburden

eSS Mt Nh Yy
/oy fu<\/x+1f (:L&ﬁ }) u/x+y ﬂeh})) > (1)

and in the aguifer

\‘/:mE.S_°_+§ :N'g". .
‘W Ty \/%1+77, ;L%fzwa) - (15)

The subseripts befora the constants 55 N, and M indicate the

medium in which the potential is being deserived. The subscripts
after the constants are indlcative of the distance Q'twb of the
particular image from the origin. In order to get the expression
for W, in terms of more fundamental quantities, we mist evaluate
the source &nd image constants by substituting the above potential
relations into the boundary conditions (1) and (2).

Solvinp for these constents and substituting them into equation

(15) the expressmﬂ for the potential in the aquifer becomes,

Y- 140+ ) 5 o
S Wﬁ} (16)
where Q ;+,§ . Since there asre two c,urrent electrodes

in the Wenner configuration, the total potential in medium 2)

results from the superposition of the potentisals due to easch

Y N



3 e Trm +) e o 2 3 :
sisetroda, In the VWermsr con puration the coordinetes of the

other current slectvede zxve {3a, O O}, and the distance batwean

it end any point [ is \/(/x 3a) +y +} Thue the total

potential \If can ba w*':.ttx-n ag

_18Q) = |
" \K SaT ZQ (/76+ +(7JéFz ?1 \/% 3al) +1f‘+lkﬁ+?p ) (17)

From equstions (7) end (8), the expression for the dipols

B-ATV |

(18)
where Amcontains the poluriszetion constants. Considering the
: ->
components of P sepsrately,
= 3 (19a)
- d '
P%— N a} > {19%)
and
a\If
D = .
} {19¢c)
iifferentiating eque t1on (17) and substi tuting 1t into (19)
vields
TA,2(Q+l) = 4] x-3a -
e 0 2 Z Q (20a)

2T e saPrya e g% x+ﬂ;.+(2¥eﬂ+}) I

o IA Q) = Y n b
Y A A AT [f%(%szJ%’ o




and

:w < Qﬁ DJWH} _ lfe?ng
AT g [(x-aalrysakhegr]E ey @bhn PR (200)

The relstion between Aﬁb and P is

Hj)f (wae ot B ) .
Aq): 23 - 14 dC * ’
, “‘5“44W8’ 3 n (21)

From Figure 2 it can be ssen that

Ay =/x-a)*+ y_z+ /}_l

and (22)

j /CH_:\/(X’-QQ)’:PV‘;"‘-}} y

and that
mem,z—% ’ wa@xzz—&/_i—a ’
cme%:—ﬁzi— ) CodBy = — /%1 >
We},:—%— , meh:—% . | (23)

Using equation (21}, the difference in potential between the norne

polarizing electrodes is

—_ l mela_mewq
00, [t [P (25 - 2222
agef

coeOys  CowOyy CoaBy,  CouByy (24)
. + P’?’ ( S /l,:“ + P?, VT 5 dt.

The quantity € is related to both CI and (f; o Its value will
be discussed later,




P}

and

:w < 4 2&%&'} 3 lkﬁ&}
2 ke [(%—3a11+%‘+(17‘%+§3"]2 b+ 22 kb PR (200)

The relation betwsen ACb and P 18

— ’ﬁf <w¢93 Coe O ) .
A9 = - ! L
_CP##W& % i dt (21)

From Figure 2 it can be ssen that

A, =/x-a)*+ 15[‘+ }2

and (22)

; /C#Z\/(%—Qa)2+y.z+}l

?

-and that
__ xX=Qa _ -0
CO'ﬂefxl— 3 ’ wexl— ——'/a'z— ’
! _ qj— B ZJ,
GO'de-h— _T ) Oo-de,,h— _ , 3
2 ) (23
IO T T T T

Using equation (21), the difference in potentisl betwsen the non=

polarizing electrodes ig
| CotBx; _ CoeBax
A — P 3 _ S 4
CP" f‘fﬂ'ﬁ l: %< Ay /Ly

codOys  CoeBOyy coaOy  CouBOpy B ¢73)
»+P7,< I 5 )+P}< yE 7 dT.

The quantity € 'is relsted to both € and € . Its value will

be discussed later.




Substituting equations (20), (22), and (23) into equation (24),
we have an expression for the potential difference between the

~ honpolarizing electrodes due to & polarizable aquifer.

IAlx,O(Q + 4 X-3a
Lh 8TT*E /ff%Q{ [(x-23a) My +(l1%ﬁ+})] [z}+¢+(;z7;éﬁ+~a)‘]‘/z)

x-2a B xX-a s
(ux—aavwwé (RS

([(x 3a)+y,+(l&?1+})] [7L1+%+(lfe?z+})]>

( Y ) [ 3>+ (25)
(e-aafryt+at® [(x-afeyteg%

kb _ Akhig >
([(X -3 Oy'ﬂ;ﬁ(lpﬁ ht }ﬂ % {x} + 1‘7}+(1 £ Fw})l]?i

7 >
<[(%‘2a)1+7}2+ }il?‘{_ Kx_ a“)2+15’-2+ }2}%2)} d %dl{,d}

or

1IAE/;T)T 5,”)///&0

(x-3a) (x-a) + 4@ Rb )2
{{(x-3a +10L+(21°<?1+})2] (x-a)+ 1;+ }I]E%

xx- Dﬂ)ﬂf 27%?&})} (26)
{[’X,v“% 1&?&})] [(’L Qa)zw%ﬁ?;]}%
x(x— )+1j_+(l7va ﬁ+} }

{[x+y+(ﬂa%+})] [(x-af+ 4 47J%

(x-3a) (x- 2a)+yt+(akhea)y
7(‘ 3a) ”# Qﬁﬂ‘f})“(x—laﬁ%ﬁ}ﬂ}%

dxd%d} .

fhen OA-Lis substituted for % in the appropriate pair of the

four integrals, which is justified sinece the interval of inte-



gration extends from -—=o to to° , gquation (26) simplifies to

IAI/?(Q +) x(x a)+y+(2fiﬁ+})}
1 /-HT £ ‘///g x+%+(1feﬂ+} }
3a) (n-a) v+ AR 3 } d xdyds (@2
[(x-3al+y sk by [(x-aYesieg%

Since the expression is gymmetrical with regpect to the~§% COom

/f Yy Q/a”%f

ordinate,

Thus

IA /O(Q +1) ?C(X @>+%+(2’F€¥1+ 3
K ATM*E ‘///g (’X,-f’% 2k Fw}l]%
 x-3d4) (x-a) +y+(a?z?x+}7}> dxdydsy . (28)
[(x-3 a)2+y_z+(lﬂ% ?ﬁ}ﬂ % (- a)*+ 2y }2] %

Coordinates of the integrand are transformed into units of a

by Jetting %X=ag , y=ac, 3=a 6 and f=aH,

mz,c,v(@m E(E-1)+ O+ (2B HS)S
o 2M*Ea ///gd[ e+ 0 (2R H+S )%

_(£-3) &N+ 0™ +(2kH+8)S } dtdods (29)
(B30 R RS T | [(E-1rom=8T*
Since
S (30)

2TTa ’

1B



zi;bl finally beconmes,

ad A Q)4 gg | +o*2+(,u%H+cS)6
% TE /0 // §2+o*+:z,%H+6)]

H Oeo

_(é—s)(g—f)mu(g!w@)é} dgdodd Gy
[(8-3)+ ™R H-&TT% | (€T 0™s TR

Interchanging summation and integration signs,
Ad A, ( £(E-1)+ G2+ (2B H$)S
V Wﬁ, /0 &ZQ// {§1+C5+ (2kH+8) %

_ (E-_S) (g_})+0'1+(QF€H+6>6 dédo’dé . (32)
[(§‘3>2+(52+(Q_PQ H+6)1]% [(i_ |)l+o~1+éz:l3/z *

The integral portion of equation (32) was solved mumerically
on a digltal computer at Los Alamoé, Hew Mexico. A mesh system
including 37 values of é » 23 values of O snd 19 values of &
(a total of 16,169 mesh points) spaced in the manner indicated
in Table 1, gave values of the integral to within s maximum
srror of 10%.

The integral was evaluated for values of H = 0.1, 0.2,

Oy 0.8, 1.6 and 3.2, For H= 0.1, as many as 12 terms of the
serles are required to maintain less than 10% error. As the
values of H increase, the rate of convergence increases so that
fewer terms are required. The rate of convergence decreases with
increasing magnitude of Q « This may partially explain the lack
of conformity of the Q;L: ~0.9 curve (Figure 6).

Values of

for Qf 4 0.3, £ 0.6, # 0.9 were obtained

a
from Roman's tables (Roman, 1934). The values of A ab
a.

%: 0 had to be approximated. so that at this point A0, may

\Y

.



TLBLE 1

Mesh System

& =1 3/8 (3/16) + 1/2; 1/2 (3/32) 1 5/8; 1 5/2 (3/16) 4 1/4
o 0 ()1 1 (e2) 2.2; 2.2 (o4) 4eb

S W1 (.05) W43 4 (01) 8 & (od) 40

TABLE 2
Computed Velues of the Integral
H 0.1 0.2 Cuh 048 1.6 3.2
(Q;%f 10 5 2.5 1.25 0,625  0.3125

-0.9  0.8149  0,8017 0.6892 0.3432  0,0753 0.0052
0.6 0,971, . 0,9233  0,7582  0,3603  0.0774, 0.0052
~043  1.1776 1‘093é 048439  0.3805 0.0793  0.0054
0.0 1.4944 1.3326 0.9517 0.041 0.0820 0.0054
+#0.3  2.0304  1.6888  1,0926  0.4325 0,0847  0.0054
+0.6  3.1039  2.2777  1.2888  0.4677 0.,0883  0,0056
+0.9 640362  3.4363  1,5930  0.5163 0.0920  0.0057

TABLE
N Computed Values of Equation (33)
Qb 10 5 2.5  1.25  0.625  0.3125

2

=049 1,61 1.2918  0.3776  0.0591  0.008,  ©.0005
“0eb  1.54 1.3513 0,767 042043 04,0334  0.,0021
~0.3  1.53 1.3455  0.8894  0.3159  0,0577  0.,0038

0.0 144944  1.3326 09517 04041  0,0820  0.,0054
+0.3 L8 1.3160  0.9875  0,4761  0.1057  0.0070
+0.6 1.4 142955  1,0091  0.5578  0.1206  0.0028
$049  1.43 1e2495  1.0157 04586 0.1540  0.0106

By 2.



excsed the 10% maximum error.
Table 2 containg the computed values of the integral of

equation (32). Tsble 3 contains the computed values of

T 49, E(E-1)+ 0% (2 H+S)S
Az V =(Qu Q// é"+6 HakH+S) %

_<€—3>(§—l>+62+<a%H+5>5 dedcds -
[(-3)"+0™QRHSTI* | [E-1/0™&% -

Flgures £ end € are a plet of the values tsken from Teble 3 where

a. 3
f;g-ia plotted on the abscissa. Bec&use.ﬁ%%?é_ differs from
the values of the ordinate only by the constant factor _ét&_
| Ny e
it exhibits the game dependence on T .
One of the more atriking Jdiscleosures apperept from these

curves is the emall influence the resistivity contragt hes on the

- A . a A
magnitude of ——i?gL. At the velue- =5 , a_{?i_ for all resistive
1ty contraste ig prectically {he wmame, Also, at this point 43(?

hag nearly reeched its full magnitude.

| Paul Eintsloper (1956) mads mesasurements on a sodel in &
terk which spproximately sstisfie d the conditions of the earth
medel for vhich Figres 5 and & were computed, namely, & none

b

larizing upper layer end a polariszeble, infivitely dezep lower

b d

luyer, PFigure 7 le a plot of the theoretical velues of

reaults (dached) for the same Clauxalnea superimposed upen then.

2= =0.6 and 0.0 teken from Figure & with the experimestsl
The scale of the ordimates of the experimentsl curves wes ade

justed te fit the theoretical curves. The fact that the experie

mental curves lie sbove the theoretical ones for the smeller

15
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values of T%is explained by the partial lesaching of salts from
the polarizabls medium Ly the overlying water which Kintsinger -
(1956) used as the nonwpolarizable overburden.,

The failr agreement betwsen theoreiical and exparimental
points gives support to the validity of the assumptions meds for
the ealeulations, In particular, 1t sesms justifisble to trest

the agulifer as a dieleetris medium,



IHE FIELD PROBLEM

In the derivation of the induced polariszation ratio A\C/l) 2

due to the lower medium, the current distribution is atiributed

to the resistivities of both media. The presence of polarizability

does not affect the current distribution. It is therefore evident

that an expression for for a polarizable upper layer, could

be added to %‘L‘— for the lower layer to give the total induced-

polarization effect, Starting with equation (14) the expreasion
AQ
v

for —— L ig derived in a manner similar to that for Avq)

IA. i (x-3a) (2- aa)+y +;
Sﬂ'l@ ///{ 7C 3a +7_+}M7¢ ;{a +’§7_ +}]}
_ xx-ag) gt _ (2-3a) (x-a) +4*+37
e plllnadeys g P s Tl 425 Pt
x( x a)wf ;B B x(x=a)+iakh3)3
{;‘+75L +§' 7(‘ CZ +7(7- }Bi 2 {[%2+’y.2+(l‘ﬁiﬁ—}ﬂ [(x—a)l+'%2+}ﬂ}ﬂ/z
x(x-2a+y+ kR
{[X- Y +(1?aﬁ“%)] [(')(_ 2™ Y +}]}3{
(x=3a) (x-a) + v kR _2)y
{[(x 3a)° Y +(.14’e£1—})] [(x-a)* +y +}B% (34)
L (x-3d) (x-2@)+y? +(2ﬁﬂ—;39
RR(CETE Hakh-a)] [(x-2a 4y 7P%
x(x-a)+yQhhig)y
{[1*%+(2kﬁ+})1] [(-a)* +y +/ﬂl,_]}
x(c-2a) +y*+2kh+a)s
RICERRICE TPV I PRPYAL +}+}3]}%
_ (x-3a) (x-a) + @ hbig)y
{[(%‘3 &)2*'7;*'(1& ?L+?)2] [(’X* a,)2+ 1?7(‘2+ }2]} %

(x-3a) (x-aa@)+y?+ (2 Rh+ 1) %
{lx- 3a)1+y_+(219eﬂ+})][(x ~2a)* 2+}B%}}dxcji}d}

- %‘



It should be noted thed this equation is the same as (26) with

the addition of the integrals conteining ( S '&'ﬁr?) o At the
_pmﬂ@nt time these Integrals have not been evaluated, Howaver,

the general form for the solution of the integral was experimentally
deternined by Paul Kintzinger (1956) for & (, value of approxie
mately + 0.6 (curve 1, Pigure 9), Because of the simlilority of

the ACP expressions it is belisved thsat A—\?ﬁ'— will have about

Ad,

the same resistivity dependence ss ; » Thus we can use

_ A '
Kintzinger's curve in conjunction with the _—qz?:_ curves developed

in this poper to epproximete fleld curves of c\l/if;i’aremt regige
tivity eontragts,

Conslder the logarithmic plot of the field curve in Figure 8,
The curve approaches the value 75 and 350 willivolt seconds/volt
apympboticslly, The ratio 350/75=4,67 is the ratio of ths
A)‘S/ A/é. Thus in Figure 9 the

polarization constants
curve for the upper layer 1) is plotted letting the relative masxi-
mon velue be one at j?f: Q. The value of the lower layer curve
2) at ]%_=/O will be the asyrptotic value of the fisld curve
(4467) minus the value of the upper layer curve at —,?f‘ ={0. In
this case it 18 4467 = 0.28=4.39, This glves the sesling face
tor neesssary to draw the lower layer curve 2). The field curve
(daghed) is dravn so that it mekes the best possible £it with
curves 1342) . The upper abscisse on the graph poss with the field
a
urve. & conparison of the two sbaclesns showg thal Iz |
occurs at spproximetely 85 fect, This then is the predicted

depth to water., In o nesrly well the depth Lo wobter is 60 Ffect.
L &
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. FIELD -THEORETICAL CURVE COMPARISONS

8
6
5  —f
4 = .
/(
=
3 A
=
//
e

2 £/

/

A

N
\\"}f/
— ,_-—«.—-ﬁ_/—/‘// 2)

I I ) /
8 ~ 1/

h
6 /I \
; / \\
4 |
2 ‘ //

0 20 30 | ad/ 55 o | kd 100 200 | 300| 400 500 600
/ @

A 2 3 4 5 6 8 | 2 3 4 5 6

“q

Figure 9




The principel causs of eryor is probably the lack of cope
regpondence beltwean the Initial simplifyving sasumptions and the
asotusl stratlgraphie relations. In nost céses there will be
saveral resistivity and polarization herizens which will commenly
be interfaces between nonwurdfornm wedia, The interface 1itsslf

will not be a surface of sharp contrsst, hut a zone of rapid shange.

o
s (24



"DIELECTRIC CONSTANT® OF EARTH MATERIAL

& numericsl value for the qua;z;iad‘ielectric congtant used in
this caleulation can be computed from field and lsboratory
- measurements on wel earth materials., The moximum value caleulsted
for the normallzed instantansous-decay potential, (see Figures 6
and 7} is approximately,

| A(pz - Al , 6
voTe s (35)
For an electrode separation & , iarge comparad to ¥y s
€ 1is practicrlly equal to 61 » The dielectric constant K. is

defined ag

U Ke=(0+7%.) - (36)
and
&= g.(+x,) . (36)
It follows that | '
A0, < ( )
2 —— ([ -—— .6
vom e, (37)

Solving (37) for Kel s
16
‘ K"'Q_ L6-TT A\/ . (38)

The maximum values obtained for A\/CD from field data are ap=

proximetely 10 millivolts per volt. Substituting this into (38),




'Ke,: 1.02. Since Ké' is rather close to unity, 61125 <, .
Thus, < in equation (24) and subsequent equations is also apm
proximately equal to €, . This result seems incompatible with
the low-frequency velues for the dieleciric constant of :1.0{3 found
by G.¥. Keller and P.H. Lecastro (1955) and 108 found by
H.ﬁ. Evjen (1548) . )
This difference of a factor of IOQ is interpreted as a
divergence of two views on the definition of dielectric constent
in molst earth materials. In this study the m&ﬁhsmafical treat-
ment was carried out by the equations of electrostatics for the
sake of convenisnce. This treatment is valid only as long as one
does not try to interpret the shape of the voltage-relaxation
curve, This curve is-noﬁ exponential but is hyperbolie
(Kintzing&r; 1956) and echaracteristic of ion-diffusion phenomena
of electrochemistry, The dielectric constant 1s & measure of the
disylacement of bound charge in an electric field; it is not
related to concentration and diffusion potentials, For example
a condenser &nd a stbrage battery store eleatriaai energy, but we
do not ascribe the energy in the battery to the dielectric polari
zation of the electrolyte. The modest value of 1.02 for the di-
electric constant obtained in this analysie is not necessarily
related to any actual displacement of bound churges in the aquifer,
It simply means that the induced electrochemical concentration
and diffusion potentisls are small compared to the potentials

due to the energiszing current,



CONCLUSION

A theoretical solution has been given for the two-layered
.iﬁduced*electrie&1~pelarizaticn problem for the case of & none
polarizable upper layer and a polariszable, infinltely desp lower
layer. This solution has been shown to be in pood agreenment
with data from & laboratory model and with & selected fisld curve.

It is believed that an atterpt at a mathematical solution of
& problem involving more than two layére would reach impractical
propertions &t the mechine-computetion stage. More complex dipe-
tributions than the one ﬁreat&d in this paper are best studied

on laboratory models,

w3le
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